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PREFACE TO THE SECOND EDITION 


This second edition of Linear Integral Equations continues the emphasis 
that the first edition placed on applications. Indeed, many more examples have 
been added throughout the text. Significant new material has been added in 
Chapters 6 and 8. For instance, in Chapter 8 we have included the solutions of 
the Cauchy type integral equations on the real line. Also, there is a section on 
integral equations with a logarithmic kernel. The bibliography at the end of the 
book has been exteded and brought up to date. 

I wish to thank Professor B.K. Sachdeva who has checked the revised man- 
uscript and has suggested many improvements. Last but not least, I am grateful 
to the editor and staff of Birkhauser for inviting me to prepare this new edition 
and for their support in preparing it for publication. 


Ram P. Kanwal 


CHAPTER 1 


Introduction 


1.1. Definition 


An integral equation is an equation in which an unknown function appears under 
one or more integral signs Naturally, in such an equation there can occur other 
terms as well. For example, fora <s <b; a <t <b, the equations 


b 
fo= f K(s, t)g(t)dt , (1.1.1) 
b 
g(s) = foy+ f K(s, t)g(t)dt , (1.1.2) 
b 
g(s) = i K(s, t)[g()Pat , (1.1.3) 


where the function g(s) is the unknown function and all the other functions 
are known, are integral equations. These functions may be complex-valued 
functions of the real variables s and ¢. 

Integral equations occur naturally in many fields of mechanics and math- 
ematical physics. They also arise as representation formulas for the solutions 
of differential equations. Indeed, a differential equation can be replaced by an 
integral equation that incorporates its boundary conditions. As such, each solu- 
tion of the integral equation automatically satisfies these boundary conditions. 
Integral equations also form one of the most useful tools in many branches of 
pure analysis, such as functional analysis and stochastic processes. 

One can also consider integral equations in which the unknown function is 
dependent not only on one variable but on several variables. Such, for example, 
is the equation 


g(s) = f(s) +f K(s, thg(t)dt , sEeQ, (1.1.4) 
Q 


where s and t are n-dimensional vectors and Q is a region of an n-dimensional 
space. Similarly, one can also consider systems of integral equations with several 
unknown functions. 

An integral equation is called linear if only linear operations are performed 
in it upon the unknown function. Equations (1.1.1) and (1.1.2) are linear, while 
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(1.1.3) is nonlinear. In fact, equations (1.1.1) and (1.1.2) can be written as 


L[g(s)] = f(s), (1.1.5) 


where L is the appropriate integral operator. Then, for any constants c, and c2, 
we have 

L[c1gi(s) + c2g2(s)] = ciL[gi(s)] + cob [g2(s)] - (1.1.6) 
This is the general criterion for a linear operator. In this book, we deal only with 


linear integral equations. 
The most general type of linear integral equation is of the form 


h(s)g(s) = f(s) +a / K(s,)g(dt , (1.1.7) 


where the upper limit may be either variable or fixed. The functions f, h, and 
K are known functions, whereas g is to be determined; 4 is a nonzero, real or 
complex, parameter. The function K (s, t) is called the kernel. The following 
special cases of Equation (1.1.7) are of main interest. 


(i) FREDHOLM INTEGRAL EQUATIONS. In all Fredholm integral equations 
the upper limit of integration b, say, is fixed. 
(a) In the Fredholm integral equation of the first kind, h(s) = 0. Thus, 


b 
f(s) +a f K(s, tg(t)dt =0. (1.1.8) 


(b) In the Fredholm integral equation of the second kind, h(s) = 1; 


b 
g(s) = f(s) +af K(s, t)g(t)dt . (1.1.9) 


(c) The homogeneous Fredholm integral equation of the second kind is a 
special case of (b) above. In this case, f(s) = 0; 


b 
g(s) = af K(s, t)g(t)dt . (1.1.10) 


(ii) VOLTERRA EQUATIONS. Volterra equations of the first, homogeneous, 
and second kinds are defined precisely as above except that b = s is the variable 
upper limit of integration. 

Equation (1.1.7) itself is called the Carleman type integral equation. It is 
also called the integral equation of the third kind. 


(iii) SINGULAR INTEGRAL EQUATIONS. When one or both limits of inte- 
gration become infinite or when the kernel approaches infinity at one or more 


1.2. Regularity Conditions 3 


points within the range of integration, the integral equation is called singular. 
For example, the integral equations 


g(s) = f(s) +f exp(—|s — ¢|)g(t)dt (1.1.11) 


and 
f(s)= [ [1/(s — t)*]g(s)dt, O<a<1 (1.1.12) 
0 


are singular integral equations. 


1.2. Regularity Conditions 


We are mainly concerned with functions that are either continuous, integrable, or 
square-integrable. In the subsequent analysis, the regularity conditions expected 
of the functions involved are pointed out. The notion of Lebesgue-integration 
is essential to the study of modern mathematical analysis. When an integral 
sign is used, the Lebesgue integral is understood. Fortunately, if a function is 
Riemann-integrable, it is also Lebesgue-integrable. There are functions that are 
Lebesgue-integrable but not Riemann-integrable, but we do not encounter them 
in this book. Incidentally, by a square integrable function g(t), we mean that 


b 
i |g(t)|?dt < 00. (1.2.1) 


This is called an £ -function. The regularity conditions on the kernel K (s, f) as 
a function of two variables are similar. It is an £2-function if: 
(a) for each set of values of s,¢ in the squarea <s <b, a<t<b, 


b pb 
/ / |K(s,t)/*ds dt < 00, (1.2.2) 
a a 
(b) for each value of sina <s <b, 
b 
| |K(s, t)|?dt < 00, (1.2.3) 
(c) for each value of t ina <t <b, 


b 
/ |K(s,t)|?ds < 00. (1.2.4) 
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1.3. Special Kinds of Kernels 


(ij) SEPARABLE OR DEGENERATE KERNEL. A kernel K(s, t) is called 
separable or degenerate if it can be expressed as the sum of a finite number of 
terms, each of which is the product of a function of s only and a function of t 
only; that is, 
n 
K(s,t) =) aj(s)bi(t) - (1.3.1) 
i=l 

The functions a;(s) can be assumed to be linearly independent, otherwise the 
number of terms in relation (1.3.1) can be reduced (by linear independence it is 
meant that, if cja, + czaz +--- + Cyd, = 0. where c; are arbitrary constants, 
then c] = cz =---=c, = 0). 


(ii) SYMMETRIC KERNEL. A complex-valued function K (s, t) is called sym- 
metric (or Hermitian) if K(s,t) = K*(t,s), where the asterisk denotes the 
complex conjugate. For a real kernel, this coincides with definition K(s,t) = 
K(t,s). 


1.4. Eigenvalues and Eigenfunctions 


If we write the homogeneous Fredholm equation as 


b 
/ K(s,t)g(t)dt =ug(s), w= 1/d, 


we have the classical eigenvalue or characteristic value problem; yu is the eigen- 
value and g(t) is the corresponding eigenfunction or characteristic function. 
Since the linear integral equations are studied in the form (1.1.10), it is A and 
not 1/A which is called the eigenvalue. 


1.5. Convolution Integral 


Many interesting problems of mechanics and physics lead to an integral equation 
in which the kernel K (s, t) is a function of the difference (s — t) only: 


K(s,t) =k(s —t), (1.5.1) 


where k is a certain function of one variable. The integral equation 


g(s) = f(s)+ af k(s —t)g(t)dt , (1.5.2) 
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and the corresponding Fredholm equation are called integral equations of the 
convolution type. 
The function defined by the integral 


i k(s —t)g(t)dt = ; k(t)g(s — t)dt (1.5.3) 
0 0 


is called the convolution or the Faltung of the two functions k and g. The integrals 
occurring in Equation (1.5.3) are called the convolution integrals. 
The convolution defined by relation (1.5.3) is a special case of the standard 


convolution 
oO 


k(s —t)g(t)dt = / k(t)g(s —t)dt . (1.5.4) 


The integrals in Equation (1.5.3) are obtained from those in (1.5.4) by taking 
k(t) = g(t) = 0, fort < Oandt>s. 


1.6. The Inner or Scalar Product of Two Functions 


The inner or scalar product (¢, w) of two complex £2-function @ and y of a 
real variable s,a < s < b, is defined as 


b 
OD= i (Wr(edt . (1.6.1) 


Two functions are called orthogonal if their inner product is zero, that is, and 
w are orthogonal if (@, 7) = 0. The norm ||¢|| of a function ¢(¢) is given by 
the relation 

1/2 


b 1/2 b 
in =| f oe" oat| -(f oorae] . (1.6.2) 


A function ¢ is called normalized if ||¢|| = 1. It is obvious that a nonnull 
function (whose norm is not zero) can always be normalized by dividing it by 
its norm. 

We have a great deal more to say about these ideas in Chapter 7. For the 
time being, we content ourselves with mentioning the Schwarz and Minkowski 
inequalities, 

I, W)1 < Noll vl (1.6.3) 
and 


l@+ Vil < lel + ivi, (1.6.4) 


respectively. 
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Two kernels L(s, t) and M(s, t) are called orthogonal if 


b 
/ L(s,x)M(x, t)dx =0 (1.6.5) 


a 


and i 
: M(s,x)L(x,t)dx =0, (1.6.6) 


for every pair of points s and ¢ in the interval a < s < b. When only one of 
these conditions holds, these kernels are called semi-orthogonal. 


1.7. Notation 


For Fredholm integral equations, it is assumed here that the range of integration 
is a to b, unless the contrary is explicitly stated. The quantities a and b are 
omitted from the integral sign in the sequel. 


CHAPTER 2 


Integral Equations 
With Separable Kernels 


2.1. Reduction to a System of Algebraic Equations 


In Chapter 1, we have defined a degenerate or a separable kernel K(s, t) as 


n 
K(s,t) =) aj(s)bi(t) , (2.1.1) 
i=1 
where the functions a;(s), ..., @,(s) and the functions b(t), ..., b,(t) are lin- 


early independent. With such a kernel, the Fredholm integral equation of the 
second kind, 


g(s) = f(s) +A / K(s, t)g(t)dt (2.1.2) 
becomes 
g(s) = f(s) +4) ai(s) / b(t)g(t)dt . (2.1.3) 
i=1 


It emerges that the technique of solving this equation is essentially dependent 
on the choice of the complex parameter 1 and on the definition of 


Cp [emewar 5 (2.1.4) 


The quantities c; are constants, although hitherto unknown. Substituting Equa- 
tion (2.1.4) in (2.1.3) gives 


g(s) = f(s)+a ye cia; (s) (2.1.5) 
i=1 


and the problem reduces to finding the quantities c;. To this end, we put the 
value of g(s) as given by Equation (2.1.5) in (2.1.3) and get 


>= ai(s){ci — / bi) FO) +A >— crag (t)]dt} = 0. (2.1.6) 
i=1 k=1 


But the functions a;(s) are linearly independent; therefore, 


a [ wOLfO +2 aaOlde =0, PA ae, HOLT) 
k=1 
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Using the simplified notation 
fo (t)f(tdt = fi, ic (t)ag(t)dt = az , (2.1.8) 
where f; and a;, are known constants, Equation (2.1.7) becomes 
Say eee i=l1,...,n, (2.1.9) 
k=l 


that is, a system of n algebraic equations for the unknowns c;. The determinant 
D(A) of this system is 


1—Aay, —Aaj2 Sake —AXQin 
—har 1- ar eae —1Arn, 
DQ) = (2.1.10) 
—1An1 1—Aadyn ... 1—dAGny 


which is a polynomial in A of degree at most n. Moreover, it is not identically 
Zero, Since, when A = 0, it reduces to unity. 

For all values of A for which D(A) # 0, the algebraic system (2.1.9), and 
thereby the integral equation (2.1.2), has a unique solution. These values of 
i are called regular. On the other hand, for all values of 4 for which D(A) 
becomes equal to zero, the algebraic system (2.1.9), and with it the integral 
equation (2.1.2), either is insoluble or has an infinite number of solutions. Setting 
A = 1/,p in Equation (2.1.9), we have the eigenvalue problem of matrix theory. 
The eigenvalues are given by the polynomial D(A) = 0. They are also the 
eigenvalues of our integral equation. The corresponding method for solving the 
Fredholm integral equations of the first kind is presented in Section 2.6. 


2.2. Examples 
Example 1. Solve the Fredholm integral equation of the second kind 
1 
g(s) =st+ af (st? + s7t)g(t)dt. (2.2.1) 
0 
The kernel K(s, t) = st? +-s*t is separable and we can set 
1 1 
c= [ t?g(t)dt , O= i tg(t)dt . 
0 0 


Equation (2.2.1) becomes 
g(s) =stacys + Aeps? , (2.2.2) 


2.2. Examples 


which we substitute in (2.2.1) to obtain the algebraic equations 


1 1 1 
qQ= pg ee 5 


4 
1 ‘ 1, ‘ 1, (2.2.3) 
C2 =>+ 5Acy + -Aco. 
Bag haeer sh ane 
The solution of these equations is readily obtained as 
c, = (60+A)/(240 — 1200 — A”) , co = 80/(240 — 1204 — A”) . (2.2.4) 
From Equations (2.2.2) and (2.2.4), we have the solution 
g(s) = [(240 — 60A)s + 80As7]/(240 — 120A — A”) . (2.2.5) 
Example 2. solve the integral equation 
1 
g(s) = f(s) + af (s + t)g(t)dt (2.2.6) 
0 


and find the eigenvalues. 
Here, a;(s) = s, a2(s) = 1, bi (¢) = 1, bo(t) = 8, 


1 1 1 
a= fordr=>. a= ar=1, 
0 2 0 


war 1 : 1 
= tdt=-, = tdt=-, 


1 1 
f= f f(t)dt, fi= f tf(t)dt. 


Substituting these values in Equation (2.1.9), we have the algebraic system 


1 1 1 
ss Mess ter Ii — 341 + (1— Ser = fr. 


3 


The determinant D(A) = 0 gives A? + 124 — 12 = 0. Thus, the eigenvalues are 


Ar = (-6 + 4V3), de = (-6 — 4V3). 


For these two values of 1, the homogeneous equation has a nontrivial solution, 
whereas the integral equation (2.2.6) is, in general, not soluble. When d differs 


from these values, the solution of the preceding algebraic system is 


cy =[-12f, + Af, — 12f2)]/(A? + 12a — 12), 
co = [-12f) +A(4fi — 6f2)]//(A? + 124 — 12). 
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Using the relation (2.1.5), there results the solution 


1 6(A — 2)(s +t) — 12Ast — 40 


g(s) = 09) +2 f 024+ 12A—12 


The function ['(s, t; A), 


f(@dt. (2.2.7) 


T'(s, t; A) = [6(A — 2)(s +f) — 12Ast — 4A]/(Q2 4124-12), (2.2.8) 


is called the resolvent kernel. We have, therefore succeeded in inverting the 
integral equation because the right-hand side of the preceding formula is a known 
quantity. 

Example 3. Invert the integral equation 


2n 
g(s) = f(s) +A (sins cos t)g(t)dt . (2.2.9) 
0 


As in the previous examples, we set 


2n 
c= (cos t)g(t) dt 
0 


to obtain 

g(s) = f(s) +Acsins. (2.2.10) 
Multiply both sides of this equation by coss and integrate from 0 to 27. This 
gives 


2n 
c= (cost) f(t)dt . (2.2.11) 
0 


From Equations (2.2.10) and (2.2.11), we have the required formula: 


2n 
g(s) = f(s) +A (sins cost) f (t)dt. (2.2.12) 
0 


Example 4. Find the resolvent kernel for the integral equation 


1 
g(s) = f(s) +A / (st + s*t?)g(t)dt . (2.2.13) 
-1 
For this equation, 
a(s)=s, a(s)=s?, d(t)=t, b(th=0’, 
2 ; ‘ vs 
aji=-, =a =U, a2=-, 
11 2 12 21 22 3 


1 1 
f= fede, fi=f Prod. 
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Therefore, the corresponding algebraic system is 


Ci (1 = 54) = fi ; c2 (1 — 4) => fr ‘ (2.2.14) 


Substituting the values of c, and cz as obtained from Equation (2.2.14) in (2.1.5) 
yields the solution 


w= sorta f —— + 
or. 1[@—3a) " @—%) 


242 


f@dt. (2.2.15) 


Thus, the resolvent kernel is 


I'(s,t;A) See ee (2.2.16) 
S,t; A) = —————- + ————. . 32) 
1—(2A/3) 1-—(2A/5) 
We now give examples of homogeneous integral equations. 
Example 5. Solve the homogeneous Fredholm integral equation 
1 
g(s) = af ee'g(t)dt . (2.2.17) 
0 
Define F 
aed) e'g(t)dt , 
0 
so that Equation (2.2.17) becomes 
g(s) =Ace*. (2.2.18) 


Put this value of g(s) in Equation (2.2.17) and get 


1 
1 
Ace’ = ne [ e' [Ace ]dt = 5h eSc(e” — 1) 
0 
or 
Ac{2 —A(e* — 1)} = 0. 


If c = 0 or A = O, then we find that g = 0. Assume that neither c = 0 nor 
A = 0, then we have the eigenvalue 


A =2/(e? —1). 


Only for this value of 4 does there exist a nontrivial solution of the integral 
Equation (2.2.17). This solution is found from Equation (2.2.18) to be 


g(s) = [2c/(e? — 1)]e° . (2.2.19) 


Thus, to the eigenvalue 2/(e” — 1) there corresponds the eigenfunction e°. 
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Example 6. Find the eigenvalues and eigenfunctions of the homogeneous inte- 
gral equation 


2 
g(s) = af [st + (1/st)]g(t)at . (2.2.20) 
1 
Comparing this with Equation (2.1.3) and (2.1.8), we have 


ai(s)=s an(s) = 1/s b(t) =¢ b(t) = 1/t. 
1 
eee, a2 =a, = 1, a= 5 
The formula (2.1.9) then yields the following homogeneous equations 


7 1 
(1 - 73) cy —AC2 = 0, —dc, + (1 - 3) a2=0, (2.2.21) 
which have a nontrivial solution only if the determinant 
1-74 -A 
Da=| 3S | =1- 47/60 + G/o)’, 


vanishes. Therefore, the required eigenvalues are 


1 
Ay = 5(17 + V265) ~ 16.6394 
(2.2.22) 


1 
A2= Pia — ¥265) ~ 0.3606. 


The solution corresponding to A, is cy ~ —2.2732c), and that corresponding 
to Az is c) ~ 0.4399c}. The eigenfunctions of the given integral equation are 
found by substituting in (2.1.5): 


gi(s) = 16.639c;[s — 2.2732(1/s)], 


82(S) ~ 0.3606c;[s + 0.4399(1/s)], (2.2.23) 


where c, and c} are two undetermined constants. 


2.3. Fredholm Alternative 


In the previous sections, we have found that, if the kernel is separable, the 
problem of solving an integral equation of the second kind reduces to that of 
solving an algebraic system of equations. Unfortunately, integral equations 
with degenerate kernels do not occur frequently in practice. But since they are 
easily treated and, furthermore, the results derived for such equations lead to a 
better understanding of integral equations of more general types, it is worthwhile 
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studying them. Last, but not least, any reasonably well-behaved kernel can be 
written as an infinite series of degenerate kernels. 

When an integral equation cannot be solved in closed form, then recourse 
has to be taken to approximate methods. But these approximate methods can 
be applied with confidence only if the existence of the solution is assured in 
advance. The Fredholm theorems explained in this chapter provide such an 
assurance. The basic theorems of the general theory of integral equations, which 
were first presented by Fredholm, correspond to the basic theorems of linear 
algebraic systems. Fredholm’s classical theory is presented in Chapter 4 for 
general kernels. Here, we deal with degenerate kernels and borrow the results 
of linear algebra. 

In Section 2.1, we found that the solution of the present problem rests on 
the investigation of the determinant (2.1.10) of the coefficients of the algebraic 
system (2.1.9). If D(A) # 0, then that system has only one solution given by 
Cramer’s rule 


Cj = (Di; fi + Daj fo +--+ + Dnj fn) /DO), J=1,2,---,n, (2.3.1) 


where D,,; denotes the cofactor of the (h, i)th element of the determinant (2.1.10). 
Consequently, the integral equation (2.1.2) has the unique solution (2.1.5), which, 
in view of (2.3.1), becomes 


“\Dyj fi + Daj fo +--+ + Dnj fn 


g(s) = f(s) + oz ee a;(s) , (2.3.2) 
and the corresponding homogeneous equation 
g(s) = a | Ko. t)g(t)at (2.3.3) 


has only the trivial solution g(s) = 0. 
Substituting for f; from (2.1.8) in (2.3.2), we can write the solution g(s) as 


g(s) = f(s) + [A/DQ@)] 


x / pata + Dzjb2(t) +--+ + Daido) f(t)dt. 


j=1 


= f(s) + [A/DQ@)] 


x / >>> Didi (t)a;(s) FO) de . 


i=1 j=l 


(2.3.4) 
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Now consider the determinant of (n + 1)th order 


0 a,(s) a2(s) es an(s) 
b(t) 1—Aay —hay2 ab —hain 
D(s,t;A)=— bo(t) —hAagy 1L—Aag2 ... darn | | (2.3.5) 
ba(t) = —Aany —an2  «.. 1 — dann 


By developing it by the elements of the first row and the corresponding minors 
by the elements of the first column, we find that the expression in the brackets 
in Equation (2.3.4) is D(s, t; 4). With the definition 


T'(s,t; A) = D(s, t;4)/D(A), (2.3.6) 


Equation (2.3.4) takes the simple form 


g(s) = f(s) +4 / T(s, tA) f (de . (2.3.7) 


The function I'(s, ¢; A) is the resolvent (or reciprocal) kernel we have already 
encountered in Examples 2 and 4 in the previous section. In Chapter 4 we show 
that the formula (2.3.6) has many important consequences. For the time being, 
we content ourselves with the observation that the only possible singular points 
of I'(s, ¢; A) in the A-plane are the roots of the equation D(A) = 0, that is, the 
eigenvalues of the kernel K (s, t). 

The preceding discussion leads to the following basic Fredholm theorem. 


Fredholm Theorem. The inhomogeneous Fredholm integral equation (2.1.2) 
with a separable kernel has one and only one solution, given by formula (2.3.7). 
The resolvent kernel I'(s, t, ; 4) coincides with the quotient (2.3.6) of two poly- 
nomials. 

If D(A) = 0, then the inhomogeneous equation (2.1.2) has no solution in 
general, because an algebraic system with vanishing determinant can be solved 
only for some particular values of the quantities f;. To discuss this case, we 
write the algebraic system (2.1.9) as 


(l—AA)e =f, (2.3.8) 


where I is the unit (or identity) matrix of order n and A is the matrix (a;;). Now, 
when D(A) = 0, we observe that for each nontrivial solution of the homogeneous 
algebraic system 

(I —AaA)e = 0 (2.3.9) 
there corresponds a nontrivial solution (an eigenfunction) of the homogeneous 
integral equation (2.3.3). Furthermore, if A coincides with a certain eigenvalue 
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Ao for which the determinant D(Ag) = |I—AoA| has the rank p, 1 < p < n, then 
there arer = n— p linearly independent solutions of the algebraic system (2.3.9); 
r is called the index of the eigenvalue Ag. The same holds for the homogeneous 
integral Equation (2.3.3). Let us denote these r linearly independent solutions as 
£01(S), Zo2(S), --- , Zor (S), and let us also assume that they have been normalized. 
Then, to each eigenvalue Ag of index r = n — p, there corresponds a solution 
&o(s) of the homogeneous integral equation (2.3.3) of the form 


80(s) = > axgor (s), 
k=1 


where a are arbitrary constants. 

Let m be the multiplicity of the eigenvalue Ao, that is, D(A) = 0 has m 
equal roots Ao. Then, we infer from the theory of linear algebra that, by using 
the elementary transformations on the determinant |I — AAJ], we shall have at 
most m + 1 identical rows and this maximum is achieved only if A is symmetric. 
This means that the rank p of D(Ao) is greater than or equal to n — m. Thus, 


r=n—p<n—-(n-m)=m 


and the equality holds only when a,; = ajj. 

Thus we have proved the theorem of Fredholm that, if A = Ao is a root of 
multiplicity m > 1 of the equation D(A) = 0, then the homogeneous integral 
Equation (2.3.3) has r linearly independent solutions; r is the index of the 
eigenvalue such that 1 <r <m. 

The numbers r and m are also called the geometric multiplicity and alge- 
braic multiplicity of Ao, respectively. From the preceding result, it follows that 
the algebraic multiplicity of an eigenvalue must be greater than or equal to its 
geometric multiplicity. 

To study the case when the inhomogeneous Fredholm integral equation 
(2.1.2) has solutions even when D(A) = 0, we need to define and study the 
transpose of Equation (2.1.2). The integral equation 


v(s) = Foy +a f KG, swear, (2.3.10) 


where * denotes the complex conjugacy, and A is called the transpose (or adjoint) 
of Equation (2.1.2). Observe that the relation between (2.1.2) and its transpose 
(2.3.10) is symmetric, since (2.1.2) is the transpose of (2.3.10). 

If the separable kernel K(s, t) has the expansion (2.1.1), then the kernel 


16 2. Separable Kernels 


K*(t, s) of the transposed equation has the expansion 


K*(t, s)= (a; (t)b;(s))*. (2.3.11) 


n 
i=1 


Proceeding as in Section 2.1, we end up with the algebraic system 
(I—AA*" )c =f, (2.3.12) 


where A*? stands for the transpose and conjugate of A and where c; and f; are 
now defined by the relations 


CG = [ava fi= [aoroa. (2.3.13) 


Clearly, the determinant of the algebraic system (2.3.12) is the function D*(A). 
Thus, the eigenvalues of the transposed integral equation are the complex con- 
jugates of those for the original equation (2.1.2). Accordingly, the transposed 
equation (2.3.10) also possesses a unique solution whenever (2.1.2) does. 

As regards the eigenvectors of the homogeneous system 


(I—AA™)e =0, (2.3.14) 


we know from linear algebra that these are, in general, different from the cor- 
responding eigenvectors of the system (2.3.9). The same applies to the eigen- 
functions of the transposed integral equation. Since the index r of Ao is the 
same in both these systems, the number of linearly independent eigenfunctions 
is also r for the transposed system. Let us denote them by Wo1, Wo2,--- , Wor 
and let us assume that they have been normalized. Then, any solution wo(s) of 
the transposed homogeneous integral equation 


y(s) =A / K*(t,s)(t)dt (2.3.15) 
corresponding to the eigenvalue AQ is of the form 


ols) = >- Bivai(s), 


where f; are arbitrary constants. 

We prove in passing that eigenfunctions g(s) and y(s) corresponding to dis- 
tinct eigenvalues 4, and A2, respectively, of the homogeneous integral equation 
(2.3.3) and its transpose (2.3.15) are orthogonal. In fact, we have 


262k ij K(s,)g@)dt, Ws)=4g if K*(t, swat. 
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Multiplying both sides of the first equation by A2y*(s) and those of the complex 
conjugate of the second equation by A,g(s), integrating, and then subtracting 
the resulting equations, we obtain 


b 
(A2 — ia) | g(s)w*(s)ds = 0. 


But A; # Az, and the result follows. 

We are now ready to discuss the solution of the inhomogeneous Fredholm 
integral equation (2.1.2) for the case D(A) = 0. In fact, we can prove that the 
necessary and sufficient condition for this equation to have a solution for A = Ao, 
a root of D(A) = 0, is that f(s) be orthogonal to the r eigenfunctions wo; of the 
transposed Equation (2.3.15). 

The necessary part of the proof follows from the fact that, if Equation (2.1.2) 
for A = Ao admits a certain solution g(s), then 


[ sowawras = [ srviiras 
— 0 f visas f K¢s. t)g(t)dt 
= / g(s) Wa (s)ds 


— to f s*ode [ K°(,N (Vas =0, 


because Ao and wo; are eigenvalues and corresponding eigenfunctions of the 
transposed equation. 

To prove the sufficiency of this condition, we again appeal to linear algebra. 
In fact, the corresponding condition of orthogonality for the linear-algebraic 
system assures us that the inhomogeneous system (2.3.8) reduces to only n — r 
independent equations. This means that the rank of the matrix (I—/A) is exactly 
p =n—r and, therefore, the system (2.3.8) or (2.1.9) is soluble. Substituting 
this solution in (2.1.5), we have the solution to our integral equations. 

Finally, the difference of any two solutions of (2.1.2) is a solution of the 
homogeneous Equation (2.3.3). Hence, the most general solution of the inho- 
mogeneous integral equation (2.1.2) has the form 


8(S) = G(S) + 01801 (S) + o2802(s) + --- + Oror() , (2.3.16) 


where G(s) is a suitable linear combination of the functions a;(s), a2(s),--- , 
An(S). 

We have thus proved the theorem that, if A = Ao is a root of multiplicity 
m > 1ofthe equation D(A) = 0, then the inhomogeneous equation has a solution 
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if and only if the given function f(s) is orthogonal to all the eigenfunctions of 
the transposed equation. 
The results of this section can be collected to establish the following theorem. 


Fredholm Alternative Theorem. Either the integral equation 


g(s) = f(s) +a / K(s, t)g(t)dt (2.3.17) 


with fixed i possesses one and only one solution g(s) for arbitrary £2-functions 
f (s) and K(s, t), inparticular the solution g = Ofor f = 0; or the homogeneous 
equation 


g(s) =A / K(s, t)g(t)dt (2.3.18) 
possesses a finite number r of linearly independent solutions go;, i = 1, 2,--- ,r. 


In the first case, the transposed inhomogeneous equation 


ws) = f(s) +A / K*(t, s)w(t)dt (2.3.19) 


also possesses a unique solution. In the second case, the transposed homoge- 
neous equation 


wis) =A | K*(t, s)w(t)dt (2.3.20) 


also has r linearly independent solutions wo;, i = 1,2,--- ,r; the inhomoge- 
neous integral equation (2.3.17) has a solution if and only if the given function 
f(s) satisfies the r conditions 


(f, Wo) = i f(s)Wj(s)ds =0, i=1,2,---,r. (2.3.21) 
In this case, the solution of Equation (2.3.17) is determined only up to an additive 
linear combination )7;_, Cigoi- 
The following examples illustrate the theorems of this section. 


2.4. Examples 


Example 1. Show that the integral equation 


20 
g(s) = f(s)+ alm) | [sin(s + t)]g(t)dt (2.4.1) 
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possesses no solution for f(s) = s, but that it possesses infinitely many solutions 
when f(s) = 1. 
For this equation, 


K(s,t) =sins cost +coss sint, 
a,(s) = sins, a2(s) = coss, b,(t) = cost bo(t) = sint. 


Therefore, 


2n 
a= [ sint costdt = 0 =a, 
0 
2n 
ay -| cos’ tdt = 1 = an, 
0 
| =1-A?n?. (2.4.2) 


—An 1 


The eigenvalues are A; = 1/2, 42 = —1/m and Equation (2.4.1) contains 
A, = 1/z. Therefore, we have to examine the eigenfunctions of the transposed 
equation (note that the kernel is symmetric) 


g(s) = (1/7) [ sin(s + t)g(t)dt. (2.4.3) 
The algebraic system corresponding to (2.4.3) is 
cy —Anmc2 = 0, —Amcy +o. =0, 
which gives 
Cy = C2 for A,=1/z; cy = —-C2 for A,=-—1/n. 


Therefore, the eigenfunctions for 4; = 1/z follow from the relation (2.1.5) and 
are given by 

g(s) = c(sins + coss). (2.4.4) 
Since 

2n 
7 (ssins + scoss)ds = —2n £0, 
0 
and 
2x 
i (sins +coss)ds = 0, 

0 

we have proved the result. 


Example 2. Solve the integral equation 


1 
g(s) = f(s)+ af (1 — 3st)g(t)dt. (2.4.5) 
0 
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The algebraic system (2.1.9) for this equation is 


3 1 
Uh eich 52S fi, —aheit Ue Ae = fo, (2.4.6) 
and i 
1-A SAX 1 
= 2” |= (4-7). A. 
D(a) ty a ri A‘) (2.4.7) 


Therefore, the inhomogeneous Equation (2.4.5) will have a unique solution if 
and only if 1 #4 +2. Then the homogeneous equation 


1 
g(s) = | (1 — 3st)g(t)dt (2.4.8) 
0 


has only the trivial solution. 
Let us now consider the case when A is equal to one of the eigenvalues and 
examine the eigenfunctions of the transposed homogeneous equation 


1 
g(s) = af (1 — 3st)g(t)dt. (2.4.9) 
0 


For 4 = +2, the algebraic system (2.4.6) gives c) = 3cz. Then, (2.1.5) gives 
the eigenfunction 


g(s) =c(i-—s), (2.4.10) 
where c is an arbitrary constant. Similarly, for 4 = —2, the corresponding 
eigenfunction is 

g(s) = c(i — 3s). (2.4.11) 


It follows from the preceding analysis that the integral equation 


1 
g(s) = f(s)+ 2 | (1 — 3st)g(t)dt 
0 


will have a solution if f(s) satisfies the condition 


1 
/ (1 — 3s) f(s)ds =0. 
0 


2.5. An Approximate Method 


The method of this chapter is useful in finding approximate solutions of certain 
integral equations. We illustrate it by the following example: 


1 
g(s) =e —s— i s(e™ — 1)g(t) dt. (2.5.1) 
0 
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Let us approximate the kernel by the sum of the first three terms in its Taylor 
series: 


1 1 
K(s,t) =s(e" —1)~s*t+ 558 + ae (2.5.2) 


that is, by a separable kernel. Then the integral equation takes the form 


‘ 1 1 
g(s) =e —-s— i (s?t + a + go Pade . (2.5.3) 
0 
Since the kernel is separable, we require the solution in the form 
g(s) = —stes? +53 +0354. (2.5.4) 


Following the method of this chapter, we find that the constants c,, C2, c3 satisfy 
the following algebraic system: 


(5/4)c1 + (1/5)e2 + (1/6)c3 = —2/3, 
(1/5)c1 + (13/6)e2 + (1/7)e3 = (9/4) —e, (2.5.5) 
(1/6)c1 + (1/7)e2 + (49/8)c3 = 2e — (29/5), 


whose solution is 
c; = —0.5010, cz = —0.1671, c3 = —0.0422. (2.5.6) 
Substituting these values in Equation (2.5.4), we have the solution 
g(s) = e° —s —0.5010s* — 0.16715? — 0.0423s*. (2.5.7) 
Now the exact solution of the integral Equation (2.5.1) is 
g(s) = 1. (2.5.8) 


Using the approximate solution for s = 0, s = 0.5, and s = 1.0, the value of 
&(s) from Equation (2.5.7) is 


g(0) = 1.0000, g(0.5) = 1.0000, g(1) = 1.0080, (2.5.9) 


which agrees with (2.5.8) rather closely. 
In Chapter 7 (see Section 7.7), we prove that an arbitrary £-kernel can be 
approximated in norm by a separable kernel. 


22 2. Separable Kernels 


2.6. Fredholm Integral Equation of the First Kind 
Let us now study the equation 


fs= [ ko. t) g(t)dt, a<s,t<b, (2.6.1) 


where the kernel is separable, and given by the relation (2.1.1). Thus 


f(s) =) ais) | bi(t)g(t)dt = (bi, g)ai(s). (2.6.2) 
i=1 i=] 


This means that a necessary condition for Equation (2.6.1) to have as solution 
is that f(s) be a linear combination of the functions {a;(s)}. Accordingly, we 
assume that 


f(s) =) aai(s), (2.6.3) 
i=1 


where a; are known [since f(s) is known]. Comparing Equations (2.6.2) and 
(2.6.3) we find that the problem of solving Equation (2.6.1) reduces to solving 
n integral equations 


b 
a =f b(t)g(t)dt, i=1,...,n, (2.6.4) 


for g(t). 
Let us examine if we can find a solution g(t) of Equation (2.6.4) by express- 
ing it as 


g(t) = >> Bibj(t), (2.6.5) 
j=l 


where f; are as yet unknown. Substitution in Equation (2.6.4) yields 
n 
a= > 6(01.b), FS Ayer. 5h, (2.6.6) 
j=l 


which is a system of algebraic equations for solving £;. Since the function 5; (¢) 
are assumed to be linearly independent, the matrix with components (5;, bj) is 
a nonsingular matrix (it is indeed a symmetric matrix that has strictly positive 
eigenvalues). Accordingly, Equation (2.6.6) for B; has a solution (A, B2,--- , 
Bn). However, there are an infinite number of solutions of the system (2.6.4) 
because to the function g(t) we can add a function h(t) which is orthogonal to 
the set {b;(t)}, and the Equation (2.6.4) is still satisfied and there exist infinity 
of such functions. 
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Let us now examine the transposed homogeneous equation 


0= Exc s)w(t)dt, (2.6.7) 
which becomes 
bF(s)\(v,a;)=0, i=1,...,n. (2.6.8) 
In view of the linear independence of {b;(s)}, it follows from Equation (2.6.8) 
that 
(w,a;) = 0, i=1,...,n, (2.6.9) 


and again there are an infinite number of such functions. But this, in view of 
relation (2.6.3), implies that f is orthogonal to all the solutions of the transposed 
homogeneous Equation (2.6.8). Note that by the same reasoning we can prove 
that the homogeneous integral equation 


0= [ ke. tg(t)dt, (2.6.10) 


also has an infinite number of solutions. We have thus proved the following 
theorem. 


Theorem. A necessary and sufficient condition for the Fredholm integral equa- 
tion (1) to have an Ly-solution is that the given function f(s) be of the form 
(2.6.3) and that it be orthogonal to all the infinite number of solutions of the 
transposed homogeneous integral equation (7). 


Exercises 


1. Consider the equation 


1 
g(s) = f(s) +a [ K(s, t)g(t)dt 


and show that for the kernels given in Table I the function D(A) has the given 
expression. 


TABLE I. 


1 — (24/3) — (442/45) 
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2. Solve the integral equation 


2n 
g(s) = f(s) = | cos(s + t)g(t)dt 
0 


and find the condition that f(s) must satisfy in order that this equation will have 
a solution when A is an eigenvalue. Obtain the general solution if f(s) = sins, 
considering all possible cases. 

3. Show that the integral equation 


g(s) = 2 [ins sin 2t)g(t)dt 
0 


has no eigenvalues. 
4. Solve the integral equation 


gis) = 1a fi el gcndr, 


UT 


considering separately all the exceptional cases. 
5. In the integral equation 


1 
g(s) = s? +f (sin st)g(t)dt , 
0 


replace sin st by the first two terms of its power-series development 


; (st)? 
sin st = st — art 


and obtain an approximate solution. 


CHAPTER 3 


Method of Successive 
Approximations 


3.1. Iterative Scheme 


Ordinary first-order differential equations can be solved by the well-known Pi- 
card method of successive approximations. An iterative scheme based on the 
same principle is also available for linear integral equations of the second kind: 


g(s) = f(s)+ a | Ko, tg(t)dt . (3.1.1) 


In this chapter, we present this method. We assume the functions f(s) and 
K(s, t) to be £2-functions as defined in Chapter 1. 
As a zero-order approximation to the desired function g(s), the solution 
80(s), 
8o(s) = f(s), (3.1.2) 
is taken. This is substituted into the right side of Equation (3.1.1) to give the 
first-order approximation 


gi(s) = f(s) +A / K(s, t)go(t)dt . (3.1.3) 


This function, when substituted into Equation (3.1.1), yields the second approx- 
imation. This process is then repeated; the (7 + 1)th approximation is obtained 
by substituting the nth approximation in the right side of (3.1.1). There results 
the recurrence relation 


2nai(S) = f(s) + a | Ko, thgn(t)dt . (3.1.4) 


If g,(s) tends uniformly to a limit as n — 00, then this limit is the required 
solution. To study such a limit, let us examine the iterative procedure (3.1.4) in 
detail. The first- and second-order approximations are 


gi(s) = fi +a f Kon fear (3.1.5) 


and 


g2(s) =f (s) +a] Ko, t) f (t)dt 
(3.1.6) 
+3 [ KG, t) | [ Kem seods| dt. 
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This formula can be simplified by setting 
K2(s, t) = / K(s,x)K (x, t)dx (3.1.7) 
and by changing the order of integration. The result is 
go(s) = f(s) +A if K(s, t)f (t)dt +27 / Ky(s, t) f (t)dt . (3.1.8) 
Similarly, 


g3(s) =f(s) +A / K(s,t) f(t)dt 


(3.1.9) 
+2? / K2(s,t) f(t)dt +43 / K3(s, t) f (t)dt , 
where 
K3(s,t) = [ Kookux, t)dx . (3.1.10) 
By continuing this process, and denoting 
Km (s,t) = / K(s,x)Km_—1(x, t)dx , (3.1.11) 
we get the nth approximate solution of integral equation (3.1.1) as 
&n(S) = f(s) + >A” i Km(s,t) f (t)dt . (3.1.12) 
m=1 


We call the expression K,,(s,t) the mth iterate, where K,(s,t) = K(s,f). 
Passing to the limit as n — 00, we obtain the so-called Neumann series 


g(s) = lim ga(s) = f(s) + x” / Kn(s,)f(tdt. 3.1.13) 
m=1 


It remains to determine the conditions under which this convergence is 
achieved. For this purpose, we attend to the partial sum (3.1.12) and apply the 
Schwartz inequality (1.6.3) to the general term of this sum. This gives 


2 
[Kms tf(t)dt| < (/ Kn(s.nPdr) f fer ae. (3.1.14) 


Let D be the norm of f, 
D? = i |f(t)[Pdt , (3.1.15) 
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and let C2 denote the upper bound of the integral 


J [ kus t)/? dt. 


Then, the inequality (3.1.14) becomes 


2 
< Cp, (3.1.16) 


| Kats t) f (dt 


The next step is to connect the estimate C2, with the estimate C?. This is achieved 
by applying the Schwarz inequality to the relation (3.1.11): 


[Km(s, t)|? < [iKnas.0Pdx [1K Pax, 


which, when integrated with respect to ¢, yields 


/ [Km(s, t)|?dt < B’C?_,, (3.1.17) 
where 
B? =f [ikc.oPax dt . (3.1.18) 
The inequality (3.1.17) sets up the recurrence relation 
COB AC: . (3.1.19) 
From Equations (3.1.16) and (3.1.19), we have the inequality 
/ Kn (s, t) f (t)dt j < CIDR. (3.1.20) 


Therefore, the general term of the partial sum (3.1.12) has a magnitude less 
than the quantity DC,|A|"B™—!, and it follows that the infinite series (3.1.13) 
converges faster than the geometric series with common ratio |A|B. Hence, if 


|AIB <1, (3.1.21) 


the uniform convergence of this series is assured. 

We now prove that, for given A, Equation (3.1.1) has a unique solution. 
Suppose the contrary, and let g)(s) and g(s) be two solutions of Equation 
(3.1.1): 


AO=fO+s / K(s,t)gi(t)dt , 


82(s) = fia f Ko, t)go(t)dt . 
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By subtracting these equations and setting g)(s) — g2(s) = $(s), there results 
the homogeneous integral equation 


o(s) = a | Ko. t)p(t)dt . 


Apply the Schwarz inequality to this equation and get 


Ib(s)? < [AP / |K(s, t)|?dt / Ip (t)[Pdt , 
or 
G2 are) [ lp(s)|?ds <0. (3.1.22) 


In view of the inequality (3.1.21) and the nature of the function ¢(s) = g;(s) — 
&2(s), we readily conclude that $(s) = 0, that is, gi(s) = go(s). 

What is the estimate of the error for neglecting terms after the nth term in 
the Neumann series (3.1.13)? This is found by writing this series as 


g(s) = f(s) + doa" | Knis.0 fat + Rn(s) . (3.1.23) 
m=1 


Then, it follows from the preceding analysis that 
|Rn| < DC,|a|"*1B"/(1 — |A|B) . (3.1.24) 


Finally, we can evaluate the resolvent kernel as defined in the previous 
chapter, in terms of the iterated kernels K,,(s, t). Indeed, by changing the order 
of integration and summation in the Neumann series (3.1.13), we obtain 


g(s) = f(s) +A / bs OTR a(S; o| f(t)dt . 


m=1 


Comparing this with (2.3.7), 


g(s) = f(s) +af P(s,t;a)f(t)dt , (3.1.25) 
we have 
Pay 1 Kea) (3.1.26) 
m=1 


From the previous discussion, we can infer (see Section 3.5) that the series 
(3.1.26) is also convergent at least for |A|B < 1. Hence, the resolvent kernel is 
an analytic function of A, regular at least inside the circle |A| < Bo. 

From the uniqueness of the solution of (3.1.1), we can prove that the resol- 
vent kernel I'(s, t; A) is unique. In fact, let Equation (3.1.1) have, with A = Ao, 
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two resolvent kernels Ij (s, t; A) and I'2(s, t; Ao). In view of the uniqueness of 
the solution of (3.1.1), an arbitrary function f(s) satisfies the identity 


fos) +40 f Tis,t5A0) fae = fos)+o f Pals, t: a0) fae (3.1.27) 


Setting U(s, t; Ao) = T'1(s, t; Ao) —T'2(s, t; Ao), we have, from Equation (3.1.27), 


/ W(s,t;rA0) f(dt =0, 


for an arbitrary function f(t). Let us take f(t) = Y*(s, t; 4), with fixed s. This 
implies that 


[ivonrara =0, 


which means that W(s, t; Ag) = 0, proving the uniqueness of the resolvent kernel. 
The preceding analysis can be summed up in the following basic theorem. 


Theorem. To each L-kernel K(s,t), there corresponds a unique resolvent 
kernel T'(s, t; 4) which is an analytic function of , regular at least inside the 
circle |X| < B~', and represented by the power series (3.1.26). Furthermore, 
if f(s) is also an L-function, then the unique L-solution of the Fredholm 
equation (3.1.1) valid in the circle |A| < B™, is given by the formula (3.1.25). 


The method of successive approximations has many drawbacks. In addition 
to being a cumbersome process, the Neumann series, in general, cannot be 
summed in closed form. Furthermore, a solution of the integral Equation (3.1.1) 
may exist even if |A|B > 1, as evidenced in the previous chapter. In fact, we 
saw that the resolvent kernel is a quotient of two polynomials of nth degree in 
A, and therefore the only possible singular points of I'(s, t; 4) are the roots of 
the denominator D(A) = 0. But, for |A|B > 1, the Neumann series does not 
converge and as such does not provide the desired solution. We have more to 
say about these ideas in the next chapter. 


3.2. Examples 
Example 1. Solve the integral equation 


1 
g(s) = f(s) + af e*'g(t)dt . (3.2.1) 
0 
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Following the method of the previous section, we have 
Ky(s,th=e", 
1 
K2(s,t) = [e Phere eer 
0 


Proceeding in this way, we find that all the iterated kernels coincide with K (s, t). 
Using Equation (3.1.26), we obtain the resolvent kernel as 


Ps, tA) =K(s, QU +A+A74---) =e“ —A). (3.2.2) 


Although the series (1+ 4 +A*+---) converges only for |A| < 1, the resolvent 
kernel is, in fact, an analytic function of 4, regular in the whole plane except at 
the point 2 = 1, which is a simple pole of the kernel I. The solution g(s) then 
follows from (3.1.25): 


1 
gs) = f(s) = Pa =D) fe fend. (3.23) 
0 
Example 2. Solve the Fredholm integral equation 


1 
g(s)=1+a [ (1 — 3st)g(t)dt (3.2.4) 
0 


and evaluate the resolvent kernel. 
Starting with go(s) = 1, we have 


+ 3 
ais) =1+2 f (= asde = 144 (1 - 55) 


1x boas ea (pote) aes tee eee 
aio) = 142 [3s [1+ (1-5+)] + (1-35) ze. 


ey =1424(1- 5) + p+ (1 >) 
2 4 4 p) 
adie hoi 3 
or 
g(s) = (14 jv + Gate...) [1+a(1-5s)| ; (3.2.5) 
4 16 2 


The geometric series in Equation (3.2.4) is convergent provided |A| < 2. Then, 


g(s) = [4+ 2a(2 — 3s)]/(4 — a7), (3.2.6) 
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and precisely the same remarks apply to the region of the validity of this solution 
as given in Example 1. 


To evaluate the resolvent kernel, we find the iterated kernels. 


Ki(s,t) =1—3st, 


1 
3 
K2(s,t) = [ (1 — 3sx)(1 — 3xt)dx =1— 36 +t) +3st, 
0 


1 
K3(s,t) = i (1 — 3sx) E — 5 (x +f)+ axt] dx 
0 


1 1 
= —(1 — 3st) = —K,(s,t), 
a‘ St) A 1(S, t) 
Similarly, 
1 
Ka(s,t) = g kts, t) 
and 
1 
K,(s, t) a n-2(S, t) : 
4 
Hence, 


T'(s,t;A) = Ky t+AK2 +A7K3 +... 


1 1 1 1 
sre ae eT a eR pS Ee eo a ee 
(1+; ae + ) y+ ( +4 + 76 + 2 


= la =a) SMs +2) —3(1 1s] y (1 = *) x peo 
(3.2.7) 


Example 3. Solve the integral equation 


g(s) =1+4A | [sin(s + t)]g(t)dt . (3.2.8) 
0 


32 3. Method of Successive Approximations 


Let us first evaluate the iterated kernels in this example: 


K,(s,t) = K(s,t) =sin(s +f) , 


wu 

K2(s,t) = | [sin(s + x)]sin(x« + t)dx 

0 

1 “fas, 1 

— 57 (sins sint + coss cost] = ri cos(s — ft) , 

1 1 

K3(s,t) = 3 / [sin(s + x)]cos(x — t)dx 
0 


1 1 
= a | (sins cosx + sinx sins) 
0 
xX (cosx cost + sinx sint)dx 
1 \7 Loe 
= (5") [sins cost + coss sint] = (57) sin(s +t). 
Proceeding in this manner, we obtain 
1\3 
K4(s,t) = (* cos(s — ft), 
1 \4 
Ks(s,t) = (5") sin(s + ft), 


1\5 
Ke6(s,t) = (57) cos(s — ft) , etc. 


Substituting these values in the formula (3.1.13) and integrating, there results 
the solution 


1_\7 ie a 
g(s) = 1+4+2A(coss) : + (57) V+ (57) asa... | 


Di ny? 2 ty 4 
+ A*x(sin s) 1+ (57) x +(5) Mes |g 
(3.2.9) 


or 


g(s)=1+ [a coss + Ax sin s)/ (: - iea?) : 
(3.2.10) 


Since so oe ; 
B= [ [ sin?(s + 1)ds dt = =x’, 
o Jo 2 
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the interval of convergence of the series (3.2.9) lies between —J/2/n and /2/n. 


Example 4. Prove that the mth iterated kernel K,,(s, t) satisfies the following 
relation: 


Kn(s,t) = i; K,(s,x)Km-—r(x, t)dx , (3.2.11) 


where r is any positive integer less than m. 
By successive applications of Equation (3.1.11), we have 


Km(s,t) = / aes / K (s, x1) K (41, X2) +++ K (Xm-1, t)dXm—1 +++ dX) « 
(3.2.12) 
Thus, K,,(s, ¢) is an (m — 1)-fold integral. Similarly, K,(s, x) and Km_,(*, t) 
are (r — 1)- and (m — r — 1)-fold integrals. This means that 


/ K,(s, xX) Km-_r (x, t)dx 


is an (m — 1)-fold integ#al, and the result follows. 
One can take the go(s) approximation different from f(s), as we demon- 
strate by the following example. 


Example 5. Solve the inhomogeneous Fredholm integral equation of the second 
kind, 


1 
g(s) =2s+ af (s+ t)g(t)dt , (3.2.13) 
0 


by the method of successive approximations to the third order. 
For this equation, we take go(s) = 1. Then, 


1 
1 
gis) =25-+2 f (s +i)dt = 2s +A(s + 5), 
0 


1 
go(s) = 25+ af (s + t){2t + A[t + (1/2)]}at 
0 
= 2s +A[s + (2/3)] + A7[s + (7/12)], 
1 
g3(s) = 2s + af (s +2){2t + A[t + (2/3)] +A°7[t + (7/12) ]}dt 
0 


= 2s + Als + (2/3)] + A7[(7/6)s + (2/3)] + A7[(13/12)s + (5/8)]. 
(3.2.14) 


From Example 2 of Section 2.2, we find the exact solution to be 
g(s) = [12(2 — A)s + 8A]/(12 — 124 — 27), (3.2.15) 


and the comparison of Equations (3.2.14) and (3.2.15) is left to the reader. 
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3.3. Volterra Integral Equation 


The same iterative scheme is applicable to the Volterra integral equation of the 
second kind. In fact, the formulas corresponding to Equations (3.1.13) and 
(3.1.25) are, respectively, 


g(s) = fi) yan f Kn(s, t) f(t) dt , (3.3.1) 
m=1 a 
g(s) = f(s) +A / Ps, 34) fide , (3.3.2) 


where the iterated kernel K,,(s, t) satisfies the recurrence formula 
Ss 
Kn (s, t) = | K(s,x)Km_1(x, t)dx (3.3.3) 
t 


with K)(s,t) = K(s,t), as before. The resolvent kernel I'(s, t; A) is given by 
the same formula as (3.1.26), and it is an entire function of A for any given (s, t) 
(see Exercise 8). 

We illustrate this concept by the following examples. 


3.4. Examples 


Example 1. Find the Neumann series for the solution of the integral equation 


g(s)=(14s) +A [ (s —t)g(t)dt . (3.4.1) 
0 


From the formula (3.3.3), we have 
Ky(s, t) = (s = t) ’ 
Ss =; 3 
K2(s, t) =i (s —x)(x —t)dx = fs ry ) ; 
i ! 


5 (s —x)(x —1)3 (s — t)> 


and so on. Thus, 
s? $3 sts? 
e@)=14542(54+5) +2 + Joon. (3.4.2) 


For A = 1, g(s) =e". 
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Example 2. Solve the integral equation 


g(s) = f(s) +4 e'g(t)dt (3.4.3) 
0 


and evaluate the resolvent kernel. 
For this case, 


Ki(s,tj=e"," 


K2(s,t) = / ee tdx =(s—he', 
t 


s —t 2 
Kx(s,t) = / (eee dx = SS vet, 
t . 
(s — 2 aig s—t 
Kn(s,t) = Gp : 
The resolvent kernel is 
est am s—nt (A+1)(s—t) 
= =e yo PSS 
P(s,t;A) = i Lem=t ar (3.4.4) 
0, t>s. 
Hence, the solution is 
Ss 
g(s) = f(s) +A i eAtDG-) F(t)dt . (3.4.5) 
0 
Example 3. Solve the Volterra equation 
AY 
g(s)=1 +f Stg(t)dt . (3.4.6) 
0 


For this example, Ki(s,¢) = K(s,t) =St, 
K2x(s,t) = | sx?t dx = (s4t — st*)/3, 
t 
Ss 
K3(s,t) = | [(sx)(x4t — xt*)/3]dx = (s’t — 2s‘t4 + st’)/18 , 
t 


AY 
Ka(s, t) = / [(sx)(x7t — 2x44 + xt7)/18]dx 
t 
= (s!°¢ — 35744 + 3542? — st!) /162 , 
and so on. Thus, 
3 s? s? gl2 


AY 
Ey Oe tae es eee eee ee aes ee ae 47 
sS)=14+ s+ e475 8725 811 Ga) 
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3.5. Some Results about the Resolvent Kernel 
The series for the resolvent kernel I(s, t; A), 
[oe) 
P(s,t;4) = SoA"! Kn(s, t) , (3.5.1) 
m=1 


can be proved to be absolutely and uniformly convergent for all values of s and 
t in the circle |A| < 1/B. In addition to the assumptions of Section 3.1, we need 
the additional inequality 


i |K(s,t)|?ds < E”, E =const. (3.5.2) 


Recall that this is one of the conditions for the kernel K to be an £2-kernel. 
Applying the Schwarz inequality to the recurrence formula 


Km (s,t) = [ Knae9K (eds (3.5.3) 


yields 
Ka OP <(f IKmats.Pdx) [ 1KO. NPAs, 
which, with the help of Equation (3.1.19), becomes 
[Km(s,t)| <CiE B™". (3.5.4) 


Thus, the series (3.5.1) is dominated by the geometric series with the general 
term C,E(A™-1B™~1), and that completes the proof. 
Next, we prove that the resolvent kernel satisfies the integral equation 


T'(s,t;A) = K(s,t) +a f T(s,x;A)K(x,t)dx . (3.5.5) 


This follows by replacing K,,(s, f) in the series (3.5.1) by the integral relation 
(3.5.3). Then, 


T(s,t;A) = Ki(s,t) + SoH f Kua. 0K dx 


m=2 


= KAD f(s, x)K Ce, dx 


m=1 


= K(s,t) +f [atk | K(x, t)dx , 


m=1 
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and the integral Equation (3.5.5) follows immediately. The change of order of 
integration and summation is legitimate in view of the uniform convergence of 
the series involved. 

By proceeding in a similar manner we can prove that 


I'(s,t;A4) = K(s,t)+ af Koo, t; A)dx. (3.5.6) 


The two Equations (3.5.5) and (3.5.6) are called the Fredholm identities. From 
the preceding analysis it follows that they are valid, at least, within the circle 
|A|B < 1. Actually, they hold through the whole domain of the existence of the 
resolvent kernel in the complex A-plane. 

Another interesting result for the resolvent kernel is that it satisfies the 
integro-differential equation 


dT (s,t;A)/dr = [rex AT (x, t; A)dx . (3.5.7) 
In fact 
foe) [o@) 
[ro nores idx = [YORK (5,3) "1K, (x, tdx . 
m=1 n=1 


On account of the absolute and uniform convergence of the series (3.5.1), we 
can multiply the series under the integral sign and integrate it term by term. 
Therefore, 


Oo Ww 
/ T'(s, x5 AP (x, ty A)dx = DO OA" Kanal, t) - (3.5.8) 
m=1 n=1 
Now, set m-++n = p and change the order of summation; there results the relation 
C0 60 co p-l 
ye Reni) Ye AP Ke) 
m=1 n=1 p=2 n=1 
oo or(s, tA 
= )\(p- 1a ?Kp(s, t) = ED 
= or 
p=2 
(3.5.9) 


Combining Equations (3.5.8) and (3.5.9), we have the result (3.5.7). 
By a similar process we can obtain the integral equation 


T(s,t;A) —TP(s,t; wy) = A-p) / T(s,x; w(x, t; A)dx , (3.5.10) 


which is called the resolvent equation. Then Equation (3.5.7) can be derived 
from (3.5.10) by dividing it by (A — 2) and letting ~ — A. Equation (3.5.10) 
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can also be derived by the help of the Fredholm identities (3.5.5) and (3.5.6) (see 
Exercise 9). 
A Volterra integral equation of the second kind satisfies the identities 


SPT, x3; NK, tdx , 


[> K(s, x)0 (x, t; A)dx , 520) 


T'(s,t;A) = K(s,t) + if 
and are proved in a similar fashion [4]. 
In Section 1.6 we defined the orthogonal kernels L (s, t) and M(s, t). If we 
let ', and I, denote the resolvent kernels for L and M, so that we have 


oe) foe) 
Te(s,t;A) = Da" IL, (8,0) = DOA" Lagils, 2), (3.5.12) 
n=1 n=0 
and 
CO CO 
Pin (s,t; 4) = }\ A" My(s, £) = Yo A"Mnsi(s, t), (3.5.13) 
n=1 n=0 


where L,, and M,, denote the iterated kernels. For the case that L and M are 
orthogonal it follows that 


[roore. t;A)dx =0, (3.5.14) 
and 
[ ao.0rue. t;A)dx =0. (3.5.15) 


Furthermore, by applying the Fredholm identity (3.5.6) to the resolvent 
kernels I’, and I, it follows that 


Te(s,t; A) + Pm(s,t; A) = L(s,t) + M(s, t) 
+i fu (s,x)Ve(x,t;A)+ M(s,x)Pn(x,t;A)dx, (3.5.16) 
which, in view of Equations (3.5.14) and (3.5.15), can be written as 
Te(s, t; 0) + Pn(s, t; A) = L(s,t) + M(s, t) 
+2 fu (s,x) + M(s,x)][Te(s, t3 4) + In (x,t; A)Jdx . (3.5.17) 


This shows that the resolvent kernel of the sum L (s, t) + M(s, t) of two orthog- 
onal kernels is the sum of their resolvent kernels, that is, 


Deam(S,¢3 4) = Pols, t:A) + Pe(s, 3A)» (3.5.18) 
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Exercises 
1. Solve the following Fredholm integral equations by the method of successive 


approximations: 


1 11f7 
(=e -set545/ (t)dt . 
& ara Ta], 3 


i Sager 
ORC eee / stg(t)dt . 
4 4 Jy 


2. Consider the integral equation 


1 
g(s) =1+ af Stg(t)dt . 
0 


(a) Make use of the relation |A| < B~! to show that the iterative procedure 
is valid for |A| < 3. 
(b) Show that the iterative procedure leads formally to the solution 


g(s) = 1+ s[(A/2) + (07/6) + (07/18) +--+]. 
(c) Use the method of the previous chapter to obtain the exact solution 


g(s) =1+4 [3As/2(3 —A)], A#3. 
3. Solve the integral equation 


1 
g(s) =14+ af (s+t)g(t)dt , 
0 


by the method of successive approximations and show that the estimate afforded 
by the relation |A| < B™! is conservative in this case. 


4. Find the resolvent kernel associated with the following kernels: (i) |s — ¢|, 
in the interval (0, 1); (ii) exp(—|s — ¢|), in the interval (0, 1); (iii) cos(s + £), 
in the interval (0, 27). 


5. Solve the following Volterra integral equations by the method of this chapter: 


g(s) =1+ i (s —t)g(t)dt , (i) 


g(s) =29+6s + / Geers 5)g(t)dt . (ii) 
0 
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6. Find an approximate solution of the integral equation 
g(s) = (sinh s) +f e’* g(t) dt , 
0 
by the method of iteration. 


7. Obtain the radius of convergence of the Neumann series when the functions 
f (s) and the kernel K (s, t) are continuous in the interval (a, b). 


8. Prove that the resolvent kernel for a Volterra integral equation of the second 
kind is an entire function of 4 for any given (s, f). 


9. Derive the resolvent equation (3.5.10) by appealing to the Fredholm identities 
(3.5.5) and (3.5.6). 


CHAPTER 4 


Classical Fredholm Theory 


4.1. The Fredholm Method of Solution 


In the previous chapter, we derived the solution of the Fredholm integral equation 


g(s) = fi +a f Ko, t)g(t)dt (4.1.1) 


as a uniformly convergent power series in the parameter A for |A| suitably small. 
Fredholm gave the solution of Equation (4.1.1) in general form for all values of 
the parameter A. His results are contained in three theorems that bear his name. 
We have already studied them in Chapter 2 for the special case when the kernel 
is separable. In this chapter, we study Equation (4.1.1) when the function f(s) 
and the kernel K(s, f) are any integrable functions. Furthermore, the present 
method enables us to get explicit formulas for the solution in terms of certain 
determinants. 

The method used by Fredholm consists of viewing the integral equation 
(4.1.1) as the limiting case of a system of linear algebraic equations. This 
theory applies to two- or higher-dimensional integrals, although we confine our 
discussion to only one-dimensional integrals in the interval (a, b). Let us divide 
the interval (a, b) into n equal parts, 


Ss, =t =a, S.=t=a+t+h, Caney Sn =th =at(n—Ih, 


where h = (b — a)/n. Thereby, we have the approximate formula 


K(s,t)g(t)dt xh K(s, sj)g(sj) - (4.1.2) 
j=l 
Equation (4.1.1) then takes the form 
g(s) = f(s) +ah > K(s, s))g(sj), (4.1.3) 
j=l 


which must hold for all values of s in the interval (a,b). In particular, this 
equation is satisfied at the 7 points of division s;,i = 1,...,. This leads to the 
system of equations 


n 


g(si) = f(s) +Ah > K(s;,5))g(sj), i= 1,...,0. (4.1.4) 
j=1 
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Writing 

f(si) = fis 8(Si) = 8i, K(5s;, 5;) = Kij, (4.1.5) 
Equation (4.1.4) yields an approximation for the integral equation (4.1.1) in 
terms of the system of 7 linear equations 


n 
gi-ah> Kgs = fi, i= 1,--.50, (4.1.6) 
j=l 


in n unknown quantities g),..., 2,. The values of g; obtained by solving this 
algebraic system are approximate solutions of the integral equation (4.1.1) at 
the points s;,52,...,5,. We can plot these solutions g; as ordinates and by 
interpolation draw a curve g(s) which we may expect to be an approximation to 
the actual solution. With the help of this algebraic system, we can also determine 
approximations for the eigenvalues of the kernel. 

The resolvent determinant of the algebraic system (4.1.6) is 


TRONK. BRR it SDK 
—\hKy, 1—AhKy ... —ARKo» 
D, (A) = (4.1.7) 
—URKyi «=-—IRKia ce 1 NK 


The approximate eigenvalues are obtained by setting this determinant equal to 
zero. We illustrate it by the following example. 


Example. 
g(s)—A [ sin(s + t)g()dt =0. 
By taking n = 3, we have = x /3 and therefore 
5, =t, =0, 82 =h =1/3, $83 =f; = 2/n/3, 


and the values of K;; are readily calculated to give 


0 0.866 0.866 
0.866 0.866 0 
0.866 0 —0.866 


(Kij) = 


The homogeneous system corresponding to Equation (4.1.6) will have a 
nontrivial solution if the determinant 


1 —0.9072 —0.907A 
D,(A) = | —0.907A (1 — 0.9072) 0 =0, 
—0.9071 0 (1 + 0.907) 
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or when 1 — 3(0.0907)7A? = 0. The roots of this equation are A = £0.6365. 
This gives a rather close agreement with the exact values (see Example 3, Section 
3.2), which are +/2/x = +0.6366. 

In general, the practical applications of this method are limited because one 
has to take a rather large n to get a reasonable approximation. 
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The solutions g1, 22,.--, Zn of the system of equations (4.1.6) are obtained as 
ratios of certain determinants, with the determinant D, (A) given by Equation 
(4.1.7) as the denominator provided it does not vanish. Let us expand the deter- 
minant (4.1.7) in powers of the quantity (—Ah). The constant term is obviously 
equal to unity. The term containing (—A/) in the first power is the sum of all 
the determinants containing only one column —AAK,,, w = 1,...,n. Tak- 
ing the contribution from all the columns v = 1,...,7, we find that the total 
contribution is —Ah )~)_, Kw. 

The factor containing the factor (—Ah) to the second power is the sum of 
all the determinants containing two columns with that factor. This results in the 
determinants of the form 


(—Ah)* Kpp Kpq : 
qP 94 
where (p, q) is an arbitrary pair of integers taken from the sequence 1,...,n, 


with p < q. In the same way, it follows that the term containing the factor 
(—Ah)? is the sum of the determinants of the form 


Kyp Kyrq Kir 


where (p,q,r) is an arbitrary triplet of integers selected from the sequence 
1,...,n, with p<q<r. 
The remaining terms are obtained in a similar manner. Therefore, we con- 


44 4. Classical Fredholm Theory 


clude that the required expansion of D,,(A) is 


(-AhyY Ql Kpp K, 
D,(A) =1—Ah ) Ky, + ——— Pp *”*Pq 
= 2! yi Kap Kagq 
K K K, 
(Any < pp Pq pr 
ae Kea Ka Kae ee 
a a Kyrp rq K+ 
Kp p, Kp. Kopp, 
(—Ah)” ‘ Kpp, Kprpp Kpop, 
as n! eB : ; 
PAsP2esPr=1| + (4.2.1) 
Kp, p, Kp, 2 haan Kp, p, 


where we now stipulate that the sums are taken over all permutations of pairs 
(p,q), triplets (p,q,r), and so forth. This convention explains the reason 
for dividing each term of the preceding series by the corresponding number of 
permutations. 

The analysis is simplified by introducing the following symbol for the de- 
terminant formed by the values of the kernel at all points (s;, t;) 


K(s1,ti) K(81,t2) ... K(S1,t) 

K(s2,t) K(S2,%) ... K(S2, tm) ae 
cae Sis ae (4.2.2) 
: hi, tn, ...,th 

K (Sn, t1) K (Sn, t2) see K (Sn, tn) 


the so-called Fredholm determinant. We observe that, if any pair of arguments in 
the upper or lower sequence is transposed, the value of the determinant changes 
sign because the transposition of two arguments in the upper sequence corre- 
sponds to the transposition of two rows of the determinant and the transposition 
of two arguments in the lower sequence corresponds to the transposition of two 
columns. 

In this notation the series (4.2.1) takes the form 


2 =H 
D,(A) =1 LS KG ep uae i YOK ey 
oe ees (4.2.3) 


(—Ah)? : Sp Sq, Sr 
a 3! 2 4 Sp, Sq> Sr = 


P.q.r=1 


If we now let 7 tend to infinity, then / will tend to zero, and each term of the 
sum (4.2.3) tends to some single, double, triple integral, and so on. There results 
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Fredholm’s first series: 


Ne S1, S2 
D(a) =1—-A | K(s,s)ds+ — K ds,dsz 
2! Sy, S2 


3 $1, 52, 83 
ior iff K ee ds,dsods3+.... (4.2.4) 


Hilbert gave a rigorous proof of the fact that the sequence D,(A) — D(A) in 
the limit, and the convergence of the series (4.2.4) for all values of A was proved 
by Fredholm on the basis that the kernel K(s, t) is a bounded and integrable 
function.! Thus, D(A) is an entire function of the complex variable A. 

We are now ready to solve the Fredholm equation (4.1.1) and express the 
solution in the form of a quotient of two power series in the parameter A, where 
the Fredholm function D(A) is to be the divisor. In this connection, recall the 
relations (2.3.6) and (2.3.7). Indeed, we seek solution of the form 


g(s) = f(s) +A / P(s,t: a) F(Odt , (4.2.5) 
and expect the resolvent kernel I"(s, t; 4) to be the quotient 
T(s,t; A) = D(s,t;A)/DQ) , (4.2.6) 


where D(s, t; A), still to be determined, is the sum of certain functional series. 
Now, we have proved in Section 3.5 that the resolvent I'(s, t; 2) itself sat- 
isfies a Fredholm integral equation of the second kind (3.5.5): 


T'(s,t;a) = K(s,t)DQ”)+A / K(s,x)D(x,t;A)dx . (4.2.7) 
From Equations (4.2.6) and (4.2.7), it follows that 
D(s,t;d) = K(s,t)DQ) +A / K(s,x)D(x,t;A)dx . (4.2.8) 


The form of the series (4.2.4) for D(A) suggests that we seek the solution of 
Equation (4.2.8) in the form of a power series in the parameter 1: 


(=A)? 
D(s, t; 4) =Co(s,t) + >> Sr Ons: t). (4.2.9) 
p=1 
For this purpose, we write the numerical series (4.2.4) as 
ie,2) naiy Pp 
DQ)=at> > 2 es (4.2.10) 
p=1 : 


1For proof, see Lovitt [53]. 
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where Co = 1, and 


S14, 52, s++55Sp 
= ]...JK ds,---dsy. 4.2.11 
“ / | co) = *p ( ) 


The next step is to substitute the series for D(s, t; A) and D(A) from Equations 
(4.2.9) and (4.2.10) in (4.2.8) and compare the coefficients of equal powers of 
A. The following relations result. 


Co(s, t) = K(s, t), (4.2.12) 
C)(s, t) = cpK(s, t) — pf K6Cpate, t)dx , 
(4.2.13a) 
which, after successive substitutions, becomes 
P p! 
Cpls, t) =) (-1)"——_ Cp -mKnsils, t) « 
m=0 a (4.2.13b) 


Our contention is that we can write the function C,(s, f) in terms of the Fredholm 
determinant (4.2.2) in the following way: 


cyte = fo fe dey ody (4.2.14) 


t,X1,X2,...,Xp 


In fact, for p = 1, the relation (4.2.13) becomes 
Ci(s,t) = c,K(s,t) — [ Koco. t)dx 


=K¢s,1) [ Keex)ds — [ K(.9Ko. ods 


=[«(p far, (4.2.15) 


where we have used Equations (4.2.11) and (4.2.12). 
To prove that Equation (4.2.14) holds for general p, we expand the deter- 
minant under the integral sign in that relation, namely, 


K(s,t) K(s,x1) ... K(S,Xp) 

tea K(x1,t) K(x1,%1) --. K(%1,Xp) 
EM sey Kp : : 

K(Xp,t) K(%p,%1) .-. K(Xp,Xp) 


with respect to the elements of the first row, transposing in turn the first column 
one place to the right, integrating both sides, and using the definition of cp as in 
Equation (4.2.11); the required result then follows by induction. 
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From Equations (4.2.9), (4.2.12), and (4.2.14) we derive Fredholm’s second 
series: 


o (-A)P Fe 5 Barer 
Dota) = K(f fi (Paes ty. 
= Pp! t, x1, 


ea dey 
(4.2.16) 
This series also converges for all values of the parameter A. It is interesting to 
observe the similarity betwen the series (4.2.4) and (4.2.16). 
Furthermore by comparing Equations (4.2.11) and (4.2.14) we find that 


Cp -| Cp-1(S, S)ds . (4.2.17) 


Relations (4.2.13) and (4.2.17) are recurrence relations which are useful in de- 
termining the series (4.2.9) and (4.2.10) as illustrated in examples of the next 
section. 

Having found both terms of the quotient (4.2.6), we have established the 
existence of a solution to the integral equation (4.1.1) for a bounded and inte- 
grable kernel K (s, t), provided, of course, that D(A) 4 0. Since both terms of 
this quotient are entire functions of the parameter A, it follows that the resolvent 
kernel I’(s, ¢; 4) is a meromorphic function of A, that is, an analytic function 
whose singularities may only be the poles, which in the present case are zeros 
of the divisor D(A). 

Next, we prove that the solution in the form obtained by Fredholm is unique 
and is given by Equation (4.2.5). In this connection, we first observe that the 
integral equation (4.2.7) satisfied by '(s, t; 4) is valid for all values of A for 
which D(A) # 0. Indeed, (4.2.7) is known to hold for |A| < B~! from the 
analysis of Chapter 3, and since both sides of this equation are now proved to 
be meromorphic, the preceding contention follows. To prove the uniqueness of 
the solution, let us suppose that g(s) is a solution of Equation (4.1.1) in the case 
D(A) # 0. Multiply both sides of (4.1.1) by I'(s, t; A), integrate, and get 


[row ngods = [ r6.29 fede 


+4 f [/ T'(s,x;A)K(x, dx] g(t)dt . (4.2.18) 


Substituting from Equation (4.2.7) into the left-hand side of (4.2.18), this be- 
comes 


[Ke thg(t)dt = j T(s, x; A) f (x)dx , (4.2.19) 
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which, when joined by (4.1.1), yields 


g(s) = f(s) + af D(s,t; A) f(t)dt, (4.2.20) 


but this form is unique. 
In particular, the solution of the homogeneous equation 


g(s) = af Ko. t)g(t)dt (4.2.21) 


is identically zero. 
The preceding analysis leads to the following theorem. 


Fredholm’s First Theorem. The inhomogeneous Fredholm equation 


g(s) = f(s) +A / K(s, tg(t)dt , (4.2.22) 


where the functions f(s) and g(t) are integrable, has a unique solution 


g(s) = fs) +A / ris, a fade, (4.2.23) 
where the resolvent kernel T(s, t; A), 
I'(s,t; aA) = D(s,t;A)/DQ), (4.2.24) 


with D(A) 4 0, is a meromorphic function of the complex variable i, being the 
ratio of two entire functions defined by the series 


D(s,t:d) = K(s, Ma =~ f- JK (; oes -AXp, 
152885 


Hay 
(4.2.25) 


and 


paya1+ yr — = f- [x oe ‘Pa -dxp, (4.2.26) 


both of which converge for all values of 4. In particular, the solution of the 
homogeneous equation 


g(s) = a | Ko. t)g(t)dt (4.2.27) 


is identically zero. 


4.3. Examples 49 


4.3. Examples 


Example 1. Evaluate the resolvent for the integral equation 


1 
g(s) = f(s)+ af (s+t)g(t)dt . (4.3.1) 
0 


The solution to this example is obtained by writing 
Xr —r 
(s,t;A) = be Lee (s, o| (2s peau ne (4.3.2) 
p=0 p=0 


where C, and Cy are defined by the relations (4.2.11) and (4.2.13): 


co=l1, Co(s, t) = K(s,t) =(s+f). (4.3.3) 

Cp = [¢p-105,50s, (4.3.4) 
1 

Cp = cp K(s, t) — pf K(s,x)Cp_1(x, t)dx . (4.3.5) 
0 


Thus, 


1 
a= | 2sds =1, 
0 


1 
acn=6+n-f (+N dx = 56540) -st~ 5, 
0 


1 
a= f s-- 3) ds=—2, 
0 3 6 
1 a 1 1 
Cs.) =-26+0-2f (s+x)|=(x +1) -—xt—-|dx =0 
6 0 2 3 


Since C2(x, ft) vanishes, it follows from Equation (4.3.5) that the subsequent 
coefficients C, and c, also vanish. Therefore, 


(s+t)—[4(s+2)—st—4]a 
— (47/12) , 
which agrees with result (2.2.8) found by a different method. 


P(s,t;A) = (4.3.6) 


Example 2. Solve the integral equation 


1 
g(s)=s+A i [st + (st)? ]g(t)dt . (4.3.7) 
0 
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In this case, 


co=l, Cols, t) = st + (st)?, 
1 
a= | (s? +s)ds = a 
0 6 
1 
Gis gl eCON I [sx + (sx)? ][xe + (xt)? Jt 
0 


: pala E(k Ay 3) 
= —st+ -(st)? —= ; 
213 ge ee 


Q= i: (55+ ne _ st) ds = 1/75, 
0 \2 3 5 
C2(s,t) =90, 
and, therefore, all the subsequent coefficients vanish. The value of the resolvent 
kernel is 
st + (st)? — {Ast + 4 (st)? — 2(st2 + s2n)}a 
— 24 + (1/150)A? , 
The solution g(s) then follows by using the relation (4.2.23), 
150s + A(60./s — 75s) + 2147s 
~ 4212544150 


P(s,t; aA) = (4.3.8) 


g(s) (4.3.9) 


Example 3. As our next example, let us solve the integral equation 
g(s)=1+ af [sin(s + t)]g(t)dt, (4.3.10) 
0 


which we have already solved in Section 3.2 by a Neumann series. 
For the present kernel, 


a 
co= 1, Co(s, t) = sin(s +f), a= | sin2sds =0. 
0 


% 1 
Ci(s, n=o- | sin(s + x) sin(x + t)dx = “5 cos(s — ft), 
0 
Zw]: 1 
a=-{ 50 cos 0 ds = —57°, 


1 sa | 
C2(s, t) = a x sin(s +t) + 2 | 5 mz sin(s +x)cos(x —t)dx =0. 
0 
Hence, the resolvent kernel is 


sin(s +t) + $d cos(x — ft) 


T'(s,t;A) = 1— 12h? 
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and the solution is 


2A(cos s) + A? (sins) 


> (4.3.11) 
1 


g(s) =1+ 


which agrees with the solution (3.2.10). 


Example 4. Show that D(s, t; A) satisfies, for real values of 4, the integro- 
differential equation 


aD(s,t; A) 


DQ) aA = D'(A)D(s,t; A) + / D(s,x;A)D(x, t; A)dx . (4.3.12) 


The proof follows by observing that, when A is not an eigenvalue, we have 
from relation (4.2.24), 


D(s,t;A) = DT (s, t3d) - (4.3.13) 


Thus, 
aD(s, t; A) 
ar 
When we multiply both sides of this equation by D(A) and use the formulas 
(3.5.6), namely, 


= DOATG, tA) + D'(A)I(s, t5 A) - 


aM(s,t3 a) 
aa ~ 


and Equation (4.3.13) we obtain (4.3.12). 


[rox A) (x, t; A)dx 


4.4. Fredholm’s Second Theorem 


Fredholm’s first theorem does not hold when A is a root of the equation D(A) = 
0. We have found in Chapter 2 that in that case, for a separable kernel, the 
homogeneous equation 


g(s) =2 f K@.Newat (4.4.1) 


has nontrivial solutions. It might be expected that the same holds when the kernel 
is an arbitrary integrable function and we then have a spectrum of eigenvalues 
and corresponding eigenfunctions. The second theorem of Fredholm is devoted 
to the study of this problem. 

We first prove that every zero of D(A) is a pole of the resolvent kernel 
(4.2.24); the order of this pole is at most equal to the order of the zero of D(A). 
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In fact, differentiate the Fredholm’s first series (4.2.26) and interchange the 
indices of the variables of integration to get 


D'a)=-— i D(s,s;A)ds . (4.4.2) 


From this relation, it follows that, if Ag is a zero of order k of D(A), then it is a 
zero of order k — 1 of D’(A) and consequently A may be a zero of order at most 
k—1 of the entire function D(s, t; A). Thus, Ag is the pole of the quotient (4.2.24) 
of order at most k. In particular, if Ag is a simple zero of D(A), then D(Ag) = 0, 
D'(Ao) # 0, and Ag is a simple pole of the resolvent kernel. Moreover, it follows 
from Equation (4.4.2) that D(s, t; A) 4 0. For this particular case, we observe 
from Equation (4.1.8) that, if D(A) = 0 and D(s,t; 4) # 0, then D(s, t; i), 
as a function of s, is a solution of the homogeneous equation (4.4.1). So is 
aD(s, t; 4), where q@ is an arbitrary constant. 

Let us now consider the general case when A is a zero of an arbitrary mul- 
tiplicity m, that is, when 


D(a) = 0, wes DOOR S0; D™ (Ao) #0, (4.4.3) 


where the superscript r stands for the derivative of orderr,r = 1,...,m—1. 
For this case, the analysis is simplified if one defines a determinant known as 
the Fredholm minor: 

) 


S1,S82,+-+55n 
Dn 
ty, t,---,th 


2 i) > (—A)P 


Listy Sacehy partie 
Sihsiotog Spi Xie kX 
xf fx Wace dx,dx2-+-dxp, (4.4.4) 
1, ---,ln,X1,---,Xp 
where {s;} and {t;},i = 1,2,...,m, are two variable sequences. Just as do 


the Fredholm series (4.2.25) and (4.2.26), the series (4.4.4) also converges for 
all values of A and consequently is an entire function of A. Furthermore, by 
differentiating the series (4.2.26) n times and comparing it with the series (4.4.4), 
there follows the relation 


d" D(A) / / Sy,--+5Sn 
=(-1)" | .-- | D, 

dian ( ) S1, S259 Sn 

From this relation, we conclude that, if Ag is a zero of multiplicity m of the 

function D(A), then the following holds for the Fredholm minor of order m for 


7 ds, ---ds, . (4.4.5) 
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- a ‘ 
ANG peste lye 
Of course, there might exist minors of order lower than m which also do not 
identically vanish (compare the discussion in Section 2.3). 
Let us find the relation among the minors that corresponds to the resolvent 
formula (4.2.7). Expansion of the determinant under the integral sign in Equation 
(4.4.4), 


that value of Ao: 


K(s1,) K(s1,t) ... K(81,tn) K(s},X1) ... K (81, Xp) 
K(s.,t) K(so,t2) ... K(S2,tn) K(s2,X1) ... K (s2, Xp) 
K(Sn,t)) K(Sn,t2) --- K(Sn,t) K(Sn,%1) -.- K(Sn,Xp) 
Ki.) K(x1,t) ... K(i,ti) K(%1,%1) ... K(%1,Xp) 
K(xp,ti) K(Xp,t2) --- K(tp,tr) Kp. x1) «-- ea 6) 


by elements of the first row and integrating p times with respect to x1, x2,...,Xp 
for p > 1, we have 


pS Alea eg * 
[- [x ake ns ’ ’ P Vary ds, 
fe AS 


= 1)"*1K(s1, th) 


S2ya<4 see Sn5X1,-+-5%X 
fon faces 8 ae. 
ty... tne 1s thats+++5bn,X1,-+-5Xp 


eae 
h=1 
S2,.-- Sn» X1,X2, «2+, Xpy -0-, X 
x fo [ Kou 2 ’ ny Al, 42 Ay > A~p ) 
fy, eee Enis Ens X1, ~ ++) Xh-1) Xh41, ++ Xp 
x dx,---dxp. (4.4.7) 


Note that the symbols for the determinant K on the right side of Equation (4.4.7) 
do not contain the variables s; in the upper sequence and the variables t, or x; 
in the lower sequence. Furthermore, it follows by transposing the variable s;, in 
the upper sequence to the first place by means of h + n — 2 transpositions that 
all the components of the second sum on the right side are equal. Therefore, we 
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can write Equation (4.4.7) as 
Siiavig Sa Xle ess. 
[fe gee PVs dx 
th, +--+ 5 bn, X1,---,Xp 
n 
= 0-1" K(s1, ty) 
h=1 
S330 a5 Sn» X1,--.,X 
x ffx 2 Be P Jar. 
ty, - ++, tp-1, thoi, --+5 tn X1,--- Xp 
Hy S24 0009 Sag X1yes 4 Ape 
-p {Kou f...f x( ee =) 
ty, 2, ---5 tn, X1,--+5Xp-1 
xX dx,.. dp. |ax : (4.4.8) 


where we have omitted the subscripts h from x. Substituting Equation (4.4.8) 
in (4.4.7), we find that the Fredholm minor satisfies the integral equation 


S1,.-.55n 
D, 
| Seererarare F 


Expansion by the elements of any other row leads to a similar identity, with x 
placed at the corresponding place. If we expand the determinant (4.4.6) with 
respect to the first column and proceed as shown, we get the integral equation 


he } S1y 0-5 Sh—1) Shots +9 § 
Dn (; Z 7 = Yo-IMK 4, Das 1 h—1> Sh+t 7 
15.2-0q ta 


hol bayiens ath 


‘ = YD K 61 Deal a ) 


asi tyes fh—ts tntis tn 


X1,X2,--+55n 
+h [ KG.2)D, 


ty, f2,-+-5tn 


, dx. (4.4.9) 


+2 f ko.mD,(2 as (4.4.10) 


X,to,...,tn 


and a similar result would follow if we were to expand by any other column. The 
formulas (4.4.9) and (4.4.10) play the role of the Fredholm series of the previous 
section. 

Note that the relations (4.4.9) and (4.4.10) hold for all values of 4. With the 
help of (4.4.9), we can find the solution of the homogeneous equation (4.4.1) 
for the special case when A = Ao is an eigenvalue. To this end, let us sup- 
pose that A = Ag is a zero of multiplicity m of the function D(A). Then, as 
remarked earlier, the minor D,, does not identically vanish and even the minors 
D,, D2, ..., Dm—1 May not identically vanish. Let D, be the first minor in the 
sequence D,, D2, ..., Dm—1 that does not vanish identically. The number r lies 
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between 1 and m and is the index of the eigenvalue Ao as defined in Section 
2.3. Moreover, this means that D,_, = 0. But then the integral equation (4.4.9) 
implies that 


S1,52,.-+,5;7 


gi(s) = D, ( 1) (4.4.11) 


Bis 2ciop.. NEE 
is a solution of the homogeneous equation (4.4.1). Substituting s at different 
points of the upper sequence in the minor D,, we obtain r nontrivial solutions 
gi(s),i =1,...,7, of the homogeneous equation. These solutions are usually 
written as 


S1, +++, Sj-1, 5, Si4d,--+5 Sr 
ty... t 


i=1,2,...,r. (4.4.12) 
ie ald 


ty... if 


Observe that we have already established that the denominator is not zero. 

The solutions ®; as given by Equation (4.4.12) are linearly independent for 
the following reason. In the preceding determinant (4.4.6), if we put two of the 
arguments s; equal, this amounts to putting two rows equal, and consequently 
the determinant vanishes. Thus, in (4.4.12), we see that D,;(s;) = 0 fori # k, 
whereas ®;(s,) = 1. Now, if there exists a relation Dp C,®, = 0, we may put 
s = 5;, and it follows that C; = 0; and this proves the linear independence of 
these solutions. This system of solutions ®, is called the fundamental system 
of the eigenfunctions of Ao and any linear combination of these functions gives 
a solution of Equation (4.4.1). 

Conversely, we can show that any solution of Equation (4.4.1) must be 
a linear combination of ©;(s), 2(s),..., ®-(s). We need to define a kernel 
H(s, t; 4) which corresponds to the resolvent kernel I'(s, t; 4) of the previous 


section 
Sj,--.,5S;7 
Xr 
: ae» 


In Equation (4.4.10), take n to be equal tor, and add extra arguments s and 


S,S1,.--,S; 


H(s,t:a) = Drat ( 


i) . (4.4.13) 


trti,...,t 
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t to obtain 
D unaneec K D Sy, .--5 Sp 
= S,t x 
ade er ere (ae SND Piowesvtel 
r S, Sq, --+5 Sp—1, Sho, +++ 5 Sp 
+S °(-1)"K (sq, y)D r 
De (Sis ¥) (ee i >) 
Sy S45. «20g Sp 
+ ho f KO )Dras Ao | ax . (4.4.14) 
Ny Ligeey ly 


In every minor D, in the preceding equation, we transpose the variable s from 
the first place to the place between the variables s,_; and s,4; and divide both 


sides by the constant 
D S]g sce a gdp 0 
A 
ee ee i * 


H(s,t;a) — K(s,t) — Ao il H(s,x;A)K (x, t)dx 
r (4.4.15) 


to obtain 


K (Sp, t)®y(S) . 
heal 


If g(s) is any solution of (4.4.1), we multiply (4.4.15) by g(¢) and integrate with 
respect to ¢ and get 


[sone t; A)dt — ” _ oc: A)dx 
0 


: (4.4.16) 
=~) Fars), 
h=1 “0 


where we have used (4.4.1) in all terms but the first; we have also taken Ag a K (sp, t) 
g(t)dt = g(s,). Cancelling the equal terms, we have 


r 


g(s) = D> g(sn) Pals) - (4.4.17) 


h=1 


This proves our assertion. Thus we have established the following result. 


Fredholm’s Second Theorem. Jf Xo is a zero of multiplicity m of the function 
D(A), then the homogeneous equation 


&(s) =Ao / K(s, t)g(t)dt (4.4.18) 
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possesses at least one, and at most m, linearly independent solutions 


Sy, +--+, Si41,---5 Sp 
Pysj ets >t 


gi(s) = D, ( 


(4.4.19) 
not identically zero. Any other solution of this equation is a linear combination 
of these solutions. 


4.5. Fredholm’s Third Theorem 


In the analysis of Fredholm’s first theorem, it has been shown that the inhomo- 
geneous equation 


g(s) = f(s) +a J K(s, t)g(t)dt (4.5.1) 


possesses a unique solution provided D(A) 4 0. Fredholm’s second theorem is 
concemed with the study of the homogeneous equation 


g(s) = a | Ko, t)g(t)dt , 


when D(A) = O. In this section, we investigate the possibility of Equation 
(4.5.1) having a solution when D(A) = 0. The analysis of this section is not 
much different from the corresponding analysis for separable kernels as given in 
Section 2.3. In fact, the only difference is that we now give an explicit formula 
for the solution. Qualitatively, the discussion is the same. 

Recall that the transpose (or adjoint) of Equation (4.5.1) is (under the same 
assumption as in Section 2.3 except that we now take the kernel K (s, t) to be real 
valued functions. The study of the case when it is a complex-valued function 
forms Exercise 6) 


b 
ws) = f(s) +af Kit, s)wit)dt , a<s<b. (4.5.2) 


It is clear that Fredholm’s first series D(A) as given by (4.1.26) is the same for 
the transposed equation, whereas the second series is D(t, s; A) as obtained from 
(4.1.25) by interchanging the roles of s and t. This means that the kernels of 
equation (4.5.1) and its transpose (4.5.2) have the same eigenvalues. Further- 
more, the resolvent kernel for (4.5.2) is 


(t,s;A) = D(t, s;2)/D(A) (4.5.3) 
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and, therefore, the solution of (4.5.2) is 


vs) = fs) + i [wes A)/DOA)]f (dt, (4.5.4) 


provided A is not an eigenvalue. 

It is also clear that not only has the transposed kernel the same eigenvalues 
as the original kernel, but also the index r of each of the eigenvalues is the 
same. Moreover, corresponding to Equation (4.4.12), the eigenfunctions of the 
transposed equation for an eigenvalue for Ao are given as 


S11, see ? Sr 
D, ho 
hh, ore ->G-1,0, f+, sees hy 
W(t) = F (4.5.5) 
D Pipe > Sr a 
r 0 
O1,.-+5 0-1, 0, G41,---56 
where the values (s),..., 5,) and (t),..., ¢,) are so chosen that the denominator 


does not vanish. Substituting r in different places in the lower sequence of this 
formula, we obtain a linearly independent system of r eigenfunctions. Also 
recall that each ®; is orthogonal to each W; with different eigenvalues. 

If a solution g(s) of Equation (4.5.1) exists, then multiply (4.5.1) by each 
member W; (s) of the aforementioned system of functions and integrate to obtain 


[ formas = f ecrvisrds — 2 | K(s, tg (t)Y,(s)ds dt 
(4.5.6) 


— [ srastvee — a | Ko. dW, (t)dt]=0, 


where the term in the bracket vanishes because W;(s) is an eigenfunction of the 
transposed equation. From (4.5.6), we see that a necessary condition for (4.5.1) 
to have a solution is that the inhomogeneous term f(s) be orthogonal to each 
solution of the transposed homogeneous equation. 

Conversely, we show that the condition (4.5.6) of orthogonality is sufficient 
for the existence of a solution. Indeed, we present an explicit solution in that 
case. With this purpose, we again appeal to the resolvent function H (s, t; A) as 
defined by (4.4.13) under the assumption that D, 4 0 and that r is the index of 
the eigenvalue Ao. 

Our contention is that if the orthogonality condition is satisfied, then the 
function 


go(s) = f(s) + Ao / H(s,t;A) f(Odt (4.5.7) 
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is a solution. Indeed, substitute this value for g(s) in Equation (4.5.1), obtaining 
f(s) +o f HO. t; A) f(tdt = f(s) +o f KG, t) 


x [f+ ho f Het A) f (x)dx]dt 


or 
/ f@adt[H(s, t; 24) — K(s,t) — io f KH, t;A)dx]=0. (4.5.8) 


Now, just as we obtained Equation (4.4.15), we can obtain its “transpose,” 


H(s,t; 4) — K(s,t) — Ao i K(s,x)H (x, t; A)dx 
r (4.5.9) 


K(s, th) V(t) - 
h=1 


Substituting this in Equation (4.5.8) and using the orthogonality condition, we 
have an identity, and thereby the assertion is proved. 

The difference of any two solutions of Equation (4.5.1) is a solution of the 
homogeneous equation. Hence, the most general solution of (4.5.1) is 


g(s) = f(s) + Ao / H(s,t;A) f(Odt + > Cr Pals) - (4.5.10) 


h=1 


The preceding analysis leads to the following theorem. 


Fredholm’s Third Theorem. For an inhomogeneous equation 


g(s) = f(s) +o / K(s, t)g(t)dt (4.5.11) 


to possess a solution in the case D(Ao) = 0, it is necessary and sufficient 
that the given function f(s) be orthogonal to all the eigenfunctions V;(s), 
i = 1,2,...,r, of the transposed homogeneous equation corresponding to 
the eigenvalue io. The general solution has the form 

i) 


S,S1,52,---,S7 S1,52,--., 5, 
g(s) = f(s) +20 f D,+1 ho />. ‘ ; 
pees rt 


t,ty,... st; 
x f(dt+ >> Cer (s) . (4.5.12) 
h=1 
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Exercises 


1. Use the method of this chapter and find the resolvent kernels for the following 
integral equations: 


@) g(s)= f(s) taf Is —tlg(t)dt, 
(ii) g(s) = f(s) +2 [expe —t))g(t)dt, 
(iii) g(s)= f(s) +A | gore + t)]g(t)dt . 
2. Solve the following homogeneous equations 
@) gs)= 5 ff tsines + olga, 


1 
(ii) g(s) =[1/(e? — 1)] / 2e%e' g(t)dt, 
0 
by using the explicit formulas of this chapter. 


3. Show by the present method that the resolvent kernel for the integral equation 
(4.1.1) with kernel K (s, t) = 1 — 3st, in the interval (0, 1), is 


T(s, t;a) = [4/(4—a2)][1 ta — Sus +1)-3(1-A)st], Ax +42. 


4. Show that not every one of the Fredholm’s minors as defined by (4.4.4) is 
identically zero. 
Hint: Use Equation (4.4.5). 


5. Verify the formula (4.2.13b) and show that the corresponding identity for c, 


1S 
ed) 


! 
Cp+1 = Bes oo micm [ Knssts,syas : 


6. Extend the analysis of Section 4.5 when the kernel K (s, t) is a complex- 
valued function of the real variables of s and t. Compare these results with the 
analysis in Section 2. 


CHAPTER 5 


Applications to Ordinary 
Differential Equations 


The theories of ordinary and partial differential equations are fruitful sources of 
integral equations. In the quest for the representation formula for the solution 
of a linear differential equation in such a manner so as to include the boundary 
condition or initial conditions explicitly, one is always led to an integral equation. 
Once a boundary value or an initial value problem has been formulated in terms 
of an integral equation, it becomes possible to solve this problem easily. In this 
chapter, we consider only ordinary differential equations. The next chapter is 
devoted to partial differential equations. 


5.1. Initial Value Problems 


There is a fundamental relationship between Volterra integral equations and 
ordinary differential equations with prescribed initial values. We begin our 
discussion by studying the simple initial value problem 


y” + A(s)y’ + B(s)y = F(s), a<s<b, (5.1.1) 


ya=q, y@=an, (5.1.2) 
where a prime implies differentiation with respect to s, and the functions A, B, 
and F are defined and continuous in the closed intervala < s < b. 
The result of integrating the differential equation (5.1.1) from a to s and 
using the initial values (5.1.2) is 


y'(s) —q1 = —A(s)y(s) — / [B(s1) — A’(s1)]y(si)dsy 


+f F(s,)ds, + A(@)qo - 


Similarly, a second integration yields 
S s 52 
y(s) — qo = -| A(s1)y(s1)d51 -{ i] [B(s1) — A'(si)]y(s1)dsids2 
a a a 


+ / / F(s,)ds\ds2 + [A(a)qo + qil(s — @) . (5.1.3) 
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With the help of the identity (see Appendix, Section A.1) 


/ / Bebidas | (s —t)F(t)dt, (5.1.4) 


the two double integrals in Equation (5.1.3) can be converted to single integrals. 
Hence the relation (5.1.3) takes the form 


y(s) =o + [A(a)go + qi](s — a) +f (s —t)F(t)dt 


= / {A(t) + (s — t)[B(t) — A) Jy dt . (5.1.5) 
Now, set 
K(s,t) = —{A(t) + (s — t)[B(t) — A’()]} (5.1.6) 
and 
f(s)= / (s — t)F(t)dt + [A(a)qo + qi](s — a) +0. (5.1.7) 


From relations (5.1.5) through (5.1.7), we have the Volterra integral equation of 
the second kind: 


y(s) = f+ f K(s,t)y(t)dt . (5.1.8) 


Conversely, any solution g(s) of the integral equation (5.1.8) is, as can be 
verified by two differentiations, a solution of the initial value problem (5.1.1) 
and (5.1.2). 

Note that the crucial step is the use of the identity (5.1.4). Since we have 
proved the corresponding identity for an arbitrary integer n in the Appendix, 
Section A.1, it follows that the preceding process of converting an initial value 
problem to a Volterra integral equation is applicable to linear ordinary differential 
equations of order m when there are 7 prescribed initial conditions. An alternative 
approach is somewhat simpler for proving the aforementioned equivalence for 
a general differential equation. Indeed, let us consider the linear differential 
equation of order n: 


d"y d™y dy 
Teh AUS) Gat fees + An—i(8)— +An(s)y = F(s), (5.1.9) 
with the initial conditions 
ya@=q, yYa@=q,  .-, y"V@=q-1, (5.1.10) 
where the function A,;,A2,...,A, and F are defined and continuous in 


ax<s<ob. 
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The reduction of the initial value problem (5.1.9) and (5.1.10) to the Volterra 
integral equation is accomplished by introducing an unknown function g(s): 


d”y/ds" = g(s). (5.1.11) 


From Equations (5.1.10) and (5.1.11), it follows that 


q®-1 S 
—~ -| g(t)dt + qn-1, 
d"- =2y 
Ae —— =; (s — t)g(t)dt + (Ss — a)Gn-1 + Qn-2, 


(Gage _ t)"- —2 (s — a)"~ —2 (s = ay 
iy fw “G=Dr g(t)dt + Gop + Goa 


+: Ripecree 


- Ss (s _ ty} (s = a)" (s _ a)"~2 
y= | (n—D! g(t)dt + (n—D! Qn-1 + (n—2)! Qn-2 


+++-+ (8 —a)qi +40. 
(5.1.12) 
Now, if we multiply relations (5.1.11) and (5.1.12) by 1, A;(s), A2(s), and so 
on, and add, we find that the initial value problem defined by Equations (5.1.9) 
and (5.1.10) is reduced to the Volterra integral equation of the second kind 


g(s) = f(s) +f K(s, t)g(t)dt , (5.1.13) 
where 
= p= 1 
K(s,t) = — A ay (5.1.14) 
and 


f(s) = F(s) — qn-1A1(S) — [(S — @)Gn—1 + Qn-2]A2(S) 
— ++ = {[(s — a)" /(n = 1)!" Jqn-1 +--+ + (8 — 2) + 0)} 
x An(s) . (5.1.15) 


Conversely, if we solve the integral equation (5.1.13) and substitute the 
value obtained for g(s) in the last equation of the system (5.1.12), we derive the 
(unique) solution of the initial value problem (5.1.9) and (5.1.10). 
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5.2. Boundary Value Problems 


Just as initial value problems in ordinary differential equations lead to Volterra- 
type integral equations, boundary value problems in ordinary differential equa- 
tions lead to Fredholm-type integral equations. Let us illustrate this equivalence 
by the problem 


y"(s) + A(s)y’ + B(s)y = F(s), a<s<b, (5.2.1) 


y@)=yo, y(b)=y.. (5.2.2) 
When we integrate Equation (5.2.1) from a to s and use the boundary con- 
dition y(a) = yo, we get 


y(s)=C +f F(s)ds — A(s)y(s) + A(a)yo 
+ [A'(s) — B(s)]y(s)ds , 


where C is a constant of integration. 
A second integration similarly yields 


y(s) — yo =[C + AG@)yo](s — a) +f / F (s})dsids2 


-{ A(s1) y(S1)dsy +f / [A’(s1) — B(si) ]y(s1)dsids; . 


(5.2.3) 
Using the identity (5.1.4), the relation (5.2.3) becomes 
y(s) — yo =[C + A(a)yo}(s — a) + i (s —t)F()dt 
= / {A(t) — (s — t)[A(t) — BO) y(@adt . 
, (5.2.4) 


The constant C can be evaluated by setting s = b in (5.2.4) and using the 
second boundary condition y(b) = y1: 


¥1 — yo =[C + Al@)yo]( - a) + / (b— Fwd 


/ (A(t) — © — NLA’) — BOP yade, 
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or 


C4 Al@)y =[1/6 —a)] f= yo) = / (b— 1) fat 
i / [AW) — (b-DIA'O — BOs} - 
(5.2.5) 
From Equations (5.2.4) and (5.2.5), we have the relation 


iO =x / (© =H Fat +s a) —a)] 
x [G1 — 90) — i: (b—)Fiodt| 
- / {A(t) — (s —D[A() — B)]}y (dt 


zs / [(s —a)/(b— a) {AW — © DIA — BOD y Ode . 
(5.2.6) 


Equation (5.2.6) can be written as the Fredholm integral equation 


y(s)= foy+ | Ko, t)y(t)dt, (5.2.7) 


provided we set 
Ss 
f(s) =yo +f (s —t)F(t)dt 


Gea Salon cwas / (6-1) F (dr) 
(5.2.8) 


and 
[(s — a)/(b — a)]{A(t) — (6 — 2)[A(t) — BO)]}, 
S<t, 
A(t){[(s — a)/(b — a)] — 1} — [A"(t) — BO] 
x[(t — a)(b —s)/(b —a)], S>t. 


For the special case when A and B are constants, a = 0, b = 1, and 
y(0) = y(1) = 0, the preceding kernel simplifies to 


K(s,t) = (5.2.9) 


BsQi—-t)+As, S<t, 


5.2.10 
Btdi—s)+As—A, S>t. ( ) 


K(s,t) = | 


Note that the kernel (5.2.10) is asymmetric and discontinuous at t = s, unless 
A = 0. We elaborate on this point in Section 5.5. 
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5.3. Examples 


Example 1. Reduce the initial value problem 
y'(s) +Ay(s)=F(s), OKs, (5.3.1) 


y0)=1, y(O)=0, (5.3.2) 


to a Volterra integral equation. 

Comparing Equations (5.3.1) and (5.3.2) with the notation of Section 5.1, 
we have A(s) = 0, B(s) = A. Therefore, the relations (5.1.6) through (5.1.8) 
become 


K(s,t) =A(t—s), 


f(s) =1+ [oc —t)F(t)dt, 
0 


and 
Ss Ss 
y(s) =1 +f (s —t)F (t)dt + af (t —s)y(t)dt . (5.3.3) 
0 0 
Example 2. Reduce the boundary value problem 
y(s) +AP(s)y=Q(s), a<s<b, (5.3.4) 
y(a)=0,  y(b)=0, (5.3.5) 


to a Fredholm integral equation. 

Comparing Equations (5.3.4) and (5.3.5) with the notation of Section 5.2, 
we have A = 0, B = AP(s), F(s) = Q(s), yo = 0, yi: = O. Substitution of 
these values in the relation (5.2.8) and (5.2.9) yields 


Ss b 
{= i (s — t)Q(t)dt — [(s — a)/(b — a) | (b—t)Q(t)dt (5.3.6) 


and 


| AP(t)[(s — a)(b — t)/(b —a)], s<t, 
K(s,t) = (5.3.7) 


AP(t)[¢ —a)(b—s)/(b—a)], s>t, 
which, when put in (5.2.7), gives the required integral equation. Note that the 
kernel is continuous at s = ¢. 
As a special case of the preceding example, let us take the boundary value 
problem 
y"+dy =0, O<s<f, (5.3.8) 
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y(0) = 0, y(@)=0. (5.3.9) 
Then, the relations (5.3.6) and (5.3.7) take the simple forms: f(s) = 0, and 
(As/£)(€ — t) s<t, 
a oes | (r/ee—s)  s>t. 
Note that, although the kernels (5.3.7) and (5.3.10) are continuous at s = ¢, 


their derivatives are not continuous. For example, the derivative of the kernel 
(5.3.10) is 


(5.3.10) 


Atl — (/£)], s<t, 
—At/£, S>t. 


The value of the jump of this derivative at s = ¢ is 


Bo 2) 7 ee) a 
as t+0 as 1-0 ae 


Similarly, the value of the jump of the derivative of the kernel (5.3.7) ats = ¢ is 


es 2] 7 ee 2] ARH 
ds t+0 ds t-—0 - , 


dK(s,t)/ds = | 


Example 3. Transverse oscillations of an homogeneous elastic bar. Consider 
an homogeneous elastic bar with linear mass density d. Its axis coincides with 
the segment (0, £) of the s axis when the bar is in its state of rest. It is clamped 
at the end s = 0, free at the end s = £, and is forced to perform simple harmonic 
oscillations with period 27/w. The problem, illustrated in Figure 5.1, is to 
find the deflection y(s) that is parallel to the y axis and satisfies the system of 
equations 


FIGURE 5.1 
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d*y wd 
ok ye ha, 3. 
as4 y EI (5.3.11) 
y(0) = y'(0) = 0, (5.3.12) 
y"(0) = y"(2) =0, (5.3.13) 


where FJ is the bending rigidity of the bar. 
The differential equation (5.3.11) with the initial conditions (5.3.12) can be 
reduced to the solution of a Volterra integral equation if we stipulate that 


yO=HQ, y"O)=Cs, (5.3.14) 


and subsequently determine the constants Cz and C3 with the help of (5.3.13). 
Indeed, when we compare the initial value problem embodied in Equations 
(5.3.11), (5.3.12), and (5.3.14) with the system (5.1.9) through (5.1.15), we 
obtain the required integral equation 


2 3 s 3 
-gafS Ss 4 (s —t) 
g(s)=k (5 Cr+ 3 cs) +k / 3 g(t)dt , (5.3.15) 
where 
g(s) = d‘*y/ds* . (5.3.16) 
The solution y(s) of the differential equation (5.3.11) is 
5 (s—4r)3 43 Pe 
y(s) = i; 31 g(tj)dt + 31 C3 + i C2. (5.3.17) 


We leave it to the reader to apply the conditions (5.3.13), determine the constants 
Cz and C3, and thereby complete the transformation of the system (5.3.11) 
through (5.3.13) into an integral equation. 

The kernel of the integral equation (5.3.15) is that of convolution type and 
this equation can be readily solved by Laplace transform methods as explained 
in Chapter 9 (see Exercise 11 at the end of that chapter). 


5.4. Dirac Delta Function 


In physical problems, one often encounters idealized concepts such as a unit 
force acting at a point s = so only, or an impulsive force acting at time t = fo 
only. These forces are described by the Dirac delta function 5(s — sg) or 6(t — to) 
such that 

0, xX, 


Ow, x=X0, 


d(x — x9) = (5.4.1) 


5.4. Dirac Delta Function 69 


where x stands for s in the case of a unit force and for ¢ in the case of an impulsive 
force. Also, 


a 0 if x9 isnotin (a,b), 54 
[ ie aaa a ee eee ae) 


This function is supposed to have the sifting property 


oo 
/ d(x — X0)P(x)dx = $(Xo) (5.4.3) 
—0O 

for every continuous function (x). 

The Dirac delta function has been successfully used in the description of 
concentrated forces in solid and fluid mechanics, point masses in the theory of 
gravitational potential, point charges in electrostatics, impulsive forces in acous- 
tics, and various similar phenomena in other branches of physics and mechanics. 
In spite of the fact that scientists have used this function with success, the lan- 
guage of classical mathematics is inadequate to justify such a function. It is 
usually visualized as a limit of piecewise continuous functions f(x) such as 


1 
0, OS EMO Des 


1 
fx)=jp, |x —xo| < 5 (5.4.4) 


1 
0, NO GE aes 


as € — O, or as a limit of a sequences of suitable functions such as 


(x) Ls 0 < |x| < 1/k, oe 
fila) = 0, for all other x, n>) 
where k = 1,2,3,..., and 
1 sinkx 
f(x) = = ; (5.4.6) 
mu Xx 


as k > oo. 

Our aim in this and the next chapter is to determine integral representation 
formulas for the solutions of linear ordinary and partial differential equations in 
such a manner as to include the boundary conditions explicitly. To accomplish 
this task, we have to solve differential equations whose inhomogeneous term is a 
concentrated source. This is best done by introducing the theory of distributions. 
We present here the rudiments of this theory as needed in the sequel. 
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In Equation (5.4.3) we have made the delta function meaningful by averaging 
it with the help of a smooth function @(x). This introduces the concept of a test 
function ¢(x) which is defined as follows. 


(1) de exists for all values of the integer k. 

(2) ¢(x) has a compact support. This means that there exists an integer A 
such that $(x) is zero in the regions x < —A and x > A and nonzero 
in-—A <x <A. 

These two properties are symbolically written as @(x) € C5°; the superscript 
stands for the infinite differentiability, and the subscript for the compact support. 
This space of test functions ¢(x) is denoted by D. The prototype example is 


2 

ex (- —— ) x| <a, 

$(x) = Ay wet bel (5.4.7) 
, |x| >a. 

Note that the definition of D does not demand that all the test functions have the 

same support. From the preceding definition we find that 


(a) D is a linear space because if ¢, and ¢2 are in D then so is c}@; + c2¢2 
for any numbers c, and cp. 

(b) If ¢ € D then so is £4. 

(c) Fora C®™ function f(x) anda@(x) € D, foe D. 

(d) If #(x) and w(x) are in D(x) then (x) (y) are in a two-dimensional 
test function space D(x, y). 


This information enables us to present the following four definitions: 


(1) A sequence {¢,,(x)},m = 1,2,..., for all @, € D, converges to ¢o if 
the following two conditions are satisfied. (i) All the ¢,, as well as ¢o vanish 
outside a common interval; (ii) d*,/dx* — d'bo/dx* over R asm > ov, 
for all integers k. For the special case ¢o = O, the sequence {¢,,} is called a null 
sequence. 


(2) A linear functional t(x) on the space D is an operation by which we 
assign to every test function ¢ (x) areal number (t (x), @(x)) such that (t, c, @; + 
C1¢2) = ci (t, 1) + c2(t, $2) for arbitrary test functions ¢; (x) and ¢2(x). 


(3) A linear functional t(x) on D is called continuous if and only if the 
sequence of numbers (f, d,) — (t, 6) asm —> oo, whenever the sequence {¢,,} 
of test functions converges to a test function ¢. 


(4) A continuous linear functional t(x) on the space D of test functions is 
called a distribution. Let us now give some important examples of distributions. 
The set of distributions that are most useful are the ones generated by locally 
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integrable functions f (x) which are such that f f (x)dx exists for every bounded 
interval in R. It generates a distribution through the relation 


(fey / Fey oGyds: 


These distributions are called regular distributions. For instance, the Heaviside 
function H (x) 


0, x <0, 
A(x) = | ee 0, (5.4.8) 
defines the regular distribution 
[o,e) 
(H, ¢) = [ (x)dx. (5.4.9) 


The distributions that are not regular are called singular distributions. For in- 
stance, the Dirac delta function is not a locally integrable functions but generates 
the distribution through the relation (5.4.3). The distributions are also called gen- 
eralized functions. The space of all distributions on D is called the dual space of 
D and is denoted as D’. There are many more test function spaces and their duals 
and the reader may consult Kanwal [44] where all the preceding concepts are 
discussed in detail. Let us now study algebraic operations on distributions. Let 
(t(x), @(x)) be a regular distribution generated by a locally integrable function 
t(x). Then for x = (a y — 5), we have 


(tay —b), 0) = / t(ay — b)b(y)dy 


Ae. if 28s. x+b 
= al. 100.0 (==*) dx 
=] a (te. o(* **)) (5.4.10) 


The same is true for a singular distribution. Thus 


b 
(lay —), 0) = = (8 ), (= )) (5.4.11) 


As a special case we find from Equation (5.4.11) that (6(—y), @(y)) = (6), 
o(—x)) = (0) = (8(y), d(y)). Thus, 5(x) is an even function. We dis- 
cuss the analytic operations on distributions also by first appealing to a regular 
distribution. Let t(x) be a differentiable function. Then 


il t! (x) (x)dx = [t(x)b(x)]% — / t(x)$"(x)dx. 
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Since ¢(x) has a compact support, the first term on the right hand side vanishes. 
Thus, we have 


(t'(x), (x) = —(t(x), 6'(x)) (5.4.12) 
Continuing this process, we have 
d't(x) ere d‘$(x) 
( adxk 0) =D (vw, ink ) ; (5.4.13) 


The same is true for the singular distributions. Let us illustrate it with a few 
examples. 

Recall the formulas (5.4.8) and (5.4.9) for the Heaviside function H (x). 
According to formula (5.4.12), we have 


(H'(x), (x) = —(A (x), 6'(x)) 
= -f $ (x)dx = $(0) = (6(x), (x)) . 


Thus Aue 
Fe = 8): (5.4.14) 
Similarly, (5’(x), @(x)) = —(6(x), ¢’(x)), and in general 
ds 
(5 (x), o(x)) = (=? o(s)) = (—1)"(8(x), 6 (x) 
Jpn t? 
=(-)) Aga (0) . 


(5.4.15) 


Because the singular distributions do not have classical derivatives, we call the 
derivatives such as (5.4.14) and (5.4.15) distributional derivatives. 

Relation (5.4.15) is instrumental in deriving many interesting formulas. For 
instance, 


£(x)5 (x) = (—)" OS) + (- 1)" In 7-1 O)4'X) 


5.4.16 
+--+ +£(0)8(x), 
because we can set 
(t(x)8"(x), O(@)) = 6X), C&O) 
da" 
= (-1)" (50, 7 -(0¢2). 600) 
x 
and (5.4.16) follows immediately. As a special case we have 
— 1)" —2_ g(n—m) 4 
x™5M (x) = are os fae (5.4.17) 
0 ; n<m. 
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Finally, we present the value of the distribution 4[ f (x)]. For this purpose let us 
first assume that f (x) has a simple zero at x, such that f (x;) = Obut f '(41) > O 
(the case f’(x;) < 0 is similar). Thus, f(x) increases monotonically in the 
neighborhood of x; and we have H[f(x)] = H(x — x;). Then it follows from 
(5.4.14) that H’[ f (x)] = 6(« — x) or 6[ f(x)] = | f’ (x1) |7 18% — x1). If fx) 
has n zeros, then we have 


" 8(x —Xm) 


sf] = >> WG 


m=1 
In the rest of this and the next chapter we deal with differential equations that 
have a delta function as an inhomogeneous term. Accordingly, we introduce the 
concepts that we need in handling those differential equations. For this purpose, 
we first find the derivative of the signum function sgn x: 


(5.4.18) 


1. x>0O, 
sgn (x) = e a (5.4.19) 


Comparing it with the Heaviside function (5.4.8), we find that sgn x = 2H (x) — 
1. Thus, (d/dx)(sgn x) = 25(x). Let us now consider the function |x| that 
defines the functional 


[e-s) [ove] 0 
Ries / Ielo(x)dx = i Ori / eres 


—0o 0 —0o 


Thus, 


d fee) 0 
(<u:1.009) = (|x|, d’(x)) =f x’ (x)dx -f x’ (x)dx 
x 0 00 
= (sgn (x), @(x)), 
so that (d/dx) (|x|) = sgn (x). Another differentiation yields 


d* d 
72" = ax SBR (x)) = 28(x), 
or 
Me |x| = 5( 5.4.20 
5 get hb) (5.4.20) 


A distribution E(x) is said to be the fundamental solution or the free space 
Green’s function if it satisfies the relation L E(x) = 5(x), where L is a differ- 
ential operator. From relation (5.4.20) it follows that |x|/2 is the fundamental 
solution of the differential operator d”/dx*. The foregoing concepts help us de- 
fine the distributional (generalized) derivatives of functions that do not have the 
classical derivatives. Indeed, we have already come across three such functions, 
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namely, H (x), sgn (x), and |x|. Accordingly, the derivatives of these functions 
are the distributional derivatives. Let us observe the properties of the function 
|x| and its classical derivative: (i) this function is continuous at x = 0, (ii) its 
derivative has a jump discontinuity at x = 0 of magnitude 2. In the next sections 
we shall discover these properties of many functions that arise in our analysis. 

Let us now consider a function F (x) that has a jump discontinuity at x = & 
of magnitude a but has the derivative F’(x) in the intervals x < € andx > & 
but no classical derivative at x = €. However, we can find the distributional 
derivative of this function by defining a new function f(x): 


f(x) = F(x)-—aH(x —&). (5.4.21) 


This new function is clearly continuous at x = & and has the derivative that 
coincides with F’(x) on both sides of €. When we differentiate both sides of 
(5.4.21) we get 
df DF(x) 
a Ae aoe 7, ee 2 
des da ee 
where we have put a bar over (d/dx)F (x) to signify that it is the distributional 
(generalized) derivative of F. Thus 
DF(x) dF 
—— = — 4+ [F] 6 —&), 5.4.22 
a = ae tIFl8@-8) (5.4.22) 
where we have used the information that the jump [F'] of F(x) atx = & is equal 
toa. 

Formula (5.4.22) has an interesting application that is very beneficial for 
our purpose. Indeed, let us consider the fundamental solution E (x, €), which 
satisfies the differential equation 

d d E(x; &) 


dx [po SS?) = —q(x)E(x; €) — 8(x —&), (5.4.23) 


which is called the Sturm—Liouville equation. When we compare Equations 
(5.4.22) and (5.4.23) and observe that p(x) is continuous at x = &, we find that 
the jump in the value of d E'/dx at x = & is 


kal See, (5.4.24) 
dx |,  p@) 


Indeed, the function E(x) behaves in the same way as |x|; it is continuous at 
x = & andits classical derivative has a jump discontinuity of magnitude —1/p(é) 
atx = &. 

The preceding analysis can be readily extended to higher dimensions. Let 
us consider the three-dimensional Euclidean space R* where x = (x1, x2, X3) 
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denotes a point. Let k be a three-tuple of nonnegative integers k = (kj, k2, k3). 
Then we define the following quantities. 


Ik| = ki tho ths, xf = xftxh?xf?  k! = ky! he! ks! (5.4.25) 

ae k ale ki nk ns 
ere = ipa . (5.4.26) 
5(x — &) = 8(x1 — &1)5 (x2 — &2)5 (x3 — &3). (5.4.27) 


The basic distribution 5(S) is a single layer of delta functions concentrated 
on a surface S. The three-dimensional distributional derivative formula for a 
function F (x) corresponding to Equation (5.4.22) is 
OF (x) aF 


tn aay TBIFISOS), (5.4.28) 


where n is the unit normal to the surface S and [F'] is the jump of F across S. 

Our next aim is to use formula (5.4.28) to solve a partial differential equation 
which corresponds to Equation (5.4.20). For this purpose we start with the 
function 1/r, r = (x? + x3 + x3)'/””, and observe that it has a singularity at 
r = O and that the function F(x) = H(x — €)/r, where H is the Heaviside 
function, has the jump at the spherical surface of discontinuity S : r = e, of 
magnitude 1/e. 

Accordingly, formula (5.4.28) yields 


a (H(r- ek 
(ESS) ee iG Ae = AG), (5.4.29) 
Ox; r r3 € 
where nj = Tj; = x;/r. To evaluate the limit of the second term on the right 
side of Equation (5.4.29) we appeal to a three-dimensional test function (x) 


and find that the 


lim (x) “Fads ee / o(x)re’?dw = 0, (5.4.30) 
e—>0 S(t) € e>0€ Js 

where S(1) is the unit sphere and w is the solid angle. Thus, D; (/r) = —x;/r, 

which is the same as the classical derivative. In order to compute the second 

order distributional derivatives of 1/r, we apply formula (5.4.28) to the function 

(0/dx;) (U(r — €)/r) and obtain 


x2 
a H(r—6)\ _ a? 1 xi (—X; 
OX; 0X; ( r ) ~ (sas (5) at tas r (=) 5(S) 


2 (=) HG =3= HS), (5.4.31) 
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where 6;; is the Kronecker delta which is 1 when i = j and 0 wheni $ j. 
We again appeal to a test function @ (x) and find that 
; XjX; x 4n 7 
lim Gr #00dx = = 860), 
so that relation (5.4.31) yields 


a2 


) 1 3XjX; = 778i; 4a 
-— | = — —— — — §,;5(x). 5.4.32 
9x; OX; (+) rs ane (x) ( ) 


Let us now set i = j and sum on j and get 
2 x2 x2 


a> f'1 a F) F) 1 
V {(-|}={(—~4+-—4+-—— —~)=—47 6 : 5.4.33 
(*) (= at ax = =) (+) BO) ( ) 


Thus, the fundamental solution of the Laplacian -V is /4xr . In the sequel 
we drop the bar on the distributional derivatives. 


5.5 Green’s Function Approach 


We consider the initial and boundary value problems of Sections 5.1 and 5.2 in 
a different context. Let L be the differential operator 


d? d 
Lu(s) = [AQ Fa + B(s) +C(s)lu(s), a<s <b, (5.5.1) 


where A(s) is a continuously differentiable and positive function. Its adjoint 
operator M is defined as 


a2 
Mv(s) =7,21AW)s)] 


- < [B(S)¥5)] +C(s)v(s), a<s<b. 
‘ (5.5.2) 


It follows by integration by parts that 
fot —uMv)ds = [A(vu' — uv’) + uv(B — A)? 3 (5.5.3) 


This is known as Green’s formula for the operator L. 
It is traditionally proved in the theory of ordinary differential equations that 
the differential equation 


A(s)y” + B(s)y’+C(s)y = @(s),  a<s<b, (5.5.4) 
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can be converted to the form 


d d 
ds |p) 2] +q(s)y = Fis), (5.5.5) 
Ss ds 


which is clearly self-adjoint. The function p(s) is continuously differentiable 
and positive and q(s) and F(s) are continuous in a given interval (a, b). Green’s 
formula (5.5.3) for this operator takes the simple form 


for —uLv)ds = [p(s)(vu’ — uv’)]? . (5.5.6) 


The homogeneous second-order equation 


d d 
a p= +qy=0, a<s<b, (5.5.7) 
ds ds 


has exactly two linearly independent solutions u(s) and v(s) which are twice 
continuously differentiable in the interval a < s < b. Any other solution of this 
equation is a linear combination of u(s) and v(s), that is, y(s) = cyu(s) +c2v(s), 
where c, and c2 are constants. 


Initial value problems 


Let us first consider the initial value problem 


2 =) + = F(s) < 5.5.8 
ae \P ge) THEO) -GESs (5.5.8) 
y(a)=0, = y(a=0. (5.5.9) 


To formulate this problem into an integral equation, we consider the function 


w(s) = u(s) [ v(t) F (t)dt — v(s) [ u(t)F(t)dt , (5.5.10) 


where uw and v are solutions of the homogeneous equation (5.5.7) as previously 
mentioned. The relation (5.5.10), when differentiated, gives 


w'(s) = u'(s) [ v(t) F (t)dt — v'(s) f u(t) F (t)dt 
+u(s)v(s)F(s) — u(s)v(s)F (s) 


= u'(s) a v(t) F (t)dt — v'(s) [ u(t)F(t)dt . 
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Hence, w(a) = w’(a) = 0, and 


d dw d du : 
“ ora == [«) a / v(Q)F (dt 
d dv 
ae ie =| 


x i; u(t)F (t)dt + p(s)[u'(s)u(s) — v'(s)u(s)]F(s) 


= —q(s)w(s) + p(s)[u'(s)v(s) — v’(s)u(s)]F(s), 
(5.5.11) 


where we have used the fact that u(s) and v(s) satisfy Equation (5.5.7). In 
addition [dropping the argument (s) for p, u, v], 
d / , d / d / hot tok 
<{p(u'v — v'u)} = —(pu')v — —(pv'yu + pu’! — pu'w’ =0, 
ds ds ds 
also because u and v satisfy (5.5.7). This means that 
p(s)[u'(s)u(s) — v'(s)u(s)] =A, (5.5.12) 


where A is a constant. The negative of the expression in the brackets in the 
preceding relation is called the Wronskian W (u, v; s) of the solutions wu and v: 


W(u, v; s) = u(s)u (s) — v(s)u'(s) . (5.5.13) 


From the relations (5.5.11) and (5.5.12), it follows that the function w as 
given by (5.5.10) satisfies the system 


Dg” \ ep SARS < 5.5.14 
He Sag PUR AO 514) 


w(a)=0, wi (a)=0. (5.5.15) 


Dividing Equation (5.5.14) by the constant A and comparing it with (5.5.8), we 
derive the required relation y(s) as 


y(s) = ao) = / Rs, t)F (t)dt, (5.5.16) 


where w(s) is given by (5.5.10) so that 
R(s, t) = (1/A){u(s) v(t) — v(s)u(t)} - (5.5.17) 


Note that R(s, t) = —R(t,s). 
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It is easily verified that, for a fixed value of t, the function R(s, t) is com- 
pletely characterized as the solution of the initial value problem 


d OR 
LR= as [pis | +q(s)R = d(s —f), 
(5.5.18) 
R| =0 aR = a 
s=t ’ as = pit) * 


This function describes the influence on the value of y at s due to a concentrated 
disturbance at t. It is called the influence function. The function G(s; t), 


G "3 i: 5.5.19 
sH= 5. 
Set) bie eck S>t, ( ) 


is called the causal Green’s function. 
Example. Consider the initial value problem 

y’+y=F(s), 0<s<1, y(0) = y'(0) =0. (5.5.20) 
The influence function R(s, t) is the solution of the system 


d’R dR 


—+R=<dé(s—-t), R =0, — =1. 5.5.21 
S + (s ) lear ds Ns ( ) 


The required value of R, clearly, is R(s, t) = sin(s — ¢), and the integral repre- 
sentation formula for the initial value problem (5.5.20) is 


y(s) = f sin(s —t)F(t)dt . (5.5.22) 
0 


When the values of y(a) and y’(a) are prescribed to be other than zero, 
we simply add a suitable solution cju + cv of (5.5.7) to the integral equation 
(5.5.16) and evaluate the constants c; and c2 by the prescribed conditions. For 
example, 


y"+y=F(s), yO)=1, y@O=-1 (5.5.23) 
has the solution 
y(s) = / {sin(s — t)]F (t)dt +c, (sins) + c2(coss) . (5.5.24) 
0 


With the help of the prescribed conditions, we find that c} = —1 and cz = 1. 
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Boundary value problems 


Let us now consider the boundary value problems and start with the simplest 
one, 


— —|+qy = F(s) a<s<b 5.5.25) 
= Ky <s<b, i 


y(@)=0, y(b)=0. (5.5.26) 


In view of the solution (5.5.16) of the system (5.5.8) and (5.5.9) we attempt to 
write its general solution as an integral equation of the form 


y(s) = / R(s, t)F (t)dt + cyu(s) + c2v(s), (5.5.27) 


where u(s) and v(s) are the solutions of the homogeneous equation (5.5.7). 
When we substitute the conditions (5.5.26) in (5.5.27), we obtain 


cyu(a) + cov(a) = 0, 
cyu(b) + c2v(b) = — / R(b, t)F()dt , 


which will determine a unique pair of constants c, and cz provided the following 
holds for the determinant D, 


D =u(a)v(b) — v(a)u(b) £0; (5.5.28) 
which, for the time being, we assume to be true. Therefore, 


a= [v(a)/D} f Re. t)F (t)dt 


Ss b 
= (ua)/D) [ Rb, NF (de + [v(a)/D} | R(b, t)F(t)dt, 
4 : (5.5.29) 


c= -[wa/D) [ Re. t)F (t)dt 


s b 
a -{wa/D) [ R(bt)F (t)dt — [u(a)/D} f R(b, t)F(t)dt . 
bs : (5.5.30) 
Putting these values of c; and cz in the relation (5.5.27), we have the solution 
y(s) as 


y(s) = {R(s, t) + (1/D)[v(a)u(s) — u(a)v(s)]R(b, t)}F t)at 


b 
+f (1/D)[v(a)u(s) — u(a)v(s)]R(b, t)F (t)dt . 
: (5.5.31) 
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Using Equations (5.5.12) and (5.5.17) and doing some algebraic manipula- 
tions, we find that 
R(s, t) + {[v(a)u(s) — u(a)v(s)]/D} Rb, t) 
= (1/AD)[u(a)v(t) — v(a)u(t)][u(s)v(b) — v(s)u(b)] . 


(5.5.32) 
Finally, we define the function G(s; ft): 
(1/AD)[u(s)v(a) — v(s)u(a)][u(t)u(b) — v(t)u(b)], 
S<t, 
FSO = 1 AD[uev(a) — vQua)]tuts)v(b) — v(suo], ©? 
S>t. 


Then the solution y(s) as given by Equation (5.5.31) takes the elegant form 


y(s) = - [ 66: t)F(t)dt . (5.5.34) 
The function G(s; t) is called the Green’s function. It is clearly symmetric: 
G(s;t) =G(t;s). (5.5.35) 


Furthermore, it satisfies, for all t, the following auxiliary problem 


d 0G 
16 = 5 | p22 | +406 = 86-9, a<s<b, 
ds as 


(5.5.36) 
G|,_. = Gl, = 9: (5.5.37) 
G|,-140 ~ Flearo = 9» (5.5.38) 
dG aG 1 
Os. a ie - = pw’ (5.5.39) 
where by G | s<r+o We mean the limit of G(s; ¢) as s approaches ¢ from the right, 


and there are similar meanings for the other expressions. Thus, the condition 
(5.5.38) implies that the Green’s function is continuous at s = ¢. Similarly, 
the condition (5.5.39) states that dG/ds has a jump discontinuity of magnitude 
—{1/p(t)} ats = t. The conditions (5.5.38) and (5.5.39) are called the matching 
conditions. Recall that we derived these results in Section 5.4 by introducing 
the concept of the distributional derivatives. 

It is instructive to note that the relation (5.5.39) is a consequence of the 
relations (5.5.35) and (5.5.36). Indeed, the value of the jump in the derivative 
of G(s; t) can be obtained by integrating (5.5.36) over small interval (t — €, s) 
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and by recalling that the indefinite integral of 6(s — t) is the Heaviside function 
H(s —t). The result is 


os t) dG(t — €; s) 


+f q(x)G(x; t)dx = p(t — €) —————__ —- H(s- 2). 
t—e€ 


Po os 


When s traverses the source point ¢, then on the right side the Heaviside function 
has a unit jump discontinuity. Since other terms are continuous functions of s, 
it follows that dG/ds has, at t, a jump discontinuity as given by (5.5.39). 
Example. Consider the boundary value problem 
y” = F(s), y(0) = y(2)=0. (5.5.40) 
Comparing this system with the relations (5.5.25), (5.5.26), and (5.5.36) 
through (5.5.39), we readily evaluate the Green’s function: 
(s/L)( —t), S<t, 
G(s;t)= o (5.5.41) 
(t/£)(€—s), Cea 
which is the kernel (5.3.10) except for the factor A. The solution of (5.5.40) 
now follows by substituting this value in Equation (5.5.34). Incidentally, by 
introducing the notation 


S, S<t, : 
so or min(s,f), 
t, s2t, 
and 
t, S<t, 
S= or max(s,t), 
S, s2t, 


the relation (5.5.41) takes the compact form 
G(s; t) = (1/8)[s<(€ — ss)], O<s,t<e. (5.5.42) 


It follows from the properties (5.5.36) through (5.5.39) of the Green’s func- 
tion G(s; t) that 0G(s; a)/dt satisfies the system of equations 


£ [po = {tl +4 (5) SO = 0, a<s<b, 


dG(a;a) ss dG (b; a) gy 
at P(a)’ at : 
(5.5.43) 
Similarly, dG (s; b)/dt satisfies the system 
5 |ps = |e b) + (s) OG SO) _G ee 
ds ds at at (5.5.44) 


dG(a; b) = dG(b; b) _ 1 
at dt ————«i() 
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Hence, the boundary value problem 


(py) +qy=F, y(a) =a, y(b) =6, a<s<b, (5.5.45) 


has the solution 


y(s)=- / G(s; t)F (t)dt 


ep ) EO _ ppey et os a3 
(5.5.46) 


as is easily verified. 
Finally, we present the integral equation formulation for the boundary value 
problem with more general and inhomogeneous end conditions: 
(py) +qy=F(s), a<s<b, 
—miy(a)t+uy@)=a,  —p2y'(b) + wy(b) =B. 
When we proceed to solve this system in the same way as we did the system 


(5.5.1) — (5.5.2), Green’s function for the present case can also be derived pro- 
vided the determinant 


D =[—miu'(a) + vyyu(a)][e2v'(b) + v2v(b)] 
— [—pyv'(a) + v1 v(a) [qu (b) + v2u(b)] 40. 


Indeed, G(s; t) possesses the following properties: 


(5.5.47) 


d aG 
L rs Pa = cS t J. 
Gomes [pw ne + q(s)G = —5(s —t) (5.5.48a) 
dG dG 
ee Fe +1G|_, = ba + 2G|_, =0 
= aoe (5.5.48b) 
Gla Clac9 =O: (5.5.48¢) 
0G _ 9G 1 
re Ss (5.5.48d) 
as s=t+0 as s=t—0 P(t) 


and the condition of symmetry. With the help of the Green’s function, the 
boundary value problem (5.5.47) has the unique solution 


y(s) = - [ as t)F(t)dt + —— ee ®) «G(s; a) + 2& PO pats b), (5.5.49) 


provided jz; and p22 do not vanish. If 4; = 0, then the factor (1/141)G(s; a) 
is replaced by (1/v,)dG(s; a)/dt. By the same token, if 42 = O, we replace 
(1/f42)G(s; b) by —(1/v2)dG(s; b)/dt. In view of the relation D 4 0, we 
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cannot have both jz; and v, or both jz2 and v2 equal to zero. When a and f are 
zero, the relation (5.5.49) reduces to (5.5.34). 
The Sturm—Liouville problem consists of solving a differential equation of 
the form 
(py’)'+qy+ary=F(s), a<s<b, (5.5.50) 
involving a parameter A and subject to a pair of homogeneous boundary condi- 
tions 


—Miy'(a@)+viy(a)=0, = —pay'(b) + vry(b) =0. (5.5.51) 


The values of A for which this problem has a nontrivial solution are called 
the eigenvalues. The corresponding solutions are the eigenfunctions. In case 
p(a) = p(b), the boundary conditions (5.5.51) are replaced by the periodic 
boundary conditions 


y(a) = y(b), y'(a) =y'(b). 


From formula (5.5.49), it follows that the solution of Equation (5.5.50) subject 
to the conditions (5.5.51) is 


y(s) = af ree: t)y(t)dt — / G(s; t)F(t)dt, (5.5.52) 


which is a Fredholm integral equation of the second kind. In this equation 
G(s; t)r(t) is not symmetric unless the function r is a constant. However, by 
setting 

[r(s)]"7y(s) = Y(s), 
under the assumption that r(s) is nonnegative over the interval (a, b), Equation 
(5.5.52) takes the form 


y(s)[r(s)]/? =a / G(s; O[r(s)]}7 fr O] 7 @O]!?y@at 


F(t) 
- : 1/2 1/2 
[eoinrorre) rope 
or F( ) 
Be: oo t 
Y(s) a af Gs: t)Y (t)dt - [ &s @ype” ; (5.5.53) 


where G(s; t) = G(s; t)[r(s)]'7[r (t)]'”7 is a symmetric kernel. 

The preceding discussion on boundary value problems is based on the as- 
sumption that D = u(a)v(b) — v(a)u(b) does not vanish. If it vanishes, then 
the homogeneous equations 


cyu(a) + c2v(a) = 0, cyu(b) + c2v(b) = 0. 
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have a nontrivial solution (c;, C2), and the function w(s) = cyu(s) + c2v(s) 
satisfies the completely homoegeneous system 


(pw')’+qu=0, w(a)=w(b)=0. (5.5.54) 


Therefore, if y is a solution of (5.5.25), (5.5.45), or (5.5.47), then so is y +cw(s) 
for any constant c. This means these systems do not have a unique solution. This 
is not all. There is an additional consistency condition that must be satisfied 
for these systems to have a solution. Take, for example, the system (5.5.45). 
Multiply the differential equation (5.5.45) by w and integrate from a to b and 


get 
| w(s)F(s)ds = / w(s)[(py’)’ + qy]ds 


= [wpy’ — w' py], + / y[(pw'y + qu]ds 
= p(a)w'(a)a — p(b)w'(b)B . (5.5.55) 


Therefore, if (5.5.45) is to have a solution, then the given function F(x) must 
satisfy the consistency condition (5.5.55). Fora = 8B = 0, we get consistency 
condition 


/ w(s)F(s)ds = 0, (5.5.56) 


for the system (5.5.25). Thus, if D is zero, then we either have no solution or 
many solutions; but never just one. 


5.6. Examples 


Example 1. Reduce the boundary value problem 
y”’ +ay =0, O0<s<l, (5.6.1) 


y@0)=0, = y()+wy() =1, (5.6.2) 


to a Fredholm integral equation. 
From the properties (5.5.48a) and (5.5.48b), we must have 


Ai(t)s, S<t, 
A2(t)[1 + 2(1 —s)], S>t. 


The consequence of the symmetry of the Green’s function is 


G(s;t) = | 


A, =C[l+w1—-d)], A2=Ct, 
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where C is a constant independent of t. The jump condition (5.5.48d) yields 
Ct(—v2) — c{l +w(1 - t)] =-1 
or 
C=1/+4+w). 

Thus, the Green’s function is completely determined: 

1+12(1 —1)]s/( + v2) S<t, 

G(s;t) = | ee gua (5.6.3) 

[1+ 2(1 —s)]t/(1 + v2) S>t. 

The required integral equation is 


-_ 1+ v2(1 = S) . 
y(s) =A ae a i ty(t)dt 


s : s 
tars f 1+yw(1-t t)hdt + ———_... 
ep [ 2 ( Yy@ ae 


(5.6.4) 
Example 2. Reduce the Bessel equation 
d’y _ dy 
2 2 = 
with end conditions 
y(0) = 0, yi) =0, (5.6.6) 
to a Fredholm integral equation. 
The differential equation (5.6.5) can be written as 
(sy’)’ + [(-1/s) +As]y =0. (5.6.7) 


Comparing Equation (5.6.7) with (5.5.50), we obtain 
P(s)=s, q(s) =—1/s, r(s)=s, F(s)=0. 


To find the Green’s function, we observe that the two linearly independent solu- 
tions of the equation 


are s and 1/s. Therefore, from Equations (5.5.36) through (5.5.39), it follows 


that 
(s/2t)(1 — t?), s<t, 


G(s;t) = | 
(t/2s)(1 — s*), s>t. 
Substituting this value of G in the relation (5.5.52), we get the required Fredholm 
integral equation. 


(5.6.8) 
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Example 3. Reduce the following boundary value problem to a Fredholm inte- 
gral equation: 


y” +Asy = 1, y(0) =0, y(@) =1. (5.6.9) 
The Green’s function is the same as given by (5.5.41): 


e £ —. ’ ’ 
G(s; t) = fe i ae (5.6.10) 
(t/2)(2 —s), s>t. 


The expression for the integral equation then follows from Equation (5.5.46): 


£ e 
y(s) = -| G(s; t)dt + | G(s; t)ty(t)dt — dG(s;£)/dt. (5.6.11) 
0 0 


The function 8G(s; £)/dt satisfies the system of equations (5.5.44), which for 
the present case become 


d? {aG(s; 2) aG (0; £) aG(é; £) 
Sey (pote 4 re herb sea —— = -1, (5.6. 
ds? at o at at Px Oi) 
whose solution is 
IG(s; @)/at = —s/L. (5.6.13) 


Substituting Equations (5.6.10) and (5.6.13) in (5.6.11), we have 
s £ 
y(s) (9/0) — f asoce—syat — [s/o - Hae 


£ 
+ af G(s; t)ty(t)dt 
0 


or 
e 
y(s) = (s/2€)[2 — 7 +. sl] +A I G(s; t)ty(t)dt . (5.6.14) 
0 
Example 4. The differential equation 
d’y 2 ers 


is derived from the Schrédinger wave equation with a meson potential Vo=. 
Let us transform this equation and the boundary conditions 


y(0) = y(oo) = 0, (5.6.16) 


into a Fredholm integral equation. 
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This is a Sturm—Liouville problem and the result follows by appealing to 
Equation (5.5.52) if we can evaluate the required Green’s function G(s; t). For 
this purpose, we solve the differential equation 


a*G(s; t) 
as2 


subject to the boundary conditions (5.6.16). A set of two independent solutions 
of this equation is (e**, e~**). Since G(0; t) = 0 we have 


—k°G(s; t) = 5(s — 2), (5.6.17) 


G(s; t) = A(t)sinh ks , S<t. 
Similarly, 
G(s; t) = B(t)e* , s>t, 


satisfies the condition G(oco; t) = 0. 
The next step is to use the continuity of G(s; ¢) and the jump condition in 
its derivative s = t. Thereby, we obtain the values of A(t) and B(t) as 


1 1 
AM =F as B(t) = ; sinh kt . 
Combining this information about G(s; t) we derive 
1 
G(s;t) = 7 sinh ks. ee (5.6.18) 


Then Equation (5.5.52) yields the Fredholm integral equation 


y(s) = Vo i G(s; t) — yidr, (5.6.19) 
0 


with G(s; ¢) defined as in (5.6.18). 


5.7. Green’s Function for Nth Order Ordinary Differential 
Equation 


The boundary value problem consisting of a differential equation of order n 
and prescribed end conditions can also be transformed to a Fredholm integral 
equation in the manner of Section 5.5. For instance, take the boundary value 
problem 


2 


d? d*y d dy = 
As2 {x53 tae {prs} +q(s)y—Ar(s)y =F(s), (5.7.1) 
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a <s <b, where A is a parameter and the boundary conditions are 


(xy”) + py’ =0, or rescribed , 
eee ae eaenee (5.7.2) 
xy’ =0, or y_ prescribed , 
at a and b. 
The Green’s function G(s; t) for the problem (5.7.1) and (5.7.2) is such that 
it satisfies the differential equation 


2 


d’y d dy 
ase xrosl + {ps3} =a—9. a<s<b, (5.7.3) 
together with the prescribed homogeneous boundary conditions. In addition, G, 
dG/ds, and 8?G/@s? are continuous at s = t. The value of the jump in the third 
derivative of G is 
eG 
as3 


ae. (5.7.4) 


s=t+0 s=t—0 x (s) 


Finally, we have the property that G is symmetric. 
In terms of the Green’s function with the preceding five properties, the 
boundary value problem (5.7.1) and (5.7.2) reduces to the integral equation 


y(s) =1 [ Go. nywat = [ G6.9r wd. (5.7.5) 


Example. Consider the boundary value problem 


4 
thy =-f6), O<s<l, (5.7.6) 
y(0) =0=y'(0), y() =0=y'(1). (5.7.7) 


The homogeneous equation 
d*y/ds* =0, 


has the four linearly independent solutions 1, s, s?,s°. Therefore, we take the 
value of G(s; t) to be 

Ao(t) + Ai(t)s + A2(t)s? + A3(t)s?, s<t, 
Bo(t) + By(t)s + Bz(t)s? + B3(t)s?, s>t. 


The boundary conditions at the end points give 


G(s;t) = (5.7.8) 


Ao(t)=0, Ait) =0, By = —3Bo — 2B), B; = 2Bo+ B,. 
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Thus, the relation (5.7.8) becomes 
A2(t)s? + A3(t)s?, s<l, 
(1 — s)*[Bo(t)(1 + 2s) + By(t)s], s>t. 


The remaining constants are determined by applying the matching conditions at 
s = t, which result in the simultaneous equations 


G(s;t) = 


t?A, + 0°A3 — (1 — 3t7 + 207) By — (1 —1)?B, = 0, 
2tAz + 3t7A3 + 6t(1 — t)Bo — (1 — 4¢ + 307)B; = 0, 
2A7 + 6tA3 + 6(1 — 2t) Bo + 2(2 — 3t)B, = 0, 

6A3 — 12By — 6B; = 1, 


whose solution is 


A2(t) = -5tl —t)?, A3(t)= (1 —1)°(2t+1), 


1 1 
Bot) = =e, By(t) =—=??. 
o(t) 5 1(t) 5 
Hence, 
4 52(1 — £)2(2st +5 —3¢), S<t, 
G(s: 1) =| ce ; (5.7.9) 
gt d=sy 2st +t = 3s), S<t. 


The required Fredholm integral equation then follows by substituting this value 
in the relation (5.7.5). 


5.8. Modified Green’s Function 


We observed at the end of the Section 5.5 that, if the homogeneous equation 
Ly = 0, where L is the self-adjoint operator as defined in Eequation (5.5.5), with 
prescribed end conditions, has a nontrivial solution w(s), then the corresponding 
inhomogeneous equation either has no solution or many solutions, depending 
on the consistency condition. This means that the Green’s function, as defined 
in Section 5.5, does not exist, because 


b 
if d(s —t)w(s)ds £0, a<t<b. (5.8.1) 
a 

A method of constructing the Green’s function for this type of problem is 
now presented. Such a function is called the modified Green’s function and 
we denote it by Gy(s;t). We start by choosing a normalized solution of the 
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completely homogeneous system so that f w?(s)ds = 1. The modified Green’s 
function is to satisfy the following properties. 
(a) Gy Satisfies the differential equation 


LGwm(s;t) = 6(s —t) — w(s)w(t) . (5.8.2) 


This amounts to introducing an additional source density so that the consistency 
condition is satisfied. Indeed, 


b 
/ [5(s —t) — w(s)w(t)]w(s)ds = 0. 


(b) Gy Satisfies the prescribed homogeneous end conditions. 
(c) Gy is continuous at s = ¢. 
(d) Gy satisfies 


dGu 
ds 


dGmu 
+0 ds 


Saf 
1-0 ptt)” 

Thus, the construction is similar to that for the ordinary Green’s function 
except that the modified Green’s function is not uniquely determined; we can 
add cw(s) to it without violating any of the preceding four properties. It is often 
convenient to choose a particular modified Green’s function that is a symmetric 
function of s and t. This is accomplished by defining two functions Gy (s; t1) 
and G(s; tz) that satisfy the equations 


(5.8.3) 


LGy(s3 th) = 6(s —t)) — w(t) w(s), a<s<b, (5.8.4) 


LGM (5; t2) = 6(s — tk) — w(tz) w(s) , a<s<b, (5.8.5) 


along with prescribed (same for both) homogeneous end conditions. 
Multiply Equations (5.8.4) by G(s; t2) and (5.8.5) by Gy (s; t), subtract, 
and integrate from a to b. Finally, use the Green’s formula (5.5.6) and get 


Gy (th; t2) — Gu (te; 4) + w(t) / Gy(s; tz)w(s)ds 


(5.8.6) 
—w(t2) / Ga(s;t))w(s)ds =0. 
Now, if we impose the condition: 
(e) Gy satisfies the property 
/ Gy(s; t)w(s)ds = 0, (5.8.7) 


then it follows from Equation (5.8.6) that Gy will be symmetric. Thereby, the 
Green’s function is uniquely defined. 


92 5. Applications to Ordinary Differential Equations 


Finally, we can reduce the inhomogeneous equation 
Ly = F(s) (5.8.8) 


with prescribed homogeneous end conditions into an integral equation when the 
consistency condition ti F(s)w(s)ds = 0, is satisfied. Indeed, by following the 
usual procedure, one gets 


[Guy — yLGy)ds = [ems t)F (s)ds — y(t) 


+ / y(s)w(s)w(t)ds . (5.8.9) 


But the left side is zero because of the Green’s formula (5.5.6) and the end 
conditions. Thus, we are left with the relation 


y(t) = [ ems: tF(s)ds+Cwi(t), (5.8.10) 


where C = - y(s)w(s)ds, is a constant, although as yet undetermined. By 
interchanging s and ¢ in Equation (5.8.10), we have 


y(s) = / Gu(tis)F(t)dt + Cw(s) . (5.8.11) 


For a symmetric Green’s function, the preceding result becomes 
y(s) = [ews t)F(t)dt+Cwi(s). (5.8.12) 


When w(s) = 0, this reduces to the relation (5.5.34) [note that G in (5.5.34) is 
negative of the Gy in (5.8.12)]. 


Examples 


Example 1. Transform the boundary value problem 


da? 
= (2 fe iy) =F(s), y()=y(@=0 O<s<e (58.13) 
into an integral equation. The self-adjoint operator —d?y/ds? =0,0<s < £, 
with the end conditions y’(0) = y’(£) = 0 has the nontrivial solution y = const. 
We take it to be 1/£1/* because te (1/£)ds = 1. We therefore have to solve the 
system 


_ PGy(s3t) _ 1 Gu (0;t) — Gu (Et) 


ee =0. (5.8.14 
as2 Cie eae. as as 80%) 
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The solution of the system (5.8.14) for s < ¢ that satisfies the end condition at 
s =Ois A + (s?/2£). Similarly, the solution that satisfies the end condition at 
s = lis B—s + (s*/2€). Hence, 

A+ (s?/28) s<t, 

B—s + (s*/2€) s<t. 


The condition of continuity at s = t implies that B = A + ft, and the jump 
condition on dG y /ds is automatically satisfied. Thus, 


A + (s?/28) S< 1, 
At+t —(s?/20) s<t. 
The constant A is determined by the symmetry condition i eae 


t sz £ 
/ A+— as + | Att—s+5 ds =0 
0 2e t 


Gu (s;t)= 


Gu (s;t)= | 


or 


Thereby, the symmetric Green’s function is completely determined: 
£L 1 t, s<t, 
Gu(ssth == +— (8? +0) - 5.8.15 
u(ssf) arog ) Ls. S>t. ¢ ) 


The expression for the integral equation follows from the formula (5.8.12), 


y(s) = -af Ga (s; oyoar+ [ Gu (s;3 oFiods +a/0 f y(s)ds . 
(5.8.16) 


Example 2. Transform the boundary value problem 


d >, dy = . 
me {a —s | +Aay=0, y(-1), y(1) _ finite (5.8.17) 


into an integral equation. 

The operator —(d/ds)[(1 — s*)dy/ds] is a self-adjoint Legendre opera- 
tor. The function w(s) = 1/./2 satisfies this operator as well as the boundary 
conditions. Hence, we have to solve the equation 


dGu | _ 1 
-5 {a-)-5H | =a—9- 5. (5.8.18) 


For s 4 t, we have 


aGmu 
i=) SA 
( are oe 
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or 
dG A 
oN M = a en a 
as 2(1—s?) 1—s?2 
or 
1 
Gu =~ zlogi+s)(1—s)] 
1 
+ 3A log(1+s5)/1-—s)]+B. (5.8.19) 
Thus, 
ee (ZA — $)log(1 +s) — (44 + 4) log(1 —s) +B, s<t, 
MIS, 0) = 
(5C — +) log(1 +s) — (4C +2) log(i—s)+D, s>t. 
oS aan 5.8.20) 
Since Gy (s; t) has to be finite at —1 and +1, we must take A = 5, C= -} 
and the relation (5.8.20) reduces to 
—flog(1—s)+B, s<t, 
Gu(s;t) = | : (5.8.21) 
—5; log —s)+D, S>t. 
The continuity of Gy at s = t implies that 
1 1 
B-D= a log(1 + ¢) + 5 log(1 — ft). (5.8.22) 


The jump condition at s = ¢ is automatically satisfied. Finally, the symmetry of 
Gy yields 


1 t 1 
0= i Gyu(s,;t)ds = / [8 —log(1—s)las+ [ [ _ 5 log +9) ds 
-1 -1 t 


or 
1 
B+ D = 2(log2) —1—- zllog( +t) +log(1 —1t)]. (5.8.23) 
From Equations (5.8.22) and (5.8.23), we obtain the values of B and D as 


(i: 1 1 
B = (log2)—5—Slog(i+t),  D = (log2)—5—5 log(1—2) . (5.8.24) 


Putting these values in Equation (5.8.21), we have 


iba, 1 f zlogld—s)+a)], s<t, 
Gym (s; t) = (log 2) 5 | Hose: a 


The required integral equation now follows by using the formula (5.8.12). 


(5.8.25) 
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Exercises 


Transform the following boundary value problems to integral equations: 


-y’+y=0, y(0) =0, yi) =1. 
y"+sy=1, y@O)=y(1)=0. 
.y"ty=s, yO=y()=0. 
y’+y=s, yO)=1, yd)=0. 

» y+ (y'/2s) + As? =0, y(0) = yd) =0. 
~y’-y=f(s), y@O)=y)=0. 


. Reduce the differential equation 


Ya nA wn Pw ND 


y” + {P(s) — n7}y =0, 


7 a known positive constant, with the end conditions y(0) = 0, (y’/y) = —n at 
S = So, into a Fredholm integral equation. 


8. Convert the initial value problem 
y"+ds*y=0,  y'(0) =0= (0) 
into a Volterra integral equation. 


9, Find the boundary value problem that is equivalent to the integral equation 
1 
y(s) = af (1 — |s — t)y(#)dt . 
-1 


10. (a) Show that the Green’s function for the Bessel operator of order n 


Ly = (d/ds)(sdy/ds) —(n’/s)y, n#0 
with the end conditions 
y(0) = y(1) = 0 
a (1/2n)s"/t"(1 — 2”), s<t, 
(1/2n)t"/s"(1 — s*"), s>t. 
(b) Use the result of part (a) to reduce the problem 


G(s; t) = 


sy" +sy'+Qs*—n)y=0, — y(0) = y(1) =0 


to an integral equation. 
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11. Reduce the boundary value problem 


2 2, 
aa —A4+s)y =0, 
Ss Ss 


y(0) =0=y(1), y"(0) =0=y"(1), 


to a Fredholm integral equation. 


12. Extend the theory of Section 5.8 to the case when the completely homoge- 
neous system has two linearly independent solutions w;(s) and w2(s). 


13. Find the modified Green’s function for the systems 
y"—day=0, y@)=y), (0) = y'(). 
14. Transform the boundary value problem 
y"+y= f(s), yO) = yz) = 0,7 
into an integral equation. 


Hint: The self-adjoint operator —(y” + y) = 0 has the nontrivial solution 
(2/x)'/? sins and it satisfies the boundary conditions. Now proceed as in the 
examples in Section 5.8. 


CHAPTER 6 


Applications to 
Partial Differential Equations 


6.1. Introduction 


The applications of integral equations are not restricted to ordinary differential 
equations. In fact, the most important applications of integral equations arise 
in finding the solutions of boundary value problems in the theory of partial 
differential equations of the second order. The boundary value problems for 
equations of elliptic type can be reduced to Fredholm integral equations, whereas 
the study of parabolic and hyperbolic differential equations leads to Volterra 
integral equations. We confine our attention to the linear partial differential 
equations of the elliptic type, specifically, to the Laplace, Poisson, and Helmholtz 
equations wherein lie the most interesting and important achievements of the 
theory of integral equations. 

Three types of boundary conditions arise in the study of elliptic partial 
differential equations. The first type is the Dirichlet condition. In this case, 
we prescribe the value of the solution on the boundary. The second type is 
the Neumann condition. In this case, we prescribe the normal derivative of the 
solution on the boundary. When we prescribe the Dirichlet conditions on some 
parts and the Neumann conditions on other parts of the boundary, we have a 
mixed boundary value problem. 

The divergence theorem and the two Green’s identities are used repeatedly 
in this chapter. They are as follows: 


Divergence theorem: 
[owaav=[a-nas; (6.1.1) 
R Ss 
Green’s first identity: 


a 
i uV?v dV = ~ | (eras u- grad v)dV + / u—dS ; (6.1.2) 
R R s on 


Green’s second identity: 


3 
[wv —vV2u)dV = / poe Nas (6.1.3) 
R s\ On on 
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where A is a continuously differentiable vector field and the functions u and v 
have partial derivatives of the second order that are continuous in the bounded 
region R; S is the boundary of R, and n stands for the unit normal outward to 
S. The surface S is a smooth (or regular) surface as defined by Kellog [52]. 
The differential operator V7 is the Laplacian, which in Cartesian coordinates 
X1,X2, X3 has the form 

, 0 a? a? 


ee 6.1.4 
O48, ONE Oxe ( ) 


Any solution u of the equation V7u = 0 is called an harmonic function. 

To keep the chapter to a manageable size, we confine ourselves mainly 
to three-dimensional problems. The results can be readily extended to two- 
dimensional problems once the technique is grasped. Boldface letters such as 
x signify the triplet (x1, x2, x3). The quantities R; and R, stand for the regions 
interior and exterior to S, respectively. Furthermore, we do not follow the 
common practice of writing dS, or dS; to signify that integration is with respect 
to the variable x or . We merely write dS and it is clear from the context as to 
what the variable of integration is. 

As mentioned earlier, we are interested in giving the integral-equation for- 
mulation mainly to the differential equations V7u = 0, the Laplace equation; 
V?u = —4zp, the Poisson equation; and (V* +k?)u = 0, the Helmholtz (or the 
steady-state wave) equation. Here, o(€) is a given function of position and k is 
a given number. 


6.2. Integral Representation Formulas for the Solutions 
of the Laplace and Poisson Equations 


Our starting point is the fundamental solution (or free-space solution) E (x; £) 
that satisfies 

—V°E = 5(x—&) (6.2.1) 
and vanishes at infinity. This function can be interpreted as the electrostatic 
potential at an arbitrary field point x due to a unit charge at the source point €. 
Such a potential is given as 


E(x: €) = 1/4ar = 1/42|x — |. (6.2.2) 


For the two-dimensional case, the corresponding formula is (1/277) log(1/r) = 
(1/277) log(1/|x — €|), where x = (11, x2) and € = (1, &2). 
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The fundamental solution can be used to obtain the solution of the Poisson 
equation 
—V*u =4np. (6.2.3) 
Indeed, multiply Equation (6.2.1) by u(x), (6.2.3) by E(x, €), subtract, integrate 
over the region R;, and use Green’s second identity as well as the sifting property 
of the delta function. The result is (after relabeling x and &) 


1 eral i p48 
u(x) = / Pav ( )as+ = -<*as. (6.2.4) 
RT 


An is On r 4x Jsr on 


Suppose that from some previous considerations we know the values of p, u and 
du/dn, which appear in the formula (6.2.4): 


ul,=t,  du/dn|,=o, (6.2.5) 


then this formula becomes 


Seif Piaget 2 (2 \ase | 
up) = ff dV fo an (Z)as+ = f dS, (6.2.6) 


where P is the field point x and Q is a point € on S. The formulas (6.2.4) 
and (6.2.6) lead to many interesting properties of the harmonic functions. For 
details, the reader should refer to the appropriate texts [6],[52],[64]. We merely 
note the properties of the three integrals that occur on the right side of Equation 
(6.2.6). 


The Newtonian, single-layer, and double-layer potentials 


The integral f, r(e/r)daV is called the volume potential or Newtonian poten- 
tial with volume density p. Similarly, the integral Ss(a/r)dS is the simple 
or single-layer potential with charge (or source) density o, and the integral 
Js t(0/dn)(1/r)dS is the double-layer potential with dipole density t. These 
integrals arise in all the fields of potential theory. However, we have used the 
language of electrostatics, as it interprets them nicely. These potentials have the 
following properties. 
For the Newtonian potential u = af r(p/r)dV, we have the following. 


(1) V7u = 0, for points P in Re. 


(2) For points P within R;, the integral is improper but it converges and 
admits two derivatives under the integral sign if the function p is sufficiently 
smooth; the result is Vu = —4mp(P). 


The single-layer potential u = {\(o/r)dS has the following properties. 
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(1) V7u = 0, outside S. 


(2) The integral becomes improper at the surface S but converges uniformly 
if S is regular. Moreover, this integral remains continuous as we pass through S. 


(3) Consider the derivative of u taken in the direction of a line normal to 
the surface S in the outward direction from S. Then, 


Ou ae cos(x — &, 0) | 

an : = 2na(P) + | o(Q) 8 as (6.2.7) 
and 

Ou “a &,n) 


where P_ and P, signify that we sae S from R; and Re, respectively, and 
where both x and € are on S. From Equations (6.2.7) and (6.2.8), we obtain the 
jump of the normal derivative of u across S: 


(6.2.9) 
Py 


Similarly, the double-layer potential u = uF t(0/dn)(1/r)dS, has the fol- 
lowing properties. 


(1) V7u = 0 outside S. 


(2) The integral becomes improper at the surface but it converges if the 
surface S is regular. 


(3) The integral undergoes a discontinuity when passing through S such 
that 


ul p= anr(P) + | r(Q) a dS (6.2.10) 
RY 
and 
ulp = —2ne(P) + f+ (Q) a dS (6.2.11) 


in the notation of the relations (6.2.7) and (6.2.8). Hence, the jump of u across 
S is 
t = (1/47) [le, - ul, | : (6.2.12) 


(4) The normal derivative remains continuous as S is crossed. The reader 
who is interested in the proof should look up the proof given by Stakgold [64]. 
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Interior and exterior Dirichlet problems 


For the solution of a boundary value problem for an elliptic equation, we cannot 
prescribe u and du/dn arbitrarily on S. Therefore, Equation (6.2.6) does not 
allow us to construct a solution for Equation (6.2.3) such that u shall itself have 
arbitrary values on S and also arbitrary values for its normal derivative there. 
As such, there are two kinds of boundary value problems for elliptic equations. 
For one kind, we have the value of the solution prescribed on S — the so-called 
Dirichlet problem. For the second kind, the value of the normal derivative of the 
solution is prescribed on S — the Neumann problem. We discuss the Dirichlet 
problem first. 

To fix the ideas, let us discuss the Dirichlet problem for the region exterior 
to the unit sphere. In order to get a unique solution, it is necessary to impose 
some sort of boundary condition at infinity along with the boundary value on 
the surface S of the sphere. Indeed, the functions u;(x) = 1 and u2(x) = 1/r 
are both harmonic in the region R, and assume the same value 1 on S. But if 
we require that the solution vanishes at infinity, then w2 is the required solution. 
As a matter of fact, it is an important result in potential theory [52],[64] that, 
when one solves the Dirichlet problem for the exterior of the unit sphere (by 
expansions in spherical harmonics) such that the potential vanishes at infinity, 
then one finds that the behavior of the solution is 


1 ou 1 
=O{-}, —| =O{-—])}. 6.2.13 
nno(!). BL ao(). «as 


From these considerations and from the value of the fundamental solution, it is 
traditionally proved that 


3 dE 
lim (z cee x) dS =0 (6.2.14) 
Ss r 


on the surface S of the sphere of radius r. 
We can now define and analyze the exterior and interior Dirichlet problems 
for an arbitrary surface S as follows. 


Definition. The exterior Dirchlet problem is the boundary value problem 
V-ue = 0, xeER,; dele = fs 
1 OUe 1 (6.2.15) 
=O1 bd 5 3 ee 
“lo O(7)  F¢1.-2(7) 


where f (Xx) is a given continuous function on S. 
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Definition. The interior Dirichlet problem is the boundary value problem 
V7u; = 0, xe R;, (6.2.16a) 
w|,=f- (6.2.16b) 


Suppose that we are required to find the solution of the interior Dirichlet 
problem. We assume that such a solution u is the potential of a double layer 
with density t (which is as yet unknown): 


u;(x) = / HOE ED as (6.2.17) 
AY 


For u; to satisfy the boundary condition (6.2.16b) from within S, we appeal to 
the relation (6.2.11) and get the Fredholm integral equation of the second kind 
for t(P): 


r(P) = —(1/2) f (P) + / K(P, Q)t(Q)dS, (6.2.18) 
RY 
where the kernel K (P, Q) is 


K(P, Q) = [cos(x — €, n)]/27|x — €|? (6.2.19) 


and P(= x) and Q(= &) are both on S. We solve the integral equation (6.2.18) 
for t, substitute this solution in (6.2.17), and obtain the required solution of the 
boundary value problem (6.2.16). 

In exactly the same way, the Dirichlet problem for an external domain 
bounded internally by S can be reduced to the solution of a Fredholm integral 
equation of the second kind. 

We now present an integral-equation formulation of the exterior and interior 
boundary value problems (6.2.15) and (6.2.16) in a composite medium when 
f (x) is the same function in both these problems. Recall that the fundamental 
solution E (x; &) satisfies the relation 


—V°E = 5(x—&), for all x and € . (6.2.20) 


Multiply Equation (6.2.16) by E, (6.2.20) by u;, add, integrate, and apply Green’s 
second identity. This results in 


du; OE _ fu, fe Ri, 
[ (z is us| dS = a a (6.2.21) 


where n is the outward normal to R; on S. 
The corresponding result for the exterior region is obtained by multiplying 
Equation (6.2.15) by £, (6.2.20) by u,, adding, integrating over the region 
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bounded internally by S and externally by a sphere S,, and applying Green’s 
second identity. The contribution from S, vanishes as r — 00 in view of the 
boundary condition at infinity, and we finally have 


due OE _ 49% ge, 
[ (-2 a 7) dS = ua(6), a (6.2.22) 


where we have used the fact that the outward normal to R, on S is in the —n 
direction. 

The next step is to add Equations (6.2.21) and (6.2.22) and observe that both 
u; and u, take the same value f as we approach the surface. Thus, we obtain 


0 i re) u;( ); E R; ? 
/ E(x; 8) (= = “<) dS = | : (6.2.23) 
Ss an dn Ue(E) ’ g E Re ’ 
and € € S. Let us make use of the relations (6.2.2) and (6.2.9), and relabel x 
and €; thereby, we end up with the relation 
uj (X), xeé R; 3 
i] a (&) dS = (x) i 
s |x—§l Ue(X) , xe Re, 
that is, a single-layer potential with unknown charge density o. Finally, using 
the boundary condition 


(6.2.24) 


ui, = Ue| , = f, 
in (6.2.24), we obtain the Fredholm integral equation of the first kind 
fx) = / [o (€)/|x — €|]aS, (6.2.25) 
Ss 


with both x and € on S. 


Interior and exterior Neumann problems 

In this case we are required to find the solution of a Laplace or Poisson equation 
when the normal derivative is prescribed on the boundary. 

Definition. The exterior Neumann problem is the boundary value problem 


OUe 


Vue =0, xeR, — 
on 


=f ie = 0: (6.2.26) 
RY 


Definition. The interior Neumann problem is the boundary value problem 


ra . 
V-u; = 0, xeR;, edd 
on 


=f. (6.2.27) 
Ss 
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For a Neumann problem, the prescribed function f (x) satisfies the consis- 
tency condition 


/ f@ds =0, EeS, (6.2.28) 
S 


which follows by integrating the identity 
iy (V-u;)dV =0 
Ri 


and using the divergence theorem. 

The exterior and interior Neumann problems can be reduced to integral 
equations in a manner similar to the one explained for the corresponding Dirichlet 
problem. Indeed, we seek a solution of the interior Neumann problem in the 
form of the potential of a simple layer 


uj = i] [o(Q)/r]dS , (6.2.29) 
Ss 


which is an harmonic function in R;. It will be a solution of Equation (6.2.27) 
if the density o is so chosen that 


Ou; 
=| =f(P), PeS. 2.30 
an |p FP) € (6.2.30) 
Appealing to the relation (6.2.8), we have 
Ou; = & 
f(P) = {| =2n0(P) + foe” dS. (6.2.31) 
on P. Ss r 


Thus, o (P) is a solution of the Fredholm integral equation of the second kind 


cos(€ — x, n) 


a te (6.2.32) 


1 
AP) = 5 tk) = [ow 


The solution of the exterior Neumann problem also leads to a similar integral 
equation. Furthermore, we can give the integral-equation formulation of the 
problems (6.2.26) and (6.2.27) in a composite medium when f is the same 
function in both these problems. Proceeding as we did for the corresponding 
Dirichlet problem, we obtain a Fredholm integral equation of the first kind. 
Instead of a single-layer potential, we now get a double-layer potential. The 
details are left to the reader. 


Open boundaries 


In many physical problems the shape of the boundary is an open surface such as 
a spherical cap (see Figure 6.3). In this case there is no interior boundary value 
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problem. To solve such problems, let us call the two sides of S the positive and 
negative sides and denote them by St and S~. The normal to the surface points 
away from the surface. 

For solving the Dirichlet problem 


V-u =0, xnotonS, u=f, xons, ul, =0, (6.2.33) 


we multiply Equation (6.2.33) by E and Equation (6.2.20) by u, add, and integrate 
over a region bounded externally by a large sphere S, and internally by St and 
S~. Then, by using the Green’s second identity, we obtain 


du «OE dE 
= eas ed ee: dS 
u(é) i (eS Con ) s+ ff («S Ex) 


(6.2.34) 


The first integral on the right side of Equation (6.2.34) vanishes in view of relation 
(6.2.14). Moreover, the functions E and dE /dn have their singularities at the 
point € in space, € is not required to be on S, and, therefore, E and dE /dn have 
the same values on St and S~. The function wu also takes the same value f on 
both sides of S. However, du/dn may have a different value on St and S~. 
Hence, Equation (6.2.34) leads (after we relabeled x and €) to 


of) 
u(x) = i 6.2.35 
st++s- [X— ae ( ) 
where the single layer density o (x) is defined as 
1 fou _ Ou 4 
a(x) = ae EG ye Pes Hf (6.2.36) 


Thus, if we can find o (x), we can evaluate u(x) at any field point n by a simple 
integration. 

The integral equation for o (x) is obtained by letting x tend to a point on S 
and using the boundary condition. Then 


f(x) = [ = on dS, —_-x,£onS, (6.2.37) 


which agrees with Equation (6.2.25). 


For the Neumann problem for an open surface we encounter some difficul- 
ties. Indeed, the Neumann problem 


Ou 
2 
Vu =0, x not on S, ao xonS, ul, =0, (6.2.38) 
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leads to the equation 


u(x) = / > (x, £)dS, (6.2.39) 
St+45- n 


by following similar steps as used in deriving Equation (6.2.35). Here the double 
layer density t (nm) is defined as 


T(x) = — — (u(xt) — wor )). (6.2.40) 


The difficulty arises when we try to take the limit of Equation (6.2.39) as x 
tends to a point on S. The formulas (6.2.10) and (6.2.11) then yield 


ee ayes i 2&8) eas, (6.2.41) 
2: St++S5- “oa. 
Pe et / GEG 8) eas. (6.2.42) 
2 S+4S- on 


The subtraction of these two relations merely yields the definition of t(x), 
whereas the addition gives 


u(xt) +u(x7) = 2 i 9b 8) J evas, (6.2.43) 
st4s- On 


which has an unknown quantity on the left side. 
Let us now differentiate Equation (6.2.39) along the normal to S and get 
au a dE (x, €) 
—=— ———- dS . 6.2.44 
On On Js+45- ON r(8) ( ) 


When x approaches a point on S, the left side approaches the boundary value of 
(x) and we have 


f(x) = lim, os / =m 8) r(Q)dS, —-&,xonS. (6.2.45) 


This equation is not an integral equation but can often be used to find t(€) as 
explained in Example 3 of the next section. 


6.3. Examples 
Example 1. Electrostatic potential due to a thin circular disk. Let us take S to be 


a circular disk of radius a on which the potential V is prescribed. Let us choose 
cylindrical polar coordinates (p, g, z) such that the origin is on the center of the 
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disk with the z axis normal to the plane of the disk. Thus, the disk occupies the 
region z = 0,0 < p < a, for all gy. There is no loss of generality in taking 
the potential V on the disk as f() cosng, where n is an arbitrary integer, 
because we can use the Fourier superposition principle. The charge density o 
will also then have the form 0) (p) cosn@. From Equation (6.2.25), we have 


FM (pyeosng = f fo($)/Ix Ellas, (6.3.1) 
disk 
where x = (p, 9, 0) and € = (¢, g, 0). Or 
a 2n (n) 
«n) _ to (t)(cosng;)dgy,dt 
f°" (p) cosng = [ i (phat? = Bore —oli2 rar aR, Pee OY (6.3.2) 


But, by setting g, — y = w, we find that 


cad cosng dg aeY cosn(g + w)dy 
I [p? + 2 — 2pt cos(p — pi}? i: [p? + t? — 2pt cos y]}}/? 
2"-~ — (cosny)(cosny)dw 
~ I, [o? + 2? — 2pt cosy}? 


0 Qn 2n-@ cosny dy 
= cosny| f+ | +l ae 


ee fe cosny dy 
~ . 0 6 [o2 + #2 — 2ptcosy]}/? ’ 


where in the first integral we have put y’ = y + 27. 
From Equations (6.3.2) and (6.3.3), there follows 


a p2nx (n) 
() = _to™ @cosny dy dt_ 
f"(e) =| if [p2 + 2 — 2pt cos w]!/2 * (6.3.4) 


(6.3.3) 


Finally, we use in (6.3.4) the expansion formula 


[o? +t? —2ptcosp] 1? = ar (2 — 5o,)(cosry))J, (pp) J; (pt)dp , 
0 


ve (6.3.5) 
where 5p, is the Kronecker delta, J, is the Bessel function and apply the or- 
thogonality property of the cosine functions. The result is the Fredholm integral 
equation of the first kind 


f™(p) = [ to™ (t)Ko(t, p)at , (6.3.6) 
0 
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where the kernel Ko(t, 0) is 


Kolt, p) = 2a ‘ In(pe)In(ptdp - (6.3.7) 


For an annular disk of inner radius b and outer radius a, the formula that 
corresponds to Equation (6.3.6) is 


f"(p) = [ to" (t)Ko(t, p)dt . (6.3.8) 


Example 2. Solve the integral equation (6.2.25) when S is a unit sphere and 
f =sin 0 cos g; that is, solve the integral equation 


2x Xu 
01)0 (1, gi )dd 
sin} cosy = [4 of nas sn@io@r, edo : (6.3.9) 
a te 
Here, we use the expansion formula 
1 “ “YN (, p)Y ie" (1, G1) 
——~— =) Non To , 6.3.10 
Ix—&| > v i pie Ninn ( ) 


where Y,” (0, gy) are the spherical harmonics and 


2n ca 
Neos i) di / (sin 9)|Y" (9, y) [ao 
0 0 


4x (n+\|m|))! 


= On a 1 (1 —|m)! . (6.3.11) 


Furthermore, we set 


n 


791,91) = > D> omnY (1, G1) (6.3.12) 


n=0 m=-n 


and note that sin } cos g = $(¥ (0, g) +Y, (3, g)]. Putting Equations (6.3.10) 
through (6.3.12) in (6.3.9) and using the orthogonality property of the spherical 
harmonics, we obtain 

01,1 = 0-11 = 3/87, 


and om, = 0 for all other m andn. Thus, from Equation (6.3.12), it follows that 
o(0,9) = (3/42) P; (cos 7) cosg, (6.3.13) 
where P is an associated Legendre function of the first kind. 


Example 3. Use the double layer potential and solve the Dirichlet problem for 
the interior of the unit sphere. 
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In terms of spherical polar coordinates (r, 0, g) we have the boundary value 
problem 
Vu =0, u(1, 8, ¢) = f(9,@) . (6.3.14) 
We assume the solution as the double layer potential 
cos(x — &, n) 
,0,9) = | —— ds. 6.3.15 
u(r, 0, g) [ aa ee t(§) ( ) 
As the point P(r, 3, y) tends to a point on S, we use relation (6.2.10) as well as 
the boundary condition and get 
cos(x — €, n) 
x — €/? 
As explained in Figure 6.1 we find that if we draw the normal n from 0 to 
PQ, then 


f (0, g) = —2nt(0, 9) + : t(€) dS. (6.3.16) 
S 


FIGURE 6.1 
cos(x — €,n) =cosw ards ae E| (6.3.17) 
— €,n) = cos vw = ————— — = |x -&|. 3. 
2\Ix—€| 2 
Thus when x is a point on the surface (i.e.,r — 1), we have cos y = —|x—&|/2, 
and the integral equation (6.3.16) becomes 
f(8, 9) = —2at(8, 9) - sf (Os ~z ds. (6.3.18) 
To solve this integral equation let us set 
oO n 
FOO=)) DO fan O90), (6.3.19) 


n=0 m=—n 
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[e,¢) n 


1 
T(9,0) = = DDE tm Yu, @) (6.3.20) 


n=0 m=-n 
where 


2n 
tna = i ~~ | ap [ dd, sind; f(t1, oY," (01, G1), 


with a similar elated for Tm,,/4. When we substitute relations (6.3.10), 
(6.3.19) and (6.3.20) in (6.3.18) and use the orthogonality property of the spher- 
ical harmonics we get 


lee) n lo @} n 
in Xe v, ones dels v, 

dd Im ™ (9,9) = 2s - wait (3,9) 

or > 1 
n+ 
Tm,n Rael Sian 

Hence, 

CO > x OFT fan Y"(8,9) (6.3.21) 

T ’ wig a5. mn ’ . oe. 

4n “| ne £ 


The next step is to put the value of t (3, y) from Equation (6.3.21) in (6.3.15). 
For this purpose we note from (6.3.17) that the kernel of the integral equation 
(6.3.15) is 
cos(x—€m) 1 | 1-r? in 1 
4n|x—€[> Ix—€)  |x—€| J - 
The expansion of 1/|x — &| is given by Equation (6.3.10), and the expansion of 
the first term is 


n 


1-7? . r"yin(d, p)¥A" (O15 G1) 
Se a eee 
[x — éP i 2s ze Nm,n 
Consequently, the integral equation (6.3.15) becomes 


on n+2< 
u(r, 8,9) = sf ay, [ arsints > om Ds 3 ¥;" (0, g)¥ 2" (91, gr) 
0 m=—n 


co 6B 
2p +1 
«De par fee One) 


(6.3.22) 


n=0 m=—n 


This relation is simplified when we use the orthogonality property of the spherical 
harmonics and Equation (6.3.22). The result is 


1—r? s* ™ (01, 91) sind, dg, 
= d  , 6.3.23 
way E fae f ey 
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which is called the Poisson’s integral formula. We derive it with the help of 
Green’s function in the next section. 


Example 4. Electrostatic potential problem for a spheroid. 


(a) Prolate spheroid. Let S be the surface of a perfectly conducting prolate 
spheroid that is maintained at an axially symmetrical potential. We choose 
prolate spheroidal coordinates (€, 7, ~) that are connected to the rectangular 
Cartesian coordinates (x, y, z), with origin at the center of the spheroid, by the 
relations 

x =c[(1— 7°)? — )]'” cose, 
y=e[(l— 1 )€?— DI] sing, (6.3.24) 


z=céEn, 
where 2c = 2a, is the interfocal distance and e is the eccentricity of the elliptic 
section (see Figure 6.2). The surface of the spheroid is defined by € = &) = 1/e. 
Accordingly, we have the boundary value problem: 


b=5. 


FIGURE 6.2 
V-u(é,n, g) =0, in D, (6.3.25) 
u(&o, 7, ~) = f(n), onS, (6.3.26) 


where D is the region exterior to S. From the analysis of the previous section it 
follows that the integral representation formula for u is 


(no, Go) 


ugno) = [ vo 


dS, (6.3.27) 
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where R is the distance between the points (9, no, Yo) and (&, n, p), anda (no, Go) 
is the charge density at the point (€, no, go) on S [we could have amalgamated 
the factor 1/4z ino as in Equation (6.2.9)]. 

Applying the boundary condition (6.3.26), we obtain the Fredholm integral 
equation of the first kind, 


f(n) = il 200 as, (6.3.28) 


where both the points (£0, no, go) and (&, 7, y) lie on S. 

We solve integral equation (6.3.28) for the following two important cases. 

1. Capacity. f(y) = 1. In this case the charge density o satisfies the 
integral equation 

a(n, Yo) 
1 =| ay a ee dS. (6.3.29) 

To solve this integral equation we use the expansion of 1/R in prolate spheroidal 
coordinates 


a DD “ y Em(—1)” fend cos m(~—$o) Pr” (N0) Pa’ (E<) Qn (E>) » 
n=0 


(n +m)! 

(6.3.30) 
where &. and &, are defined in Section 5.5 and Q” are the associated Legendre 
functions of the second kind. In view of axial symmetry, the density o is 
independent of the g-coordinate and we may write 


m=0 


Gee Dio (No) - (6.3.31) 


Also, 
dS = e*[(E5 — IEF — n5)]'/7d nod - (6.3.32) 


When we substitute these values in Equation (6.3.29), set €. = & = &, and 
perform the g-integration, we derive 


1= sf bp osP, | pee  p, inPaio| 
—1 [| s=0 =0 


Pn (&0) Qn (&0)a7e* (Ef — 1)'/dno . (6.3.33) 


This yields 
1 1 


c(&Z — 1)/2 Qo(Eo) ’ 


09 = 
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and o, = Ofor s 4 0. Accordingly, from Equation (6.3.32) we have the value 


of the charge density as 
1 1 
= (6.3.34 
[GF — Do — ml? Qo) 
The value of the capacity C of the spheroid is 
c 
(6.3.35) 


oO 


Cc 
s 40 Qo(fo) — log{(Eo + 1)/(Eo — 1)} 
ae ae 


~ (coth!&>) — (tanh-e) * 
The potential at a point in D follows by appealing to the representation 
formula (6.3.27) by substituting the expansion of 1/R, the formula for dS and 
the value of o as given by Equation (6.3.34). The result is 


u(E,n) = Qo(&)/Qo&o) 
tog | O} [0 s{e*> 
(& 


_ coth'& 
~ coth-l& * 
When & — o, e — 0, such that je — 1, the prolate spheroid 


Sphere. 
reduces to a sphere of radius a. Then from Equations (6.3.34), (6.3.35), and 


(6.3.36) 


(6.3.36), we find that 
1 a 
=-, C=a, Sy 6.3.3 
ig aes a ee ( 7) 
2. Polarization. Let the spheroid be placed in a uniform electric field E 
that is parallel to the negative z axis, the axis of symmetry. Then 
f(n) = -Eocéon, at§ = &. (6.3.38) 
Then integral equation (6.3.28) becomes 
oO (no, oo) 4 
—E = 6.3.39 
ocfon= if [ee an R ( ) 
In this case we assume 
0° co 
> > Ors Pi(n) costgy, (6.3.40) 


a(n, Yo) = 7e2. .2\1/2 1/2 
No) s=0 t= 
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and proceed as in the previous case. The solution of integral equation (6.3.39) 
is 
ee —Eo &o Pi (no) 
(& — 19)/?(Eq — 1)? Pi (Eo) Qi Eo) 


The value of the potential u now follows readily from formula (6.3.27) to be 


Eoc &o Pi(n) Qi (€) 
Q1(&0) , 


The polarization potential P is defined as 


(6.3.41) 


u(é,n) = — (6.3.42) 


3 
= A lgrad u|2du = - fue dS. (6.3.43) 


Since 
du 1 (& — 1)? du 


dnc (EB = na)? 3&” 
we derive the value of P from Equations (6.3.42) and (6.3.43) as 


P-—_ ER oe (eo ii? ae OQ; (0) 
3 Q1(&) * 
where we have used the relation Q}(€) = (€? — 1)? Q)(E) . 
Sphere. The value of u and P for this special case follows from the pre- 
ceding values by the limiting process as in Case 1. The result is 


an 
(6.3.44) 


Eo a? cos? 8x 
“= ea ae 7 P= 3 E2a? 7 (6.3.45) 
b. Oblate spheroid. The corresponding results for an oblate spheroid can 
be derived from the foregoing analysis by making the substitutions § — 7, 


c — —ic. Indeed, the oblate spheroidal coordinates (€, , y) are defined as 


x =c[(1+é?)(1 — n?)]'” cose, 
y=c[1+é*)(1 —7’)]'” sing, 
z=cén, (6.3.46) 


1-e? ae 
(4) 


The results for the two cases as previously considered are as follows. 


1. Capacity. f(7) = 1. From (34) the value of this charge density follows 
to be 4 ; , 
~ (6.3.47) 

~~ ¢ 


[62 + 1&2 +n?) }/2 cot} &y’ 
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where we have used the relation Qo(ié)) = —i cot! &. Using this value in the 
formula for the capacity C, we have 


c ae 


= ——_ = —_. 6.3.48 
cot1& — sin"'e ( ) 
Similarly, the value of the potential u(é, 7) at an outside point is 
cot lé 
u,n) = —— - (6.3.49) 
cot~+ & 


Circular disk. When e — 1 (or & — 0), the oblate spheroid reduces 
to the circular disk of radius a. From Equation (6.3.46) it follows that p? = 
(x? + y?) = a?(1 — 7’). The Equations (6.3.47) through (6.3.49) yield in the 
limit 


2 2a Ds laf ae Size ae 
wt eae pays CS} u(p,z) = — cot (5 =) 7 
(6.3.50) 


2. Polarization, f (7) = —Eoc 0 n, at € = &. By taking the limits as in 
the first case, we derive the corresponding values for o, u, and P as 


i Eo &0 Pino) 


eons a 6.3.51 
(1 + &5)*/2(n§ + &0)/? Pi (i G0) Qo &o) Y 
c Eo & Pi(n) Qi) 
PS 6.3.52 
u(é,n) Ok) ( ) 
_ 40 3 22 2 2)1/2 Qi( &o) 
P= 3 c &y Eg 1+) Oi) Ey (6.3.53) 


For a circular disk, all the quantities tend to zero. 


Example 5. Flow of an ideal fluid past a rigid spherical cap. 
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FIGURE 6.3 


A rigid spherical cap is placed in a plane-parallel flow of an ideal fluid. As 
aresult, the flow pattern is disturbed. To study this problem we choose spherical 
polar coordinates (r, 3, g) in such a way that the center of the cap is at the origin 
and the uniform flow is along the negative z-axis . The cap is thus defined by 
the equation; r = a,0 < } < a,0 < @ < 2m (see Figure 6.3). If U denotes the 
undisturbed speed of the fluid, then the corresponding potential u; is 


uj =—-Uz=-Urcos?d. (6.3.54) 
Let V be the potential due to the presence of the cap; then the total potential u is 
u=ut+V. (6.3.55) 


Consequently, we have the following boundary value problem. 


V*v =0, (6.3.56) 
av Ou; 
cass See = o, 3. 
ar |, or | _, U cos (6.3.57) 
V0. (6.3.58) 


The Neumann problem is a particular case of the system (6.2.38). As such, 
we can follow the steps that led us to Equation (6.2.44) and obtain 


az a 2n a2 1 
pagal 9) si —)|dd\dg,r,; =r=a, 
As =i f g( sind | 5 (5)] 149,r, =r=a 
(6.3.59) 


U cost = — 
) 


Ou; 
r 
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where 
Lane a x=(r, 0,9), E€=7,th, P1, (6.3.60) 
D |x-&| 
and 
g(1) = V(r, H)|,_,- — Vn, PD | oe (6.3.61) 
Now, an alternative way of writing the expansion formula (6.3.10) is 
1 Se 
a Be r-"~ P, (cosy), (6.3.62) 


where cos y = cos 3 cos 3; + sin B sin ¥; cos(y — ¢ 1), while 
r- =min(r,r;), ry = max(r,r) . 


By differentiating Equation (6.3.62) twice we obtain 


a? 1 1 
| sear (5)| meg yon + 1)Pn(cosy) . (6.3.63) 
r=r,=a =1 


The result of substituting this value in Equation (6.3.59) and using the relation 
Qn 
/ P, (cos y)dg, = 271 P, (cos 0) P, (cos 31) , (6.3.64) 
0 
is 
i< : 
U cost = — = 5 n(n + 1)Pr(cos 3) i P, (cos 93)g(1) sin 91d9, . 
n=1 0 
(6.3.65) 
In the next stage we use the formula P,,(cos 0) = 4 (sin 3 P-1(cos ?)) in 
(6.3.65), simplify, and get 
1 
Ucos} = oF if iG + 1)P,1(cos 0)P,(cos 8)1(01)d01, (6.3.66) 
0 n=l 


where /(;) = sin 91 [e(O)]- Now, multiply Equation (6.3.66) by sin?, 
integrate, and get 


Usind = — =f : n(n + 1)P7!(cos 91)1 (01) P, (cos 8) dv, 
which, with the help of the relation P} (cos ®) = —n(n+1)P, | (cos #), becomes 


U sind = --f 2 (cos 9) P,,}; (cos D,)1(01)dh, 
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or 
Usind = —— -f YP (C08 99P (cos %:)1(91)d0,. (6.3.67) 
Finally, we use the formula 


Ko(1, 3) = -2)" P}, (cos 91) P|}, (cos 31) 


: ie t Ii(pt od 
= —_______ an —dp, 
cos 8/2c0s1/2 Jy *! tan ge a as 


(6.3.68) 
and find that the boundary value problem (6.3.56) through (6.3.58) is equivalent 
to the Fredholm integral equation of the first kind 


1 Qa 
Usind = =f Ko(t1, O)1 (1) dv, . (6.3.69) 
0 


6.4. Green’s Function Approach 


The Green’s function is an auxiliary function that plays the same crucial role in 
the integral-equation formulation of partial differential equations as it plays in 
the case of ordinary differential equations. This function depends on the form of 
the differential equation, the boundary condition, and the region. For instance, 
the Green’s function G(x; &) for the Laplace equation in an open, bounded region 
R in three-dimensional space with boundary S is the solution of the boundary 
value problem 

-V’G =d(x- 8), G|, =9, (6.4.1) 


where x and € are in R. In the language of electrostatics, the function G is the 
electrostatic potential due to a unit charge at € when the surface S is a grounded 
metallic shell. As such, G is the sum of the potential of the unit source at € in 
free space and the potential due to the charge induced on S: 


G(x; & = (1/4n|x — El) +0 8), (6.4.2) 
where v is a harmonic function that satisfies the boundary value problem 


V7v =0, xeR, v|, = —1/47|x — €| . (6.4.3) 
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Let us show that the Green’s function is symmetric. When G(x, €) and 
G(x; 7) are the Green’s functions for the region R corresponding to the sources 
at € and 7, we have the relations 


-V’G(x;£)=6(k-), G|,=0, (6.4.4) 


—~V’G(x; n) = 5(x— 7), G|,=0. (6.4.5) 


The result of the routine steps of multiplying Equations (6.4.4) by G(x; 7), (6.4.5) 
by g(x; 6), subtracting, integrating, and applying Green’s second identity is 


O0G(x; OG(x; 
/ [Ge QC? _ ox noes) dS =GEn)-Gin:® . (6.4.6) 
Ss n On 


The symmetry of the Green’s function follows by applying the boundary condi- 
tions in Equation (6.4.6). 

Note also that the fundamental solution E(x; €) is the free-space Green’s 
function. 


Solution of the Dirichlet problem 


We are now ready to give an integral-equation formulation to the boundary value 
problem 
—V*u(x) = 477p(x), xeR, Tae (6.4.7) 


in terms of the Green’s function. For this purpose, multiply Equation (6.4.1) by 
u and Equation (6.4.7) by G, subtract, integrate, use Green’s second identity, 
and get 


u(g) = 42 / G(x; €)p(x) [9G (x; €)/dn] dS — i] fF (&)[9G (x, &)/dn]ds . 
R Ss 
(6.4.8) 
By interchanging x and € and using the symmetry of the Green’s function, we 
find the representation formula 


u(x) = 4x | Gea e@aV - [ecwevms@ds. 649) 
For the particular case p(€) = 0, the formula (6.4.9) becomes 
u(x) = - | f(©[IG(x; €)/an]ds . (6.4.10) 


When f = 1 nS, then the solution u of the Laplace equation is clearly u = 1 
for the interior Dirichlet problem. Thus, Equation (6.4.10) yields an interesting 
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relation 
_ [ec £)/dn| dS =1, KER. (6.4.11) 
Ss 


Example. Poisson’s integral formula revisited. The Green’s function for the 
Laplace equation, when the surface S is a sphere, can be found by various 
methods. The easiest method is to express it as the source and image point 
combination. Let the radius of the sphere be a (see Figure 6.4). For any point 
P(= x) with radial distance @ within the sphere, we have an inverse point 
P'(= x’) on the same radial line at a radial distance f outside the sphere, such 
that aB = a”. If Q(= €) is any point on S, then the triangles OQP and OQP' 
are easily seen to be similar. Therefore, r’/r = a/a, or 


FIGURE 6.4 


l/r =a/ar’ . (6.4.12) 
Examining the relations (6.4.1) and (6.4.2), we readily find the value of the 
Green’s function to be 
1/1 1 
G(P, Q) = — (- nee =) ; (6.4.13) 
4n 


r ar’ 
Having found the Green’s function, we can solve the interior Dirichlet problem 
for the sphere: 
V-u =0, r<a; u= f(@,¢) onr=a. (6.4.14) 
To use the formula (6.4.10) we need the value of dG/dn. This is obtained if we 
observe from the figure that 


a? =a? +r? —2ar cos(x — €, n); 


; 6.4.15 
B? =a’ +r? —2ar’ cos(x’ — €,n). ( ) 
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dG 1 1 6r a il or’ 
an 4m (-3 an a r? ) 
1 /cos(x—€,x) a cos(x’ — €’,n) 
~ dn ( a ) 


r2 a r2 
_ 1 (= a ae a? — a? 
=5s" 553° - a ogee 3 
4n 2ar a 2ar Arar (6.4.16) 


where we have used the relations r’/r = a/a and af = a’. 


Substituting Equation (6.4.16) in (6.4.10) we finally have 


a(a2—a?) f*™ [2*  f(d',y')(sind’)dd'dy' 
= —_—_ =n 6.4.17 
ue) 4n [ i (a? + a? — 2aa cos(x, €)7/? ( ) 


which agrees with the formula (6.3.23) for a = 1. 

Neumann problem 

By defining the Green’s function G(x; €) by the boundary value problem 
—V°G(x; €) = 6(x — 8), dG/an|, =0, (6.4.18) 


we can extend the preceding analysis to the Neumann problem. Indeed, the 
integral equation that corresponds to (6.4.10) for the Neumann problem 


—V*u =0, xeER, du/dn|, = f (6.4.19) 


u(x) = [ec FOS . (6.4.20) 


Of course, the function f must satisfy the consistency condition (6.2.28). 
Finally, let us consider the interior and exterior Dirichlet problems for a 
body S enclosed within a surface Z: 


Vuj=0, xER, uils=f, (6.4.21) 


Vue=0, KER, Uele=f, wel =0. (6.4.22) 


The Green’s function G(x; €) satisfies the auxiliary problem (we absorb the 
factor 47 in G): 


-V’G = 4n6(x — 8), G|, =0. (6.4.23) 
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We now follow the same steps as we did in deriving the formula (6.2.25). Thus, 
from the relations (6.4.21) through (6.4.23), we obtain 


f®= [ow 0 (dS , (6.4.24) 


which reduces to (6.2.25) for an unbounded medium. 


Mixed boundary value problems 


A mixed boundary value problem consists of giving one type of boundary value 
on a part S; of S and a different type on the rest of S (say, S2). Example 1 of 
the previous section is a mixed boundary value problem inasmuch as we have 
prescribed the value u = v on the part of the surface z = 0,0 < p < a, whereas 
the values for the surface z = 0, p > a are different. In addition to the methods 
previously explained, we can also use the following technique for converting 
such problems into an integral equation. 
Consider the mixed boundary value problem 


V*u =0, xeR, (6.4.25) 
u=fi(x), xeES,, (6.4.26) 
a 
= = f(x), xeES>. (6.4.27) 


The Green’s function approach will immediately present us with the solution if 
we know either u on S2 or du/dn on S;. It so happens that it is necessary to look 
for the missing values of du/dn rather than u as soon becomes clear. 

Let $(x) denote the value of du/dn (hitherto unknown) on S;. Thus, in 
terms of the Green’s function G(x, €) of the Neumann problem, we find from 
Equation (6.4.20) that 


u(x) = F)(x) + [ G(x, €£)¢()dS , (6.4.28) 


where 


Fi(x) = i G(x, ) fa(€)dS , (6.4.29) 


is a known quantity. When x approaches a point on S;, Equation (6.4.28) yields 
the Fredholm integral equation 


AG) FG? [ G(x, (Ed, (6.4.30) 
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where both x and € lie on 5). 
Let us examine the same problem by setting u = w(x) on S2. Then from 
Equation (6.4.10) we obtain 


u(x) = Fo(x) + i] 968) Weds, (6.4.31) 
Sy on 
where ve 
Fy(x) = — i] ae) fds, (6.4.32) 
Si n 


is a known function. Letting x approach S will not help matters because this will 
bring in the function ¢ (x) on the left side of Equation (6.4.31) and we would not 
have used the boundary condition (6.4.27). For using the boundary condition 
we should differentiate both sides of Equation (6.4.31) along the normal to S2 
but then we do not get an integral equation. We encountered a similar situation 
in Equation (6.2.44). 


6.5. Examples 
Example 1. Electrostatic potential problem of a conducting disk bounded by 


two parallel planes. This problem is an extension of the problem considered in 
Example 1 of Section 6.3. We follow that notation and assume that the parallel 


planes are z = b and z = —c(b, c > 0). The boundary value problem becomes 
V?V(p.9,z) =0 in D, (6.5.1) 

V(0, 9,0) = f(p)cosnp, O<pK<a, (6.5.2) 

V(p,¢,z) =0, z=b, z=-¢, (6.5.3) 


where D is the region between the disk and the parallel planes. 
The Green’s function G corresponding to this problem satisfies the auxiliary 
system 


—V’G(x; £) = 475(x — £), G=0 on z=b, z=-c. 
(6.5.4) 

This function is found easily by the method of images. Indeed, for a positive 
unit charge at the source point € = (¢, g, Z1), the image system consists of 
positive unit charge at the points (see Figure 6.5) 


&t =[t,9,,2n(tb+e)+z], n=+1,+2,..., (6.5.5) 
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c b 
a] 


° i) 9 iC) ic) ® iS} 


fj 
-4c-2b-2, -2c-2b+2, -2c-2z, z=-cO 2, z=b 2b-z, ebt+2c+z, 4b+2c-2, 


FIGURE 6.5 


and negative unit charge at points 
&, = [t, G1, 2n(b +c) — 2c — 24], n=0,+1,42,.... (6.5.6) 


The value of the Green’s function therefore is 


Gi; = — oy : ‘oy > =. (65.1) 
Bel erik 6rl ix Si) es Ree 
The next step is to use the identity 

Cc 
1/|x-—&| =} Jo(e@ )exp(— plz — z;|)dp, (6.5.8) 
0 


where w = [p? + t? — 2pt cos(y — ¢)]'/*. Then, the relation (6.5.7) takes the 
form 


G(x; €) =(1/|x — €|) + i Jo(pw) bs exp(—p|z — 2n(b + c) — 23}) 
1 
+ Ys exp(—plz — 2n(b+c) —2}}) 
=1 
- > exp(—plz — 2n(b+c) + 2c +2)]) 
0 


— > exp(— p|z — 2n(b+c)+2c+ 2; » dp. (6.5.9) 
=I 


After summing the geometric series that occur in relation (6.5.9) and slight 
simplication, we obtain 


1 CO 
CuO =a + | Jo(po) 


(+2) Pi ginh — b)] — e~ ©) P [sinh 
ee [sinh p(z — b)] —e [sinh p(z + c)] ap 


6.5.10 
sinh p(b +c) ( ) 
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Finally, the result of using the expansion of Jo(pw), 


Jo(pa) = ) (2 — b0,)[cosr (y — g1) Jr (pp)Jr (pt) (6.5.11) 
r=0 


in Equation (6.5.10) is 


1 CO 
G(x; §) = ery az Ye — 8o)[cosr(g — 91)G(p, t, 2,21), (6.5.12) 
r=0 


where 
© 6—P(ct+21) [sinh — b)) — —p(b-21) (sinh 
G%\p.t.2.2) = | casi SY AC 2) ed a Ce) 
0 sinh p(b +c) 
x J,(pp)J,(pt)dp . (6.5.13) 


To derive the integral equation, we multiply Equation (6.5.1) by G and 
(6.5.4) by V, follow the routine procedure, and get 


1 aV aG 
V(e,¢,2) = = G — —-V—]ds, 6.5.14 
(09,2) 4n Hae ( on a) ( ) 


where S*+ and S~ are the upper and lower parts of the disk, respectively. On 
the surfaces S+, the value of the outward normal is -0/9z), respectively. Using 
this fact and the boundary conditions (6.5.2) in (6.5.14), we have 


a p2n 
Fr (pyeosny = f° [10 @)G(p, 10, 91,0, 0)(cosnpr)derdt 
o Jo 
(6.5.15) 
where o™(t) cosng, = (1/42)(0V/dz14 — 4V/dz1_). Setting gy, —¢ = ¥, 
and following the steps that led us from Equation (6.3.2) to (6.3.4), we obtain 


a 21 
(p) = ) (t)d / Oa 
DNS [OP Ot | mer 


a 
+ i to (t)[2nG™ (p, t, 0, 0) dt, 
: (6.5.16) 


where we have substituted the value of G as in (6.5.12). This equation can be 
written as 


a 
f"(pe) = / to™ (t)Ky(t, p)dt , (6.5.17) 
0 
where 
an cosny dy 
Ky(t, p) = 4 2 G (0, 10,0). (6.5.18 
i(t, p) [ (Ee secant aG(p,t0,0). (6.5.18) 
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When b — 00, c > ov, we recover the formula (6.3.4). 
For an annular disk of inner radius b and outer radius a, the formula that 
corresponds to Equation (6.5.17) is 


{™(p) = A to (t)Ky(t, p)dt (6.5.19) 
b 


with the same kernel as in (6.5.18). 


Example 2. Electrostatic potential problem of an axially symmetric conductor 
placed symmetrically inside a cylinder of radius b. We again take cylindrical 
polar coordinates (p, ¢, z) with origin at the center of the conductor and z axis 
along its axis of symmetry (which is also the axis of the cylinder). For simplicity, 
we take V on the surface S of the conductor to be unity. Then, from the relation 
(6.4.24), we have the Fredholm integral equation of the first kind 


l= [ow $)a(€)dS, x,€eES, (6.5.20) 

which G satisfies the system 
—V’G = 4n5(x — ) G=0 on p=b. (6.5.21) 
In terms of cylindrical polar coordinates, the differential equation for G becomes 


2 2 
~— (0 =) + iat + + = -s¢p — 1)8(W)3(z — 21), (6.5.22) 
where ¢; —y = wy. From the definition (6.4.2) of the Green’s function, we know 
that 
Gis & = GO & — (/Ix — él) (6.5.23) 
is finite in the limit as x — €. We can calculate the solution of Equation (6.5.22) 
by taking the Fourier series expansion 


G(x; €) = D132 — bor)(cosrp)g(p, t, 2,21), (6.5.24) 


r=1 
where 
2x 
8? = a/2x) [Gem E(cosrWydy 
0 
Multiply the differential equation (6.5.22) by (1/27) cosrw and integrate with 


respect to w from 0 to 27. The result is 


1a/ 4a : ce 2 
—_— ( ~- ) at gS a 5p ie Szi) + (6525) 
Pp dz p 
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Next, we take the Fourier transform of Equation (6.5.25) by setting 


lo.e) 
T(g™) = (2x)? / erg dz; 
—00 
oo . 
g” = (2x)? / e'?T (g)dp . (6.5.26) 
—00 


The system (6.5.21) becomes 


da? d 
2 T (r) T ()) _ oe 2T (r) 
Op (g VP a (g°') — (p* pr’ +r )T(g"") 
os 
= _ v2 e'P718(p —t), T(g = 0, p = b ia 
p/n (6.5.27) 


This boundary value problem can be easily solved by the method and notation 
of Chapter 5 and the solution so obtained is then inverted to yield 


g = (1/z) / e'P){K, (pp>)Ir(Pp-<) 
— [K,(pb)/I,(pb) I, (pe), (pt)}dp, (6.5.28) 


where J, and K, are modified Bessel functions. Finally, from Equations (6.5.24) 
and (6.5.28), we find the value of G: 
CO foe) . 
G(x; &) =) 2 — bup)(cosry) fei”? 
r=0 FO 


x {K, (pes )Ir(pe<) — [Kr (pb)/I, (pb) |, (pe), (pt)}dp . 
(6.5.29) 


When b —> oo, G = 1/|x — &|, and we have from Equation (6.5.29), 


1/|x — | = (1/11) 912 — b0,)(cosry) / PK, (pp>)Ir(pp<)ap - 
=0 oO 


(6.5.30) 
Combining Equations (6.5.29) and (6.5.30), we have 


G(x; € = (1/|x — El) + }°(2 — 8,)(cosrW)G (0, t,2,21), (6.5.31) 
r=0 
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where 


GO(p 42121) = =r) / e-P-2) | (pp), (pt)[K, (pb)/I, (pb) dp 
25m) i, e!P@-2) 7, (pp) I, (pt)[K-(pb)/I, (pb) |p 


0 
x / °° J, pple (BOK (pb) /1-(pb) 
oe (6.5.32) 


Changing p to —p in the second integral and observing that 
I,(-z) = (-)1'L@), K,(—z) = (-1)'K,(@), 
and hence K, (— pb) /I,(— pb) = K, (pb)/I, (pb), we have from Equation (6.5.32) 


T,(ppe)I, (pt) Ky (pb) 


Lp) cos[ p(z — 21) ]dp . 


(6.5.33) 

So far, we have not used the fact that the conductor is axially symmetric. 

For an axially symmetric body, the Green’s function is independent of gy. That 
leaves only one term in the series (6.5.31): 


G (p,t, 2,21) = -0/m) | 


G(x; &) = (1/|x — |) + GO (p, t, z, 21) . (6.5.34) 


Equation (6.5.34) is of the form (6.5.23). Substituting (6.5.34) in (6.5.20), we 
have the required integral equation. When b > ov, we recover Equation (6.3.4) 
for f™(p) = 1. 


6.6. The Helmholtz Equation 


The discussion of the previous two sections can be easily extended to the case 
of the Helmholtz equation 
(V7 +Aju=0. (6.6.1) 


The free-space Green’s function or the fundamental solution E (x; €) is the so- 
lution of the spherically symmetric differential equation 


—V°E —AE = 6(x— &) (6.6.2) 
which vanishes at infinity. Such a solution in three dimensions is 


ey _ exp ELVA) _ eV 
E(x; €&) = ear rae Va =e (6.6.3) 
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We have the following possibilities. 


(i) When A is a complex number, then JA is selected to be that root of A 
that has a positive imaginary part so that E vanishes exponentially at infinity. 


(ii) When A is real and positive, that is, A = k*, k real, the solution 


exp(ik|x—€| _ e’#” 


BS 4n|x—€| 4a 


(6.6.4) 
is selected such that /A = k > 0. This represents an outgoing wave if we adjoin 
the factor e~‘**, 


(iii) When A is real and negative, we again choose \/A in Equation (6.6.3) to 
be the square root of 4 that has a positive imaginary part for the same reason as 
in (i). For the particular case A = —k?, where k is real and positive, the formula 
(6.6.3) becomes 

E(x; €) =e" /4nr. (6.6.5) 


The solutions that correspond to Equations (6.6.3), (6.6.4), and (6.6.5) in 
two dimensions are 


G/4) Hy (x-ElVa), — @/4) HS PCI-E) (1/27) Ko (kx — EI), 


respectively. Here, the functions He and Ko are the Hankel and modified Bessel 
functions, respectively. 
The integral representation formula for the solution of the inhomogeneous 
equation 
(V? —k?)u = —4xp (6.6.6) 
is obtained from the relations (6.6.2) and (6.6.6) by using Green’s identity and 
is readily found to be 


—kr 1 P) —kr 1 —kr a 
u(x) =f ay (¢ Jase = AS (6.6.7) 
R © r on 


—— ko 

4n Js On r 4n Js 
The interpretation of these integrals as volume, single-layer, and double-layer 
potentials is the same as for the corresponding formulas in Section 6.2. The 
properties of these potentials are also similar. For instance, the formulas that 
correspond to Equations (6.2.7) and (6.2.8) are 


ou 
on 


a e7*r 
= $2m0(P) + / o(Q)— ( Jas, (6.6.8) 
Ss on r 


e7kr 
u= [om( - Jas. (6.6.9) 


Py 


where 
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Similarly, the formulas that correspond to Equations (6.2.10) and (6.2.11) are 
a 
u|p, = +2x7(P) + i TQ) (e" /r)dS, (6.6.10) 
Ss 


where a 
u= i] 1(Q)—(e /r)dS . (6.6.11) 
Ss on 


The rest of the notation is the same as in Section 6.2. 

The integral representation of solutions of the exterior and interior Dirichlet 
and Neumann problems is achieved in an analogous manner, as evident from 
the examples of physical interest that are presented in the next section. We end 
this section by mentioning the so-called Sommerfeld radiation condition. A 
three-dimensional solution of the Helmholtz equation (V* + k?)u = 0 is said to 
satisfy the radiation condition if 


3 
limr (> = inu) =0, (6.6.12) 


r — oo. Physically, this condition implies that there are no incoming waves 
from infinity. In two dimensions, the corresponding condition is 


0 
lim Vr (> = inu) =0, (6.6.13) 


as r —> oo. The free-space Green’s function satisfies the radiation condition. 


6.7. Examples 


Example 1. Acoustic diffraction of a plane wave by a perfectly soft disk. We 
follow the coordinate system and notation of Example 1 in Section 6.3. Further- 
more, we assume the time dependence of the form e~!“" for the wave function 
involved in the problem and omit this factor in the sequel. The time-independent 
part of the velocity potential u is 


u(p, Q,Z) = u;(p, 2, Zz) + Us(p, Q,Z), (6.7.1) 


where u; and u, denote the velocity potentials of the incident and diffracted 
fields. All three functions occurring in Equation (6.7.1) satisfy the Helmholtz 
equation. The boundary value problem is 


(V2 +k?)us =0, (6.7.2) 


ui(P, 1,0) +us(p, 9,0) =0, O<pK<a, (6.7.3) 
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us and du,/dz are continuous across z = 0, a<p<o, (6.7.4) 


and us satisfies the radiation condition at infinity. The fundamental solution E 
that satisfies the equation 


-—(V7+K)E = d(x -&) (6.7.5) 
as well as the radiation condition, is 
exp(ik|x — &|) 
4n|x—€| 
expik{p? + t? — 2pt[cos(g — y)] + (z — 21)*}}7 
2p = _7,)2}1/2.* 
4m {p? + t? — 2pt[cos(g — @)] + (z — 21)?} (6.7.6) 


E(x; €) = 


Multiply Equation (6.7.2) by E, (6.7.5) by us, substract, integrate, use 
Green’s second identity, and obtain 


a OE 
u,(x) = / (z = = 4) dS, (6.7.7) 
St4S- n on 


where S* and S~ are the upper and lower surfaces of the disk, respectively. On 
S*, we have 0/8n = 0/0z, respectively. Thus, Equation (6.7.7) can be written 


as 
a pols 4 dE 
Us(P, P,Z) = + us — tdg dt 
Eo * Oz, z1=0+ 
2a 
a dE 
a i ? at ee no | tdy,dt 
az. ° az, 21=0- 
2n 
ee [ I to(t, ~1, EI, odvidt , (6.7.8) 
0 Jo 
where we have used the fact that u, = —u; on both sides of the disk and where 
Ou, OUus 
o(t, 1, 0) = = . (6.7.9) 
( dz |,,-04 92 LJ 


When we apply the boundary condition (6.7.3) in (6.7.8), we get 


Lf 7" to(t, g1, Dexpik[p? + 1? — 2pt cos(y — g)]'? 
ui(p, g, 0) =—— = Wpleye — Sarena cele. = 
4 [e? + t? — 2pt cos(y — 91)] 

ee: (6.7.10) 


In view of the Fourier superposition principle, we can assume that u;(p, @, Z) 
and a (p, ¢) are of the form a (p, z) cosng and 20 (p) cos ng, respectively. 
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Then, proceeding as in the steps that led us from Equation (6.3.2) to (6.3.4), we 
obtain from (6.7.10) the integral equation 


u”(p,0) = if to (t)Ky(t, p)dt , (6.7.11) 
0 


where the kernel K(f, p) is 


Ken= es an tL a t? — 2p cos w)!/? 
22 Jo (p2 + t2 — 2pt cos w)1/2 
The integral equation (6.7.11) is the required Fredholm integral equation of the 
first kind which embodies the solution of the boundary value problem (6.7.2) 
through (6.7.4). 
For an annular disk with inner radius b and outer radius a, the corresponding 


integral equation is 


cosnw dy. (6.7.12) 


u(p,0) = i to™Ky(t, p)dt . (6.7.13) 
b 


Example 2. Torsional oscillations of an elastic half-space. In terms of cylin- 
drical polar coordinates, the axially symmetric boundary value problem 


a2v 1 au v a7 w*da* 
cy peel ences eng ee | k= ; 6.7.14 
dp? p app? Wan be ( 
v=Qp, z=0, 0<p<i, (6.7.15) 
dv/dz =0 z=0, p>, (6.7.16) 


embodies the torsional oscillations of an homogeneous and isotropic half-space 

that occupies the region z > 0. A disk of radius a is attached to it and is 

forced to execute torsional oscillations with period 277/w. All lengths are made 

dimensionless with a as the standard length, so that the disk occupies the region 

z=0,0 < p < 1. The quantities d and yu are, respectively, the density and 

shear modulus of the elastic material, whereas k is a dimensionless parameter. 
It is easily verified from (6.7.14) that the function w(p, 9, Zz), 


w(p,9,Z) = v(p,z) cose, (6.7.17) 
satisfies the Helmholtz equation 
(V2 +k?)w =0. (6.7.18) 


The Green’s function that corresponds to this boundary value problem satisfies 
the auxiliary system 


(V2 + k*)G(x; &) = —408(x — 8), (6.7.19a) 


6.7. Examples 133 


dG 
Oz 21=0 


=0, (6.7.19b) 


where, as before, x = (p, y, z) and € = (t, g), z;). Again the method of images 
gives us the value of G 


expikr — expikr’ 
sé) = 4 


(6.7.20) 


r’ 


where r = |x — €|,r’ = |x — €'|, and € is the image of € in the plane z = 0, that 
is, é' =a (t, #1; —Z}). Thus, 


r = {p? +0? — 2pt[cos(y — y1)] + (z — 21)?}"”, 


6.7.21 
r={p?+e?— 2pt[cos(g — g1)] + (z +2)7}/ ( ) 


The differential equations (6.7.14) and (6.7.19) present us with the integral 
representation formula by the routine procedure. The required relation is 


w = v(p, Zz) cos@ 


1 0 aG 
nee [652 cosy + 05S cos as . 
4x J,,-0 al 02 z1=0 (6.7.22) 


Applying the boundary conditions (6.7.15), (6.7.16), and (6.7.19b) in (6.7.22) 
and using (6.7.20), we have 


1 1 
apes =z [ th(t) 


i expik[p? +1? —2pcos(y — gi? ay 
0 [p? + t? — 2pt cos(y — ¢;)]*/? i 
(6.7.23) 
where 
dv 
ot) = 'n . (6.7.24) 
z,;=0 


Set y; — y = y, proceed as we did in the relations (6.3.2) through (6.3.4), 
and obtain 


1 
Qe = il t@(t)Ki(t, p)dt, 0<p <1, (6.7.25) 
0 
where 
1 7" expik(p? + t? — 2pt cos y)!/? 
Ki(t, p) = — dy. 6.7.26 
1, p) Qn i (p? + t? — 2pt cos y)1/2 se ( ) 
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Finally, we use the identities [66] 


expik(p” +t? —2pt cosy)? _ i PJo[ p(p? + t? — 2pt cos w)'/?] , 
(P+ —2pteosp)? ~ Jo y : 


’ 


(6.7.27) 
where 
—i(k? ex py, k > P 
a (p? — k2)¥/2., po>k 
and 


CO 
Jo[p(p? +t? — 2pt cos w)!/7] = > — Sor) (cosrv)J,(pp)J,(pt) (6.7.28) 
r=0 
in Equation (6.7.26), use the orthogonality property of cosine functions, and 
derive 


Ky(t, p) = [ (p/v)Ji(pe)Ji(pt)dp . (6.7.29) 


When k — 0, we get the corresponding integral equation for the steady rotation 
of the elastic half-space, and (6.7.29) becomes 


Rie pS i; PACMAG TTS (6.7.30) 


For the case of an annular disk with inner radius b and outer radius a, the 
integral equation that corresponds to Equation (6.7.25) is of the form 


Qo = / th(t)Kyi(t, p)dt, b<p<a. (6.7.31) 
b 


Example 3. Steady Stokes flow in an unbounded medium. The Stokes flow 
equations 
V-q= Vp, V-q=0 (6.7.32) 

govern the slow steady flow of incompressible viscous fluids. These equations 
have been made dimensionless with the help of the free-stream velocity u and a 
characteristic length a inherent in the problem. The quantities q and p stand for 
the velocity vector and pressure, respectively. 

(a) Translational motion. Let S be the surface of a solid B moving in the 
fluid; then the boundary conditions are 


q(x) =e1, xeS, q(x) =0 as x> oO, (6.7.33) 


where e; is the direction of motion of B, taken to be in the x; direction. The 
boundary value problem (6.7.32) through (6.7.33) can be converted into a Fred- 
holm integral equation of the first kind by defining the Green’s tensor T, (or 


6.7. Examples 135 


T\;x) and Green’s vector p; (or pi;), which satisfy the mathematical system 
V?T, — Vp; = —I6(x — €), (6.7.34) 


V-T,=0, T2320 asx>0, (6.7.35) 


where I = 6;;, the Kronecker delta. 
It follows by direct verification that the system (6.7.34) through (6.7.35) has 
the representation formulas 


T; = (1/87) [IV*@ — grad grad $], pi = —(1/87)grad V*¢, (6.7.36) 


Vib = V°V"o = —875(x — £). (6.7.37) 


The appropriate solution of the biharmonic equation (6.7.37) is@ =r = |x—&|. 
Thus, 


T, = (1/87) [IV?|x — €| — grad grad |x — |], (6.7.38) 
Pi = —(1/87)grad V?|x — €| . (6.7.39) 


The required integral equation formula now follows by taking the scalar 
product of Equation (6.7.32) by T; and of (6.7.34) by q and using the usual steps 
of subtracting and integrating. In the integral so obtained, there occur terms 
T- Vp and q- Vp and they can be processed by using the identities 


V-(qpi1) =q: Vp, V-(pT;) =T1- Vp, (6.7.40) 


where we have used the results V -q = V - T; = 0. The final result is 


io -{ (33 7 pn) Tq: & = np) | dS. (6.7.41) 


From Equation (6.7.34) and the divergence theorem, it follows that, if q is 
constant on S, then Equation (6.7.41) reduces to 


q(x) = — i] f{-T,dS, (6.7.42) 
KY 
where 
=—-— pn. (6.7.43) 


Finally, using the boundary condition (6.7.33), we have the required integral 
equation 


ey = — / f-T,dS . (6.7.44) 
Ss 


See Exercise 7 for further analysis. 
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(b) Rotary motion. For the rotation of an axially symmetric body that is 
rotating with uniform angular velocity {2 about its axis of symmetry, the pressure 
is taken to be a constant and equations (6.7.32) become 


V7q=0, p = 4 constant . (6.7.45a) 

V-q=0, (6.7.45b) 

Let the z-axis of cylindrical polar coordinates (p, ¢, z) be the axis of symmetry. 
Assuming that streamlines are circles lying in the plane perpendicular to Oz, then 
q has non zero component u(p, z) in the g direction only and is independent of 


y. The equation of continuity (6.7.45b) is thus automatically satisfied, and the 
equation of motion (6.7.45a) becomes 


a2v 1 au A2v v 

ap p op 3A pA 
which has been made dimensionless with a as the typical length and Qa as the 
typical velocity. The boundary conditions are 


=0, (6.7.46) 


v=p on S, v=0, as (p? + z7)'/? -+ 00, (6.7.47) 


where S is the surface of the body. 
From Equation (6.7.46) it is easily verified that 


V7{u(p,z) cosy} =0. (6.7.48) 


Accordingly, we can use the analysis of Section 6.2. The integral representation 
formula follows from (6.2.24) to be 


a(p',z')cosg’dS 
vcosg = | —————__ , 6.7.49 

if i R(p, Zz; p',2') : ) 
where R(p, z; p’, 2’) is the distance between the points (p, z) and (p’, z’). Using 
the boundary condition (47), we have the integral equation 


a(p',z')cosy’dS 
cosg = | ——————__ 6.7.50 
ad I Rip, 25 0',2*) Cre 


where both the points (p, z) and (p’, z’) lie on S. 

Let us now present the solution of the preceding equation for some specific 
cases. 

1. Prolate Spheroid. In terms of prolate spheroidal coordinates as ex- 
plained in Example 4 of Section 6.3, integral equation (6.7.50) becomes (where 
we take a to be the standard length so that c = e). 


c{(E2 — 1) — 9)? = [/ ohn) cospots (6.7.51) 
Ss 
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at € = &. Substituting the expansions (6.3.30) to (6.3.32) for 1/R, o (70), and 
dS, we have from Equation (6.7.51), 


(n—1)! 
(n+ 1)! 


[oo 
(1-7)? = —42 } cos Pi (n)v} (Eo)on » (6.7.52) 
n=1 


where 
vn" (Eo) = Pi" (§) QO? (&o) - 


When we use the relation, P}(n) = —(1 — n?)'/?Pi(n), we find from Equation 
(6.7.52) that 


01 = (21 (&))", o, = 0, forn >2. 
Thus 
1 
20 (EP — 3)*/2v} (Eo) 


Substituting this value of the density in Equation (6.7.49) we derive the velocity 
field v, 


o (Eo, no) = Pi(no) - (6.7.53) 


Pi) O76) 
Q' (0) 
and the tangential stress component t on the surface S in the direction of p 

increasing is 


v = —cQ (Ej — 1)? (6.7.54) 


dv 
t= MPs, , (6.7.55) 


Furthermore, we know from the analysis of Section 6.2 that the source density 
o (0, No) on S is related to v as 


0 fv 
4 : =-p—{[-]}. 6.7.56 
mo (&0, No) ave (=) ( ) 
Thus, t = —4z wo. From the value of the stress component, the value of the 


frictional torque N can be readily calculated. The result is 
N=-877p [ p’ods, (6.7.57) 
Cc 


where C is the bounding curve of S in the meridian plane. 
From Equations (6.7.54) and (6.7.55) we find that 


_ lope? (& —1) 


N ae 
3 v3 Eo) 


(6.7.58) 
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By taking the appropriate limits as explained in Example 3 of Section 6.3, 
we derive the values of a, v, and N for a sphere of radius a as 


3 
c= P} (cos), (6.7.59) 
ou 
u(r, B, g) = — sind cosg, (6.7.60) 
and 
N =-8z pa*. (6.7.61) 


2. Oblate Spheroid. By changing  — if, and c — —ic, in the foregoing 
analysis we can derive the values of 0, v and N for an oblate spheroid. These 
values are 


Pi (m0) 

= ; 6.7.62 
2m i(&} + nd)"/2v} (Eo) ( ) 

c(1 + &)'/? Oi GE) Pi (n) 
— © +50) “Oi 5) Pi) 6.7.63 
m ONG £) One) 

_ 16x Loi i+) + 1) 

N = —-————_ 6.7.64 
3 vi (&o) ( ) 


Circular disk. When & — 0, the oblate spheroid reduces to a thin circular 
disk of radius c. Because 


‘ ‘ : Le 
PIG E)|,_9 =i ’ OG Dio = 5 3 
we have from Equations (6.7.62) through (6.7.64), 
_@ — np) 2c . 32 
—, v= -=PIM)OiG§), N=- Fue. 
u wv 3 


Example 4. Steady Oseen flow. The dimensionless Oseen equations are 
Raq/dx; = -Vp+V'q, V-q=0, (6.7.65) 


g=e on 5S; q—0 as x— OOo, (6.7.66) 


where R = ua/v is the Reynolds number, v is the coefficient of kinematic 
viscosity, and a and u are the same quantities as defined in the previous example. 
The Green’s tensor T and Green’s vector p for this problem satisfy the system 


ROT /dx, = —Vp + VT + 15(x — ), (6.7.67) 
V-T=0, T-0 as x7 OO. (6.7.68) 
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The corresponding representation formulas are 
T = (1/87)[IV*¢ — grad grad $], 
p = —(1/87)grad [V7 — RA@/ax,] . 
V?(V? — Rd/dx1)o = —878(x — ). 
To solve Equation (6.7.51) for @, we first use the formula 
V*(1/Ix — €l) = —4773(x — €) 
in it and obtain 
V?(V? — RA/dx1)¢ = 2V*(1/|x — El) . 
Thus, if ¢ satisfies 
V°¢ — Rap/dx1 = 2/|x — El, 
then Equation (6.7.71) is satisfied. 
On the other hand, we can also write (6.7.71) as 
(V? — R8/dx,)V°o = —878(x —). 
By setting 
Vo =¥ 
and using the identity 


(v2 = o7)[e77 1-5) yy] b= eS y2 — 208/8x1]¥ , 


we can write Equation (6.7.55) as 


(Vv? _ o)[e 7“) yy] = —8r 77 1-5 8 (x —&) 


(6.7.69) 


(6.7.70) 


(6.7.71) 


(6.7.72) 


(6.7.73) 


(6.7.74) 


(6.7.75) 


(6.7.76) 


(6.7.77) 


(6.7.78) 


with o = 2R. Now observe that by the nature of the Dirac delta function, the 
factor e~°1~5)) influences the equation only at x; = &1, where its value is unity. 


Thus, Equation (6.7.78) yields 


2 
W(x, 8) = V9 = ——pexp {-I01 x —é|- aie . «»]| . (6.7.79) 
From Equations (6.7.74) and (6.7.79), we obtain 
ag a 1 a 7 ae ge - 
ax, = ary ~§] (1 exp |o| E E| io (x1 | }) . (6.7.80) 
If we set 


5 = |x — | — (@/lo|)@1 — &1), 


(6.7.81) 
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we have 


as =: (x, -—§&) o = (x1 -&) = |o| 


-- "1 ( afte Gas )--- 
oe) af) Sie E og 700) 


Combining Equations (6.7.80) through (6.7.82) with 


ab _ 36 as 
Ox, ds Ox, 
we find that 
d¢/ds = (1—e"P*)/lo|s 
or 


|o|s 
g= asi) f [1 —e7')/t]dt . (6.7.83) 


Thereby, the Green’s tensor T and Green’s vector p are determined. 

The integral equation equivalent to the boundary value problem (6.7.65) 
through (6.7.66) is now found precisely the way we found the integral relation 
(6.7.41). Indeed, the present formula is 


oq oT 
=— T-(—- -({—- -q—R(T- : 
q(x) [ ( an pn) (> pn) q ( om] dS 
(6.7.84) 
where 7 is the x; component of the outward normal. When we use the boundary 


condition q = e; on S, Equation (6.7.67), and the divergence theorem, we obtain 
ee =— i T-fds, (6.7.85) 
s 


where f is defined by Equation (6.7.43). 
We return to these concepts in Section 11.3. 


Example 5. Heat conduction. The boundary value problem 


ou 


V-u —k*u = —p(x), xER., ae 
on 


=0 (6.7.86) 
Ss 


embodies the solution of the heat conduction problem of an infinite expanse of 
material containing a cavity S on which the temperature gradient is zero. Our 
aim is to give the system (6.7.86) an integral-equation formulation. For this 
purpose, we assume that u can be represented as the sum of a volume potential 
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and a single-layer potential 


4m u(x) = / P(E (x; dV + / oa (€)E (x; €£)dS , (6.7.87) 
R Ss 


where E (x; €) = [exp(—k|x — €|)]/|x — &| and o is an unknown source density. 
The next step is to take the normal derivative of both sides of Equation 
(6.7.87), let x approach S, and use relation (6.6.8). The result is 


0 - | A 2E®® av ore + [ow GES) as 6.7.88) 
Re on Ss on 


which is a Fredholm integral equation of the second kind in o (x). 

The reader who is familiar with the theory of heat conduction is advised to 
formulate the corresponding problem of the composite medium into a Fredholm 
integral equation of the first kind. 


Exercises 


1. Show that when S is the surface of a unit sphere (a) the solution of the integral 
equation 


pzcosy = f opr 21))x~ €1" cos ds 
Ss 


iso = (5/ 12)P} (cos 8); (b) the solution of the integral equation 
(1/2) pz” cos y =(3/877) / P} (cos 6,)|x — | cos gi, dS 
Ss 


+ / 0 (p1, 21)|x — €|"' cos gid S 
K) 
is 0 = (1/47) [(3/2) P} (cos @) + (7/15) P; (cos )]. 
In the preceding relations, (p, ¢, z) are cylindrical polar coordinates. 
Hints: (i) Use the formula 


- x? 1 zs 
[x — €| = (5 = a) P,(cosy), 


v=0 


where 
xX=r./r>, r< =min(r,ri), r> = max(7,r1), 
cos y = cos@ cos 6; + sin@ sin 6; cos(g — 1) , 


and (r, g, 0) and (71, 91,91) are the spherical polar coordinates of x and &, 
respectively. 
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(ii) On the surface of the unit sphere, p = sin@, z = cos@. 


2. Show that the solutions of the integral equations 


pcosg = [ovuznie-e7 cos g1dS 
Ss 


and 
0= i o'(p1, 21)|x — E|"" cos gid S 
S 


1 
+ 5 / 0 (p1,21)|x — | cosgidS , 
Ss 
where S is the surface of a thin circular disk of unit radius, are 


o = 2p/n*(1— p)'? and o' = p(2— p*)/3n7(1 — p?)"”? . 
3. Starting with the Cauchy integral formula for an analytic function 


fle) = (A/2ni) [ LF —2)\dt, 


where C is the circumference |z| = a and z is in the interior of C, and using the 
formula 


0 = (1/27) | [f(t)/t —z*)]at, 2* =a’/z, 
G 


which is a result of the Cauchy theorem because the image part z* (of z) is 
exterior to C, derive the Poisson integral formula in a plane: 


a? — 0? ia f (a, 0)d0 
0 


2n a? — 2ap[cos(9 — y)] + a2 ~ 


u(p, yg) = 


4. Discuss the single-layer and double-layer potentials in two-dimensional 
potential theory by starting with the formula 


E(x; &) = (1/27) log(1/|x — &)) 
instead of (6.2.2). Use these results to prove that the solution of the interior 


Dirichlet problem in two dimensions can be written as 


w(x) = [1000s y)/|x — El]c(@)de, 
where yf is the angle between (x — €) and n; and dé denotes the element of the 
arc length along the curve C. 


5. (a) Leta rigid obstacle be placed in a plane-parallel flow of an ideal fluid. The 
velocity potential of the undisturbed flow is u; = x. The total velocity potential 
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u = u; + us, where us is the secondary potential created by the presence of the 
obstacle. Then the boundary value problem is 


a 
Vu=0, xER; ~=0, xeS, ul =u, 
n 
or 
ou Ou; 
Vu; =0, xER,; re xeS, WoO. 


Reduce this boundary value problem to the Fredholm integral equation of the 
second kind: 


2u;(x) = t(x) — 2 f =e dS, xéS, 
KY On 


where T(x) = u(x) is the double layer density. 


(b) By following the analysis of Example 5 of Section 6.3, discuss the flow 
of an ideal fluid past a prolate spheroid and an oblate spheroid. You shall find 
the mathematical steps as given in Example 3(b) in Section 6.7 very helpful. 


6. Proceeding as in Example 1 of Section 6.7, show that the following boundary 
value problem, 


(V? +k? )us =0, 
du;,/0Z = —du;/dz on z=0, O<p<a, 
us and du;/dz are continuous across z= 0, a<p<O, 


and u, satisfies the radiation condition, reduces to the integral equation 


du; a a° (expik|x — €| 
az ; a x-él Jaro 


where o(t) = (1/477) (us es Us aaa This boundary value problem em- 
bodies the solution of the diffraction of a plane wave by a perfectly rigid, circular 
thin disk. 


7. (a) In Example 3 of Section 6.7 we have derived the integral equation (6.7.44) 
for the translational motion of a body in Stokes flow. Solve this integral equation 
for a prolate and an oblate spheroid as we have done for the rotary motion. 


(b) Prove that the integral representation formula when the fluid is bounded 
by a vessel S is 


an =~ [| (58 - pn) 7-4. (5 -np)| ds. 
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Substituting the boundary condition q = e; on S gives the Fredholm integral 


equation 
ej = - ft Tds. 
Ss 


Here, T satisfies the boundary value problem 


V°T — grad p = 18(x — ), V-T=0, T=0 on ©. 


8. The dimensionless equations of elastostatics are 
(A + w)grad 2 + wV7u = 0, 3? =divu, 


where u (u;. i = 1, 2, 3) is the displacement vector, and 4 and yz are Lamé con- 
stants of the medium. The preceding equations have been made dimensionless 
by introducing a characteristic geometric length a. 

Consider the uniform tranlation of a light rigid body B with surface S, which 
is embedded in an infinite homogeneous and isotropic medium. Prove that the 
corresponding Green’s tensor T; and Green’s dilation vector 3, are given by the 
formulas 


seston A+3u Sj A+ pm (xi — &) Oj — §) 
 8n LA+2u Ix—él  A+2u x—€P 
1 a xi — §} 
y= 31° 
4n 2742p | |x- €| 


Also prove that the integral representation formula is 


up =- f {ln a +04 won] -T 
S n 


dT 
—u- [ — +049] dS. 
dn 
Using the boundary conditions 
u = (do/aje on S; u->O0O at w; 


where dp is the magnitude of the translation and e is the unit vector along the 
translation of B, show that the Fredholm integral equation that embodies the 
solution of the preceding problem is 


(do/a)e = - fr. T,dS, 
Ss 


where 
f= p(du/dn) + (A+pu) =n. 
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Extend the preceding results to a bounded medium. 


9. Proceed as in Example 1 of Section 6.3 and Example 1 of Section 6.7 and 
give the corresponding integral-equation formulation of these problems for a 
spherical cap. The integral equation for the electrostatic problem is solved in 
Section 10.5. 


10. The Schrédinger equation 
V7 (x) — 2m/h?) V(X) (x) +P U(x) =0 


with boundary condition that w(x)exp(—iEt/h) represents an incident plane 
wave, with wave vector Ko, as well as the condition that we have an outgoing 
wave as X —> 00, describes the quantum mechanical theory of scattering by a 
potential V(x). Here, k? = k2 = 2mE /h’, and other quantities have their usual 
meaning. 

Use the method of Section 6.6 and prove that we can transform this scattering 
problem into the integral equation 


W(x) = (expiko - x) — 


a / SxPik IX Sly eyyeav . 
R 


2h" Ix—é| 
Find its solution by the method of successive approximations (the approximation 
obtained in this way is called the Born approximation). 


CHAPTER 7 


Symmetric Kernels 


7.1. Introduction 


A kernel K (s, t) is symmetric (or complex symmetric or Hermitian) if 
K(s,t) = K*(t,s), (7.1.1) 


where the asterisk denotes the complex conjugate. In the case of a real kernel, 
the symmetry reduces to the equality 


K(s,t) = K(t,s). 13) 


We have seen in the previous two chapters that the integral equations with sym- 
metric kernels are of frequent occurrence in the formulation of physically moti- 
vated problems. 

We claim that if a kernel is symmetric, then all its iterated kernels are also 
symmetric. Indeed, 


Kx(s,t) = [ KonKe. t)dx = [eK sx = K3(t,s). 
Again, if K,(s, t) is symmetric, then the recursion relation gives 
Kniil(s, t) = [ Ko Ke. ndx 
— | KieoKre. s)dx = K7,,(t,s). (7.1.3) 


The proof of our claim follows by induction. Note that the trace K (s,s) of 
a symmetric kernel is always real because K (s,s) = K*(s,s). Similarly, the 
traces of all iterates are also real. 


Complex Hilbert space 


We present here a brief review of the properties of the complex Hilbert space 
£2(a, b), which is needed in the sequel. This discussion is valid for real £2-space 
as a Special case. A linear space of infinite dimension with inner product (or 
scalar product) (x, y) which is a complex number satisfying (a) the definiteness 
axiom (x, x) > Oforx # 0; (b) the linearity axiom (@x;+ Bx2, y) = a(%1, y)+ 
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B(X2, y), where a and £ are arbitrary complex numbers; and (c) the axiom of 
(Hermitian) symmetry (y, x) = (x, y)*; is called a complex Hilbert space. 

Let H be the set of complex-valued functions ¢(t) defined in the interval 
(a, b) such that 


/ Ip(t)|?dt < 00. (7.1.4) 


Furthermore, let us define the inner product by the bilinear form (1.6.1): 


(,) = y gw" @dt . (7.1.5) 


Then, H is acomplex Hilbert space and is denoted as£(a, b) (or £2). The norm 
|@|| as defined by Equation (1.6.2): 


1/2 
loll = ( / io Par) (7.1.6) 


is called the norm that generates the natural metric 


d(o,v)=Id-vl=@-¥,¢-y)'”. (7.1.7) 


The Schwarz and Minkowskii inequalities as given by Equations (1.6.3) and 
(1.6.4) are 


I, WI < Ill Iv, (7.1.8) 


lo+ vl < loll + lvl. (7.1.9) 


Also recall the definition of an £2-kernel as given by Equations (1.2.2) through 
(1.2.4). 

Another concept that is fundamental in the theory of Hilbert spaces is the 
concept of completeness. A metric space is called complete if every Cauchy 
sequence of functions in this space is a convergent sequence. If a metric space 
is not complete, then there is a simple way to add elements to this space to make 
it complete. A Hilbert space is an inner-product linear space that is complete in 
its natural metric. The completeness of £2-spaces plays an important role in the 
theory of linear operators such as the Fredholm operator K, 


Ko= / K(s, t)d(t)dt . (7.1.10) 


The operator adjoint to K is 


K*yv= [ Keswear : (7.1.11) 
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The operators (7.1.10) and (7.1.11) are connected by the interesting relationship 


(Ko, ¥) = (¢, K*p), (7.1.12) 


which is proved as follows. 
(Ko, p) = fv | [ Ko. t)p(t)dt | ds 


= fow | [ Ke. pv (sds | dt 


= fo) | [ Keowee] ds 
. / $(s) | / Ka,sw(oar| 


For a symmetric kernel, this result becomes 


(Ko, ¥) = (¢, Ky), (7.1.13) 


that is, asymmetric operator is self-adjoint. Note that permutation of factors ina 
scalar product is equivalent to taking the complex conjugate; that is, (¢, K@) = 
(K¢, ¢)*. Combing this with Equation (7.1.13), we find that, for a symmetric 
kernel, the inner product (K@¢, ¢) is always real; the converse is also true and 
forms Exercise 1 at the end of this chapter. 


ds 


An orthonormal system of functions 


Systems of orthogonal functions play an important role in the theory of integral 
equations and their applications. A finite or an infinite set {¢;} is said to be an 
orthogonal set if (¢;, $;) = 0,i # j. If none of the elements of this set is a zero 
vector, then it is said to be a proper orthogonal set. A set is orthonormal if 
@noy={ 7 = 
1, i=]. 
The functions ¢ for which ||¢|| = 1 are said to be normalized. 

Given a finite or an infinite (denumerable) independent set of functions 
{W1, Wo, ..., We, -.. }, we can construct an orthonormal set {¢1, 2, ..., dx, ..- } 
by the well-known Gram—Schmidt procedure as follows. 

Let $1; = Wi/|l¥1||. To obtain ¢2, we define 


w2(s) = Wa(s) — (Ya, pidhr - 
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The function w2 is clearly orthogonal to $1; thus, ¢2 is obtained by setting 
$2 = W2/||w2||. Continuing this process, we have 


k-1 
wes) = Vas) — Doe bb, Se = We /Ifwell - 
i=1 
We have, thereby, obtained an equally numerous set of orthonormal functions. 
In case we are given a set of orthogonal functions, we can convert it into an 
orthonormal set simply by dividing each function by its norm. 
Starting from an arbitrary orthonormal system, it is possible to construct 
the theory of Fourier series, analogous to the theory of trigonometric series. 
Suppose we want to find the best approximation of an arbitrary function (x) 


in terms of a linear combination of an orthonormal set (9), ¢2,...,¢n). By 
the best approximation, we mean that we choose the coefficients a1, @,..., @, 
such as to minimize ||~ — )°;_, o:¢;||, or, what is equivalent, to minimize 
Ib — Si a@ill*. 
Now, for any a, ...,@,, we have 
2 


n 


v— >> ag; 


i=1 


= (Iv? + S01.) - ail? — Soi gd? © (7.1.14) 
i=1 i=1 


It is obvious that the minimum is achieved by choosing a; = (W, ¢;) = a; (say). 
The numbers a; are called the Fourier coefficients of the function w(s) relative 
to the orthonormal system {¢;}. In that case, the relation (7.1.14) reduces to 


y- y a Pj 
j=l 


Because the left side is nonnegative, we have 


Z n 
=v? - oO lal. (7.1.15) 
i=l 


n 


Yo lai? < iwi?, (7.1.16) 


i=1 
which, for the infinite set {f;}, leads to the Bessel inequality 


(oe) 
Yo lai? < Iv? . (7.1.17) 

i=1 
Suppose we are given an infinite orthonormal system {¢;(s)} in £2, and 
a sequence of constants {a;}; then the convergence of the series iar la? | is 
evidently a necessary condition for the existence of an £2-function f(s) whose 
Fourier coefficients with respect to the system ¢; are a;. It so happens that 
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this condition is also sufficient and the result is embodied in the Riesz-Fischer 
theorem, which we state as follows without proof. 


Riesz—Fischer Theorem. Jf {¢;(s)} is a given orthonormal system of functions 
in Ly and {a;} is a given sequence of complex numbers such that the series 
> 1 lez! converges, then there exists a unique function f (s) for which o; are 
the Fourier coefficients with respect to the orthonormal system {;} and to which 
the Fourier series converges in the mean, that is, 


n 


f(s) — > a 


i=1 


—>0 as nO. 


If an orthonormal system of functions ¢; can be found in £2-space such 
that every other element of this space can be represented linearly in terms of this 
system, then it is called an orthonormal basis. The concepts of an orthonormal 
basis and a complete system of orthonormal functions are equivalent. Indeed, 
if any of the following criteria are met, the orthonormal set {@, ..., dx, ... } is 
complete. 


(a) For every function y in £2, 


1 = DEW, bd: = D0 aid . (7.1.18) 


(b) For every function wy in £2, 


CO 


Iwi? = ola, bP . (7.1.19) 


i=l 
This is called Parseval’s identity. 


(c) The only function w in £2 for which all the Fourier coefficients vanish 
is the trivial function (zero function). 


(d) There exists no function w in £2 such that {yW, @1,..., @%,-..} is an 
orthonormal set. 


The equivalence of these different criteria can be easily proved. 

One frequently encounters Fourier series of somewhat more general char- 
acter. Let r(t) be a continuous, real, and nonnegative function in the interval 
(a, b). We say that the set of functions {¢;} is orthonormal with weight r(t) if 

0 ’ J # k ? 


/ r(t)$j ()b% (tat = | pai (7.1.20) 


7.2. Fundamental Properties 151 


The Fourier expansions in terms of such functions are treated by introducing a 
new inner product 


Coe / ROYIOU MOTE (7.1.21) 


with the corresponding norm 


1/2 
Ill, = / ree" (ar | (7.1.22) 


The space of functions for which ||||, < 00 is a Hilbert space and all the preced- 
ing results hold. Some examples of the complete orthogonal and orthonormal 
systems are listed in the following. 

(a) The system $x (s) = (277)~1/?e'*s is orthonormal, where k is any integer 
-0 <k<oo. 


(b) The Legendre polynomials 


1 d"(s*—1)" 
Po(s) = 1, SG) Saale cea ree | a Ieee 
are orthogonal in the interval (—1, 1). Indeed, 
1 0 5) J # k , 
| Pi(s)Py(s)ds = . (7.1.23) 
“1 2/(2k +1), pok. 


(c) Let a;,, denote the positive zeros of the Bessel function J,,(s),k =1,2,...; 
n > —1. The system of functions J, (a@;,,5) is orthogonal with weight r(s) = s 
in the interval (0, 1): 


0, J#k, 


; (7.1.24) 
T241(Gtkn) » j=k. 


1 
/ SIn(Qj,nS)In(Qens)ds = 
0 


A Complete two-dimensional orthonormal set over the 
rectanglea<s<b,c<t<d 


Let {¢;(s)} be a complete orthonormal set over a < s < b, and let {wW;,(t)} 
be a complete orthonormal set over c < t < d. Then, we claim that the 
set O1(s)Wi(t), di(s) Welt), ..., P2(s)Wilt), ... is a complete two-dimensional 
orthonormal set over the rectanglea <s <b,c <t<d. 

The fact that the sequence of two-dimensional functions {@; (s)w; (t)} is an 
orthonormal set follows readily by integrating over the rectangle. The complete- 
ness is proved by showing that every continuous function F (s, t) with finite norm 
||F ||, whose Fourier coefficients with respect to the set {¢; (s)w; (¢)} are all zero 
vanishes identically over the rectangle. 
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For details on the results and ideas of this entire section, the reader is referred 
to [6],[64]. 


7.2. Fundamental Properties of Eigenvalues and 
Eigenfunctions for Symmetric Kernels 


We have discussed the eigenvalues and eigenfunctions for integral equations in 
the previous chapters. In Chapters 2 and 4, we found that the eigenvalues of an 
integral equation are the zeros of certain determinants. It may happen that no 
such zeros exist, so that the kernel has no eigenvalues. There are many kernels 
for which there are no eigenvalues. Consider, for example, the homogeneous 
equation (cf. Exercise 3, Chapter 2) 


20 20 
g(s) =A (sins cost)g(t)dt = A(sin sf g(t)costdt. (7.2.1) 
0 0 


Its solution must clearly be of the form g(s) = Asins. Substituting this in 
Equation (7.2.1) yields 


2n 
Asins = nisins) | A(sintcost)dt =0. 
0 


Thus, the kernel K(s,t) = sinscost (0 < s < 27,0 < t < 27) has no 
eigenvalues. For a symmetric kernel that is nonnull (i-e., that is not identically 
zero), the preceding phenomenon cannot occur. Indeed, a symmetric kernel 
possesses at least one eigenvalue. The proof is briefly discussed in Section 7.8. 

An eigenvalue is simple if there is only one corresponding eigenfunction, 
otherwise the eigenvalues are degenerate. The spectrum of the kernel K is the 
set of all its eigenvalues. In this terminology, the preceding assumption states 
that the spectrum of a symmetric kernel is never empty. 

The following are some important properties of the symmetric integral equa- 
tions 


af Ko, te(t)dt = f(s), or AKg=f; K(s,t) = K*(t,s). 
(7.2.2) 


1. The eigenvalues of a symmetric kernel are real. Let A and #(s) be an 
eigenvalue and a corresponding eigenfunction of the kernel K (s, ¢). This means 


o(s) -AK¢(s) =0. (7.2.3) 
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Multiply Equation (7.2.3) by @*(s) and integrate with respect to s from a to b 
and derive the relation 


Ilp(s)|I? — (Ko, 6) =0 
or 
A = IIP(s)II7/(K¢, ¢) . (7.2.4) 


Because both the numerator and denominator are real, we have the required 
result. 


2. The eigenfunctions of a symmetric kernel, corresponding to different 
eigenvalues, are orthogonal. If ¢; and ¢2 are eigenfunctions corresponding, 
respectively, to the eigenvalues A, and A2, we have 


¢1 —-A1K¢; =0, $2 —A2Kg2 = 0. (7.2.5) 
Since A. is real, the second equation in (5) may be written as $} — A2K*@% = 0. 
Then, by suitable multiplication and integration it follows that 


AyA2 [| [ exe. thoi (t)dt ds 


= [ [+ (s)K*(s, t)$3 (t)dt as| = (Az — Ar) (G1, 2). (7.2.6) 


But K(s,t) = K*(t,s), and the left side vanishes identically, and because 
Ai # Ag, the right side becomes (¢1, ¢2) = 0. 


3. The multiplicity of any nonzero eigenvalue is finite for every symmetric 
kernel for which ff |K(s, t)|?ds dt is finite. Let the functions $1, (s), ¢2,(s), ..-, 
$na(S) ... be the linearly independent eigenfunctions that correspond to a nonzero 
eigenvalue 4. By the Gram—Schmidt procedure, we can find linear combinations 
of these functions that form an orthonormal system {u,,}. Then, the correspond- 
ing complex conjugate system {u;,} also forms an orthonormal system. Let 


K(s,t)~ > ajut,(@), 


aj = [ Ko. thuia(t)dt = A~*uja(s) 


be the series associated with the kernel K (s, t) for a fixed s. Applying Bessel’s 
inequality to this series, we have 


[ik.oPae > Dory, 
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which, when integrated with respect to s, yields 
/ / IK(s,t)?dsdt > )°a7!)’. (7.2.7) 


The right side of Equation (7.2.7) is m(A~')?, where m is the multiplicity of 1. 
Because the left side is finite, it follows that m is finite. 


4. The sequence of eigenfunctions of a symmetric kernel can be made 
orthonormal. Suppose that, corresponding to a certain eigenvalue, there are m 
linearly independent eigenfunctions. In view of the linearity of the integral oper- 
ator, every linear combination of these functions is also an eigenfunction. Thus, 
by the Gram-Schmidt procedure, we can get equally numerous eigenfunctions 
which are orthonormal. 

On the other hand, for different eigenvalues, the corresponding eigenfunc- 
tions are orthogonal and can be readily normalized. Combining these two facts, 
we have the required proof. 


5. The eigenvalues of a symmetric £2-kernel form a finite or an infinite 
sequence {A,} with no finite limit point. If we include each eigenvalue in the 
sequence a number of times equal to its multiplicity, then 


Soar < / |K(s, t)|?ds dt . (7.2.8) 
n=1 


Let {u,(s)} be the orthonormal eigenfunctions corresponding to different 
(nonzero) eigenvalues 4;. Then, proceeding as in the proof of Property 4 and 
applying the Bessel inequality, we have 


yay’ < i |K(s,t)/?ds dt < 00. 

i 
Hence, if there exists an enumerable infinity of A;, then we must have 
2, (A471)? < 00. It follows that lim(1/4;) —> 0 and oo is the only limit 
point of the eigenvalues. 


6. The set of eigenvalues of the second iterated kernel coincide with the set 
of squares of the eigenvalues of the given kernel. 


Note that the symmetry of the kernel shall not be assumed to prove this 
result. 

Let A be an eigenvalue of K with corresponding eigenfunction ¢(s), that 
is (I — AK)@ = 0, where J is the identity operator. When we operate on both 


7.3. Expansion in Eigenfunctions 155 


sides of this equation with the operator (J + AK), we obtain (I — A*K”)¢ = 0 
or 


p(s) — A? | Kx(s, t)o(t)dt = 0, (7.2.9) 


which proves that 4? is an eigenvalue of the kernel K2(s, f). 
Conversely, let 4 = A” be an eigenvalue of the kernel K2(s, t), with @(s) 
as the corresponding eigenfunction. Then, (J — A?K2)@ = O or 


Ud —AK)UT +AK)¢ =0. (7.2.10) 


If 4 is an eigenvalue of K, then the preceding property is proved. If not, let us set 
(1 +1K)¢ = $'(s) in Equation(7.2.10) and obtain (J —.K)¢’(s) = 0. Because 
we have assumed that A is not an eigenvalue of K, it follows that ¢’(s) = 0, or 
equivalently (1+AK)@ = 0. Thus, —A is an eigenvalue of the kernel K and the 
proof is complete. 

We can extend the preceding result to the nth iterate. The set of eigenvalues 
of the kernel K,,(s, £) coincides with the set of nth powers of the eigenvalues of 
the kernel K (s, t). 


7. If, is the smallest eigenvalue of the kernel K, then 
1/|Ai| = max[|(K¢, ¢)|/Il@ll] 
/ K(s, t)p(t)*(s)dt ds 


jie 


= max 
(7.2.11) 


or equivalently, 


1/|A1| = max |(K¢, 9)|, loll =1. (7.2.12) 


This maximum value is attained when $(s) is an eigenfunction of the symmetric 
£2-kernel corresponding to the smallest eigenvalue. For proof, see Section 7.8. 


7.3. Expansion in Eigenfunctions and Bilinear Form 


We now discuss the results concerning the expansion of a symmetric kernel 
and of functions represented in a certain sense by the kernel, in terms of its 
eigenfunctions and the eigenvalues. Recall that we meet a similar situation 
when we deal with a Hermitian matrix. For instance, if A is a Hermitian matrix, 
then there is a unitary matrix U such that U-!A U is diagonal. This means that, 
by transforming to an orthonormal basis of the vector space consisting of the 
eigenfunctions of A, the matrix representing the operator A becomes diagonal. 
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Let K(s,t) be a nonnull symmetric kernel that has a finite or an infinite 
number of eigenvalues (always real and nonzero). We order them in the sequence 


MID ascngd viaces (7.3.1) 


in such a way that each eigenvalue is repeated as many times as its multiplicity. 
We further agree to denumerate these eigenvalues in the order that corresponds 
to their absolute values, that is, 


0 < [Ail < |A2] < +++ < [And S Antal <--> 


Let 
$1(5), $25), --- Pn(S)s--- (7.3.2) 


be the sequence of eigenfunctions corresponding to the eigenvalues given by the 
sequence (7.3.1) and arranged in such a way that they are no longer repeated and 
are linearly independent in each group corresponding to the same eigenvalue. 
Thus, to each eigenvalue A, in (7.3.1) there corresponds just one eigenfunction 
¢,(s) in (7.3.2). According to Property 4 of the previous section, we assume 
that they have been orthonormalized. 

Now, we have assumed that a symmetric £2-kernel has at least one eigen- 
value, say, 41. Then ¢;(s) is the corresponding eigenfunction. It follows that 
the “truncated” symmetric kernel 


Ks, t) = K(s, t) — [1 (s)@7(t)/A4] 


is nonnull and it will also have at least one eigenvalue A2 (we choose the smallest 
if there are more) with corresponding normalized eigenfunction $2(s). The 
function ¢)(s) 4 $2(s) even if A, = A2, because 


1 Ks, t)o(t)dt = K(s, t)oi(t)dt 


= ae / b(t)p} (t) dt 
1 
_ oils) pis) oT, 
ay oe 


Similarly, the third truncated kernel 


$2(s)3(t) 


K®\(s,t) = K®(s,t) -— 
A2 


2 * 
= Ko, MOHD 


k=1 Ak 
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gives the third eigenvalue 3 and eigenfunction ¢3(s). Continuing in this way, 
we end up with two possibilities: either this process terminates after n steps, 
that is, K*(s, t) = 0, and the kernel K(s, t) is a degenerate kernel, 


K(s,t)=)> eo, (7.3.3) 


k=1 Ak 


or the process can be continued indefinitely and there are an infinite number of 
eigenvalues and eigenfunctions. 

Note that we have denoted the least eigenvalue and the corresponding eigen- 
function of K(s,t) as A, and ¢,, which are the nth eigenvalue and the nth 
eigenfunction in the sequences (7.3.1) and (7.3.2). This is justified by Theorem 
2 in the following. 

We examine in the next section whether the bilinear form (7.3.3) is valid 
for the case when the kernel K (s, t) has infinite eigenvalues and eigenfunctions. 
The following two theorems, however, follow readily. 


Theorem 1. Let the sequence {¢,(s)} be all the eigenfunctions of a symmetric 
L£2-kernel K(s, t), with {A} as the corresponding eigenvalues. Then, the series 


y ls 


n=1 


converges and its sum is bounded by C?, which is an upper bound of the integral 


i |K(s, t)[° dt . 


Proof. This result is an immediate consequence of Bessel’s inequality. Indeed, 
the Fourier coefficients a, of the function K (s, t), with fixed s, with respect to 
the orthonormal system {@*(s)} are 


= / K(s, t)@q(t)dt = G_(S)/%n « 


Thus, applying Bessel’s inequality, we have 


2 
>» oo <|/ IK(s, )Pdt <C2. (4) 


n=1 
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Theorem 2. Let the sequence ¢,,(s) be the eigenfunctions of a symmetric kernel 
K(s, t), with {A,,} as the corresponding eigenvalues. Then, the truncated kernel 


n * t) 
KD, 1) = K(s, 1) — S> Pa Gn 135 
2 a (7.3.5) 
has the eigenvalues dn41, An42,-.., to which correspond the eigenfunctions 
$n+i(S), bn+2(S),..-. The kernel K+) (s, t) has no other eigenvalues or eigen- 
functions. 
Proof. (a) Observe that the integral equation 
(s)—A / K@*)(s, tho(t)dt =0 (7.3.6) 
is equivalent to 
“\ dm (S) 
o(s)—A |} K(s,t)o(@)dt+2a>> <= (bm) = 0. (7.3.7) 
m=1 me 


If, on the left side of this equation we set A = j and d(s) = ¢(s) j >n+1, 
then, in view of the orthogonality condition, we have 


)(s) — Aj / K(s, t)6;(t)dt =0. (7.3.8) 


This means that @; and 4; for j > n+ 1 are the eigenfunctions and eigenvalues 
of the kernel K+)(s, £). 


(b) Let A and ¢(s) be an eigenvalue and eigenfunction of the kernel 
K+) (5s, t) so that 


$(s) — AK G(s) +4 fai) peo: (73.9) 
m=1 hs 


Taking the scalar product of Equation (7.3.9) with $;(s), j <n, we obtain 
(P, bj) — MK, o)) + A/A)G, 4) = 9, (7.3.10) 
where we have used the orthonormality of the ¢;. But (K@, ¢)) = (@, Kj) = 
Aj '(b, $j). Hence, (7.3.10) becomes 
(P, Gj) + ASANO, 0) — (, O)} = @, ) =0. (7.3.11) 


Thereby, the last term in the left side of Equation (7.3.9) vanishes and we are 
left with 


P(s) — a | Ko, td (t)dt =0, (7.3.12) 
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which means that A and ¢(s) are the eigenvalue and eigenfunction of the kernel 
K(s,t) and that @ # @;, j < n. Indeed, ¢ is orthogonal to all ¢;, j <n, 
and #(s) and A are necessarily contained in the sequences {¢;(s)} and {Ax}, 
k >n +1, respectively. 

In light of the two preceding theorems, we can easily conclude that, if the 
symmetric kernel K has only a finite number of eigenvalues, then it is degenerate. 
The proof follows by observing that K"*)(s, ¢) then has no eigenvalues and 
hence it must be null. Therefore, 


6,9 = 35 OO : 


m=1 


In Chapter 2, we found that every degenerate kernel has only a finite number 
of eigenvalues. Combining these two results, we have the following theorem. 


Theorem 3. A necessary and sufficient condition for a symmetric L-kernel to 
be degenerate is that it have a finite number of eigenvalues. 


7.4. Hilbert-Schmidt Theorem and Some 
Immediate Consequences 


The pivotal result in the theory of symmetric integral equations is embodied in 
the following theorem. 


Theorem 1. Hilbert-Schmidt Theorem. /f f(s) can be written in the form 


f(s) = / K(s, )h(t)dt (7.4.1) 


where K(s, t) is a symmetric £2-kernel and h(t) is an L2-function, then f(s) 
can be expanded in an absolutely and uniformly convergent Fourier series with 
respect to the orthonormal system of eigenfunctions (7.3.2) of the kernel K: 


f(s) =o frdn(s), fn = (fbn) - 
n=1 


The Fourier coefficients of the function f (s) are related to the Fourier coefficients 
h,, of the funciton h(s) by the relations 


fn =Mn/dn, tn = (hy bn), (7.4.2) 


where i,, are the eigenvalues (7.3.1) of the kernel K. 
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Proof. The Fourier coefficients of the function f(s) with respect to the or- 
thonormal system {@,(s)} are 


fn = (fbn) = (Kh, bn) = (hy Kgn) = AG (h, bn) = AQ ns 


where we have used the self-adjoint property of the operator as well as the 
relation A,K ¢, = $,. Thus, the Fourier series for f(s) is 


oO [o.e) hn 
f(s) ~ D7 faGn(s) =D) dns) - (7.4.3) 
n=1 n=1 °°" 


The remainder term for this series can be estimated as follows: 


du(s)| SR, BR Ipe(sy? 
ye BO] Sag Ye OE 


k=n+1 k=n+1 k=n+1 


< » h? y oe (7.4.4) 


From the relation (7.3.4), we find that the mee series is bounded. Also, 
because h(s) is an C2-function, the series )\7°., hz is convergent and the partial 
sum )y-? ',14z can be made arbitrarily small. Therefore, the series (7.4.3) 
converges absolutely and uniformly. 

It remains to be shown that the series (7.4.3) converges to f(s) in the mean. 
To this end, let us denote its partial sum as 


n 


Am 
nls) =D) dns) (7.4.5) 


m=1 


and estimate the value of || f(s) — W,(s)||. Now, 
n hin 
f(s) — Ynls) = Kh — D>" bm(s) 
m=) “mn 


= Kh OOM 5) = KH, (74.6) 


m=1 me 


where K“"*)) is the truncated kernel as defined the previous section. From 


Equation (7.4.6), we obtain 
f(s) — a(S) IF = WKO*PAI? = (KOOP A, KOT) ae 
a (h, KD K@ Dh) = (h, KS h) , o. 


where we have used the self-adjointness of the kernel K "+! and also the relation 
KD K+) — Kt), If we use Property 6 of Section 7.2 and Theorem 2 
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of Section 7.3, we find that the least eigenvalue of the kernel ae is equal to 


2 fe Furthermore, according to Property 7 of Section 7.2, we have 

1/a2,, = max[(h, KS"*PA)/(h, h)), (7.4.8) 
where we have omitted the modulus sign from the scalar product (h, KSA), 
as it is a positive quantity. Combining Equations (7.4.7) and (7.4.8), we have 

IL FCS) = Uns)? = h, Ky Ph) < AAs - 
Since A,41 — 00, we find that || f(s) — ¥,(s)|| ~ Oasn > oo. 
Finally, we use the relation 
IF — VI SF — Vall + Iden - VI, (7.4.9) 


where y is the limit of the series with partial sum y,, to prove that f = y. 
The first term on the right side of (7.4.9) tends to zero, as previously proved. To 
prove that the second term also tends to zero, we observe that, since the series 
(7.4.3) converges uniformly, we have, for an arbitrarily small and positive ¢, 


I¥n(s) — w(s)| <e, 


when n is sufficiently large. Hence, ||¥,(s) — w(s)|| < e(b — a)'/* and the 
result follows. O 


Remark. Note that we assumed neither the convergence of the Fourier series 
for h(s) nor the completeness of the orthonormal system. We have merely used 
the fact that h is an £2-function. 

An immediate consequence of the Hilbert-Schmidt theorem is the bilinear 
form of type (7.3.3). Indeed, by definition, 


Kn (s,t) = [Ko DK ate, t)dx , m=2,3,..., (7.4.10) 


which is of the form (7.4.1) with h(s) = Km-_i(s,t); t fixed. The Fourier 
coefficient a; (t) of K,,(s, t) with respect to the system of eigenfunctions {¢;(s)} 
of K(s, t) is 


a(t) = / Kin(s, thoy (s)ds = Ay PEt) . 


It follows from the preceding theorem that all the iterated kernels Ky (s, t), 
m > 2, (for the case m = 1, see Exercise 10) of a symmetric £2-kernel can be 
represented by the absolutely and uniformly convergent series 


Kn(s,t) = D> Ag Pe(s)Pe(E) « (7.4.11) 
k=1 
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By setting s = ¢ in Equation (7.4.11) and integrating from a to b, we obtain 


CO 
era i Km(s,s)ds = Am, (7.4.12) 
k=1 


where A,, is the trace of the iterated kernel K,,. 
Next, we apply the Riesz—Fischer theorem and find from Equation (7.4.12) 
with m = 2 that the series 
s Pu (SP; (t) (7.4.13) 
k=l Ak 
converges in the mean to a symmetric £2-kernel K (s, t), which, considered as 
a Fredholm kernel, has precisely the sequence of numbers {A;} as eigenvalues. 


Definite kernels and Mercer’s theorem 


A symmetric £2-kernel K is said to be nonnegative-definite if (K¢,¢) > 0 
for every £2-function @; furthermore, K is positive-definite if, in addition, 
(Kd, ¢) = 0 implies ¢ is null. The definitions of nonpositive-definite and 
negative-definite symmetric kernels follow in an obvious manner. A symmetric 
kernel that does not fall into any of these four categories is called indefinite. 

The following theorem is an immediate consequence of the Hilbert-Schmidt 
theorem. 


Theorem 2. A nonnull, symmetric £L2-kernel K is nonnegative if and only if all its 
eigenvalues are positive; it is positive-definite if and only if the above condition 
is satisfied and, in addition, some (and therefore every) full orthonormal system 
of eigenfunctions of K is complete. 


Proof. (a) From the Hilbert-Schmidt theorem, we have 


@ 


on) bn(S) - (7.4.14) 


f(s)=K¢=)> 
n=1 


The result of taking the inner product of Equation (7.4.14) with ¢ is 


co 2 
(Ko.$) =o Ke Bolt (7.4.15) 
n=1 a 


Hence, if all A, > 0, we have (K¢, @) > 0 for all ¢. In addition, if any A, is 
negative, then (Kn, gn) = ys < 0. Thereby, the first part of the theorem is 
proved. 
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(b) Let K be nonnegative-definite. From Equation (7.4.15), it follows that 
(K¢@, $) = O if and only if (¢, ¢,) = 0 for all n. Therefore, K will be positive- 
definite if and only if the vanishing of (¢, ¢,) for all n implies ¢ = 0. Using the 
criterion (d) for the completeness of an orthonormal system as given in Section 
7.1, we find that the second part of the the theorem is thereby proved. O 


The preceding theorem remains valid if the words positive and negative are 
interchanged. Thus, a definite kernel has a complete set of eigenfunctions. 

Finally, we state without proof the following result, which gives the precise 
conditions for the bilinear form (7.3.3) to be extended to an infinite series. 


Theorem 3. Mercer’s Theorem. /f a nonnull, symmetric £2-kernel K(s, t) is 
quasi-definite (i.e., when all but a finite number of eigenvalues are of one sign) 
and continuous, then the series 


CO 
pa (7.4.16) 

n=1 

is convergent and 
foe) 
Pn (5), (t) 

K(s,t)= —_—., 7417 
( 2 = (7.4.17) 


the series being uniformly and absolutely convergent. 


Note that the continuity of the kernel is an absolutely essential condition for 
the theorem to be true. 


Complete symmetric kernel 


There is a very interesting connection between the completeness of the system of 
eigenfunctions of a kernel and a certain orthogonal property of the kernel itself. 
Indeed, for a symmetric kernel with infinitely many eigenvalues, the relations 


b 
i K(s,oOw@dt =0, a<s<b, (7.4.18) 
and : 
/ ojOwdt =0, Pat, Qnke 5 (7.4.19) 


are equivalent. Here y(t) is an £2-function and {@;} is the system of eigenfunc- 
tions of the kernel K (s, t) which we take to be real for simplicity. 
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Proof. (i) Suppose that Equation (7.4.18) holds. Then its multiplication by ¢; (s) 
and integration from a to b yields 


b b b b 
[ seas f Ko,oy(oat = | wind f K (t, s)$j(s)ds 


b 
= 2j" / $j(s)¥(s)ds = 0, 
a 
which means that Equation (7.4.19) holds. 
(ii) Now assume that (7.4.19) is satisfied for all the eigenfunctions of K (s, ¢) 

and consider the truncated kernel 

n-1 

K(s,t) = K(s,t)— ) 0A; () Gi) - 

j=l 

In view of relation (7.4.19) we have 


b b 
[ xe.ovwae= f Ks, t)yw(t)dt . 


a 


Therefore, 


= |K™ yl] < KU Iv. 


b 
/ K(s, thw (t)dt 


But ||K || > 0 as — oo. This implies that 


=0, 


b 
/ K(s, t)w(t)dt 


and relation (7.4.18) is satisfied. O 


Definition. A symmetric kernel is called complete if relation (7.4.18) with y (7) 
as an £>-function implies that y(t) = 0. It is also called closed. 

Recall that if (7.4.19) holds, then the orthonormal system {¢;} is complete. 
Combining these results we have the following theorem. 


Theorem 4. A symmetric kernel K is complete if and only if the system of its 
eigenfunctions is complete. 


Remarks. 1. From this theorem and relation (7.4.18) we find that infinity is not 
an eigenvalue of the kernel. Thus if infinity is not an eigenvalue of a symmetric 
kernel, we have a complete set of eigenfunctions. 
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In case infinity is an eigenvalue of the kernel, then the system is rendered 
complete by adding to it the eigenfunctions of the eigenvalue infinity. This 
situation is similar to the null space of a linear operator. 


2. Theorem 2 concerning the completeness of eigenfunctions follows from 
the preceding analysis because a definite kernel is always complete. Indeed, if 


b 
/ K(s,t)w(t)dt =0, 


for a nonzero function y(t), then 


b b 
(Kv, W) = / / K(s, )W(s)(t)ds dt =0, 


which contradicts the hypothesis of definiteness. 

Combining Remarks 1 and 2, we find that the symmetric kernel is definite 
if infinity is not an eigenvalue. 

In Section 5.5 we converted the Sturm—Liouville problem into an integral 
equation. We now study it in the context of the present analysis. 

Let the Sturm—Liouville differential operator be 


pen {pr<-} +40) ax<s<b, (7.4.20) 


where p(s) and q(s) are continuous in the interval [a, b] and in addition p(s) 
has a continuous derivative in this interval. We discuss two kinds of equations, 
that is, 


Ly = f(s), a<s<b, (7.4.21) 
and 
Ly —Aar(s)y =0, a<s<b. (7.4.22) 


The function 7(s) is continuous and nonnegative in [a, b]. Each of these equa- 
tions is subject to the boundary conditions 


aiy(a) + azy'(a) =0, (7.4.23a) 
Biy(b) + Boy’(b) = 0. (7.4.23b) 


Let us assume that it is not possible to obtain a nonzero solution of the system 
(7.4.22) and (7.4.23) for the case A = 0. This means that there is no eigenfunction 
corresponding to the eigenvalue A = 0. Accordingly, we assume that a function 
gi, satisfies the boundary condition (7.4.23a): a1¢)(a) + a29,(a) = 0, and 
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another function ¢ satisfies the boundary conditions £;¢2(b) + B26,(b) = 0. 
This amounts to solving the following two initial value problems. 


Li) =0, $i(a) = —a2 , $\(a) =a, (7.4.24) 


L(¢2) = 0, $2(b) = —B2, $3(b) = Bi . (7.4.25) 

With the help of the two linearly independent solutions of the systems 

(7.4.24) and (7.4.25) we write the solution of the inhomogeneous equation 
(7.4.21) as 

y(s) = Ci(s)Gi(s) + C2(s)G2(s) (7.4.26) 


and use the method of variation of parameters. Accordingly, C,(s) and C2(s) 
are obtained from the relations 


Ci(s)G1(s) + Cz(s)G2(s) = 0, (7.4.27a) 
C1(5)b4(s) + Cy(s)G5(s) = f (s)/ pls) . (7.4.27b) 


We need one more relation for ¢;(s) and ¢2(s) to derive the solution of equation 
(7.4.21). This follows from relation (5.5.12) to be 


P(b2; — $193) =A. (7.4.28) 


Because ¢; and ¢2 can be determined up to a constant factor, we choose the 
preceding expression to be 


P($29, — $165) = -1. (7.4.29) 
From relations (7.4.27) and (7.4.29) we find that 


Ci(s) = —d2(s) f(s), C3(s) = o1(s) f(s) 
and therefore, 


b 
Cox i do(E) f(E)E, 


EG = / bi(E) fF (E)dE 


with convenient constants of integration. Substituting these values in Equation 
(7.4.26) and using the notation of Section 5.5 we have 


b 
y(s) = / G(s; €) f(s)ds , (7.4.30) 


where 


1 (€)d2(s), E<s, 
G(s; = pe i 7.4.31 
Sy ee) anne g>s, aes 
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which agrees with the analysis of Section 5.5. Recall that there we symmetrized 
this kernel by setting G(s, &) = G(s, &)[r(x)]'/7[r(y)]'”. For the proof of the 
completeness of this kernel and the discussion of the case when A = 0 has a 
non-zero eigenfunction, see Corduneanu [5]. 


7.5. Solution of a Symmetric Integral Equation 


Let us use the Hilbert-Schmidt theorem to find an explicit solution of the in- 
homogeneous Fredholm integral equation of the second kind 


g(s) = f(s) +i] Ko, t)g(t)dt (7.5.1) 


with a symmetric £2-kernel. It is assumed that A is not an eigenvalue and 
that all the eigenvalues and eigenfunctions of the kernel K (s, t) are known and 
arranged as in (7.3.1) and (7.3.2), respectively. The first thing we observe is that 
the function g(s) — f(s) has an integral representation of the form (7.4.1). As 
such, we can use the Hilbert-Schmidt theorem and write 


g(s) — f(s) = >> cedu(s), (7.5.2) 
k=1 
where 
C= / [g(s) — f(s)]oj(s)ds = ge — fr (7.5.3) 
with 
8k = [ ecrozioas. hk = / f (s)of(s)ds . (7.5.4) 


Furthermore, the relation (7.4.2) gives 
= g/t . (7.5.5) 
Because A is not an eigenvalue, from Equations (7.5.3) and (7.5.5) we have 


Ce = [A/On — DI fe; Bk = [An/On — Afi - (7.5.6) 


Substituting the value of c, from Equation (7.5.6) into (7.5.2), we derive the 
solution of the integral equation (7.5.1) in terms of an absolutely and uniformly 
convergent series: 


te 
vr $x(s) (7.5.7) 


g(s)=f(s)+r)> 
k=1 
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or 
Sf De (s) oe (t) 
_ i ENE Nice 
g(s) = f(s) + s =) 


Thus, the resolvent kernel I'(s, ¢; 4) can be expressed by the series 


OLA) 

T(s,t; A) = » aS (7.5.9) 
from which it follows that, the singular points of the resolvent kernel I" cor- 
responding to a symmetric £2-kernel are simple poles and every pole is an 
eigenvalue of the kernel. 

The preceding discussion is based on the assumption that A is not an eigen- 
value. If it is an eigenvalue, then it necessarily occurs in the sequence {A,;} and 
perhaps is repeated several times. Let A = Am = Am41 = ++: = Am. For the 
indices k, different from m,m-+1,...,m’, the coefficients c, and g, in Equa- 
tion (7.5.6) are well-defined. However, if k is equal to one of these numbers, 
then f, = 0. This means that the integral equation (7.5.1) is soluble if and 
only if the function f(s) is orthogonal to the eigenfunctions $m, @m+41,-- +» Pm'- 
When this condition is satisfied, the solution is given by formula (7.5.7), where 
the coefficients with the indeterminate form 0/0 have to be taken as arbitrary 
numbers. 

Finally, we attempt to solve the Fredholm integral equation of the first kind 


f(t)dt. (7.5.8) 


fs= / K(s, t)g(t)dt, (7.5.10) 


where the kernel K (s, t) isa symmetric £2-kernel. We again assume that the se- 
quence of eigenvalues {A,} and corresponding eigenfunctions {¢,(s)} are known 
and arranged as in Equations (7.3.1) and (7.3.2). 

From relation (7.4.2), we have 


Te = 8k/Ax or Sk = A fe - (7.5.11) 
Because of the Riesz—Fischer theorem, there are only two possibilities: either 
(a) the infinite series 


lee) 
fet (7.5.12) 
k=1 


diverges and Equation (7.5.10) has no solution, or (b) the series (7.5.12) con- 
verges and there is a unique £2-function g(s) which is the solution of Equation 
(7.5.10). This solution can be evaluated by taking the limit in the mean 


g(s) = lim | Ak fide (s) - (7.5.13) 
k=1 
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7.6. Examples 
Example 1. Solve the symmetric integral equation 


1 
g(s) = (s +1)? + / (st +57t”)g(t)dt . (7.6.1) 
-1 


The eigenvalues and eigenfunctions for this symmetric kernel can be found 
by the method of Chapter 2 (see Example 4 in Section 2.2): 


3 1 
M=, 1) = (58), 


: (7.6.2) 
Bae — 2 
=5, gals) = [(1/v2) Vi0|s 
Ss 1 2 
fi -| (t* + 2¢ + 1) 5¥6 tdt= 36. 
- , (7.6.3) 
5 ~f (2421) (v1) t? dt = (8/15)V10 . 
-1 
Thus, 
(2/3)V6 (1 (8/15)/10 /1 ‘ 
=> ira Te a a 1 1 
g(s) ADEs 5v6 St ey 1 5V10)s* +(s +1) 
or 
g(s) = (25/9)s? +65 +1. (7.6.4) 
Note that, in Equation (7.6.1), 4 = 1, which is not an eigenvalue. 
Example 2. Solve the symmetric integral equation 
3 1 
g(s)=s7 +14 ; / (st +.s7t?)g(s)ds . (7.6.5) 
-1 


HereA =A, = 3, so we shall have the indeterminate form 0/0 in one of the 
coefficients. Fortunately, the function (s* + 1) is orthogonal to the eigenfunction 


(3 6) s, which corresponds to the eigenvalue 3. Following the procedure of 
Section 7.5, we obtain 


1 
fi=0, fp= fe +1) (5vi0) dt = (8/15)V10. — (7.6.6) 


Thus, the required solution is 


_ 3 (8/15)V10 (1 F ; 
8) = 3 Gap (gY) +es+s*+1 
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or 
g(s) =5s*+ces+1, 


where c is an arbitrary constant. 
Example 3. Solve the symmetric integral equation 
g(s) = f(s) +a | k(s)k(t)g(t)dt . 
If we write 
/ k(s)k(t)k(t)dt = | / [k(t)]° at| k(s), 
we observe that 
Ay =1/ i [k(t)]? dt 

is an eigenvalue. The corresponding normalized eigenfunction is 


1/2 
gu(s) = k(s)/ / [keoPar| 


The coefficient f; has the value 


~1/2 
f= / jecopar / f(t)k(t)dt . 


Thus, for A 4 Aj, the solution is 


8(S) = [Afi/@1 — A)]Oi(5) + FCS) 


or 


g(s) = (x40) ‘f f (s)k(s)ds / {1 —i / jes} + f(s). 


On the other hand, if 


A=‘ = 1/ f etsyPas, 


then f(s) must be orthogonal to ¢(s), and in that case the solution is 


g(s) = f(s) +ck(s), c an arbitary constant . 


(7.6.7) 


(7.6.8) 


(7.6.9) 


(7.6.10) 


(7.6.11) 


(7.6.12) 


(7.6.13) 


Example 4. Solve the symmetric Fredholm integral equation of the first kind 


1 
[ K(s, t)g(t)dt = f(s) 


(7.6.14) 
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where 
s(1—f), s<t, 
K(s,t) = (7.6.15) 
d-s)t, S>t. 
Recall that in Example 2 of Section 5.3 we proved that the boundary value 


problem 


d’y 
Ws? +iAy=0, y(0) = y(1) = 0 (7.6.16) 


is equivalent to the homogeneous equation 


g(s)= af K(s, t)g(t)dt . (7.6.17) 
The eigenvalues of system (7.6.16) are 
Ay =7", do = (27)?, A3 = Gr), ..., 
and the corresponding normalized eigenfunctions are 
J2sin TS, J2sin 27s , J2sin3zs , obepicy (7.6.18) 
Therefore, 
1 
fe = V2 i (sin kart) f (t)dt, (7.6.19) 
and the integral equation (7.6.14) - a solution of class £2 if and only if the 


infinite series 
lo e) lo e) 


PH DED 
k=1 k=1 
converges. 


Example 5. Solve Poisson’s integral equation 


1—p* (a)da 
jos | ee Ee : 
2x Jo 1-—2p[cos(? —a)] + p 
O0<v<27; O0<p<1. 
(7.6.20) 
Here, the symmetric kernel K (#, ~) can be expanded to give 
K (8, a) = [1 — p?)/2m]{1 — 2p[cos(d — w)] + p?}"} 
foe) 

= (1/2x) + (1/2) )- p* cos[k(o — @)] . (7.6.21) 


k=1 
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It is a matter of simple verification that, by using the expansion (7.6.21), one 
gets ie” K(3, w)da = 1, or 
Qn 


K(d, a)(22)7?*da = (22)7'/? , 
0 


which means that Ag = 1, ¢o(s) = (277)~'/”. Similarly, using the formula 
2x 


K(6,a)°s nada=p" . nv, n=1,2,3,..., 
sin 


0 sin 


we have 

Are—1 = Are = p* 5 bx-1(s) = 27" cosks ; 
eines (7.6.22) 
x (s) = 2~'/* sinks , k =1,2,3,.... 


We can now readily evaluate the coefficients f; in the series (7.5.12), and it 
emerges that the integral equation has an £2-solution if and only if the infinite 


series 
az +b? 
Ss pr" ‘ 
where 
2n 2n 
a, = (1/77) f(@) cosnddd , b, = (1/7) f(@)sinn’d dd 
0 0 
(7.6.23) 

converges. 


7.7. Approximation of a General C2-Kernel (not Necessarily 
Symmetric) by a Seperable Kernel 


In Section 2.5, we approximated an analytic kernel s(e* — 1) by a separable 
kernel. In this section, we show that we can approximate every £2-kernel in 
the mean by a separable kernel. The proof rests on the availablility of a two- 
dimensional complete orthonormal set as discussed at the end of Section 7.1. 

Let K(s, t) be an £o-kernel and let {y;(s)} be an arbitrary, complete, or- 
thonormal set over a < s < b. Then, the set {vi(s)¥;O} is a complete 
orthonormal set over the square a < s,t < b. The Fourier expansion of the 
kernel K (s, t) in this set is 


K(s,t)= )> Ki viOvj7O, (7.7.1) 


i,j=l 
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where the K;; are the Fourier coefficients 


Kij = / K(s, t) Wj; (s)wj (ods dt . (7.7.2) 


Parseval’s identity gives 


[o.e) 
// |K(s,t)?dsdt = > |Kijl’. (7.7.3) 
i,j=l 


Now, if we define a separable kernel k(s, t) as 


k(s,t)= D> Kiwis), 


i,j=l1 


we find after a simple calculation that 


/ |K(s,t)-—k(s,)P? dsdt= > |Kijl’. (7.7.4) 


i, j=n+1 


But the sum in Equation (7.7.4) can be made as small as we desire by choosing a 
sufficiently large n because the series (7.7.3) is convergent by hypothesis. This 
proves our assertion. 


7.8. The Operator Method in the Theory of Integral Equations 


In this section, we show briefly how we can treat a Fredholm integral equation 
from the standpoint of modern functional analysis. We have already analyzed the 
properties of a function space in Section 7.1. We now note that the transformation 
or operator K, 


Ko= / K(s, t)o(t)dt , (7.8.1) 


is linear inasmuch as 


K(¢ + $2) = Koi + Kd2, K(ad) =ako. 


The operator K is called bounded if ||K@¢|| < M||@|| for an £2-kernel 
K(s, t), an £2-function ¢, and a constant M. The norm ||K || of K is defined as 


|K || =/.u.b.(|Kegllllg i). 


or 
|K || =1.u.b.|Kegll, lgll=1, (7.8.2) 
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the two characterizations being equivalent. A transformation K is continuous 
in an £2-space if, whenever {,} is a sequence in the domain of K with limit 
¢, then K¢, — K@. A transformation is continuous in the entire domain of K 
if it is continuous at every point therein. Fortunately, a linear transformation is 
continuous if it is bounded and vice versa, and it is easy to show that the operator 
K as defined previously is bounded. Indeed, by starting with the relation 


y(s) =Kge= [ Ko. t)p(t)dt, 


we have 


2 
< i IK(s, [de / oat 


lWv(s)/? = | / K(s, t)p(t)dt 


or 
sy? < eI? / IK(s,.)Pde . 


Another integration yields 


1/2 
lvl = KOI) < I / i KG, )Pasar| 


which implies that 


1/2 
ixi<|/ IK(s,0P dsat] : (7.8.3) 


as desired. 

A rather important concept in the theory of linear operators is the concept 
of complete continuity. An operator is described as completely continuous if it 
transforms any bounded set into a compact set (a set S of elements ¢ is called 
compact if a subsequence having a limit can be extracted from a convergent 
sequence of elements of S). Obviously, a completely continuous operator is 
continuous (and hence bounded), but the converse is not true. Furthermore, any 
bounded operator K whose range is finite-dimensional is completely continuous 
because it transforms a bounded set in £2(a, b) into a bounded finite-dimensional 
set which is necessarily compact. Many of the integral operators that arise in 
applications are completely continuous. For instance, a separable kernel K (s, f), 


n 


K(s,t) =) > ai(s)bi), 


i=1 
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where a; (s) and b; (t) are £2-functions is completely continuous, as can be proved 
as follows. Indeed, for each £2-function 


Kg = / bp artnet dt = > ciaj (Ss), 
i=1 


i=1 


that is, the range of K is a finite-dimensional subspace of £2(a, b). In addition, 


n n 
YS ciai(s)] < > leil Wail 
i=1 i=1 


< Dia [eel ieee. (78.4) 
i=1 


|Kgll = 


Applying the Schwarz inequality in Equation (7.8.4), we have 
Kgl < Mllgll, (7.8.5) 


where M = )-7_, |la;|| ||bil|. This means that K is a bounded operator with 
finite-dimensional range and hence is completely continuous. 

We can use this result to prove that an £2-kernel K(s, t) is completely 
continuous. We need only the theorem that, if K can be approximated in norm 
by a completely continuous operator, then A is completely continuous. If we 
assume this theorem, then our contention is proved because an £2-kernel can 
always be approximated by separable kernels, as shown in the previous section. 

Next, we prove the interesting result that the norms of K and of its adjoint 
K* are equal. To this end, we appeal to the relation (7.1.12): 


(Ko, ¥) = (¢, K*), (7.8.6) 


which holds for each pair of £2-functions ¢, y. Substituting y = K@ and 
applying the Schwarz inequality, we obtain 


(K¢, Kd) = (¢, K*K¢@) < |||] |K* K$|], 


where we have used the fact that (K¢, K #) is a nonnegative real number. Hence, 


IK GI? < IK*ll lll] IK¢II or IK#ll < IK" loll - 


This last inequality implies that ||K|| < ||K*||. The opposite inequality is 
obtained by setting ¢ = K*y in Equation (7.8.6). 

In Section 7.2, we stated the property that the reciprocal of the modulus 
of the eigenvalue with the smallest modulus for a symmetric £-kernel K is 
equal to the maximum value of |(K¢, ¢)| with ||@|| = 1. This property can be 
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proved as follows. Indeed, an upper bound for the reciprocal of the eigenvalues 
is immediately available because, for the eigenvalue problem AK @¢ = @, 


(Ko, b) = 1/A)\(b, 6) = C/I I, 
which implies 
(I/A}IIPI? = (Kd, 9) < IKI lfll < IKI Ie? - (7.8.7) 
From Equations (7.8.3) and (7.8.7), we derive an upper bound 


1/2 
nals | / K(s,)%dsar| ; (7.8.8) 


When the £2-kernel is also symmetric, we can use the following result from the 
theory of operators: If K is a symmetric and completely continuous operator, at 
least one of the numbers ||K || or —||K || is the reciprocal of an eigenvalue of K 
and no other eigenvalue of K has smaller absolute value. 

By recalling the definition of ||K || and the fact that a symmetric £2-kernel 
generates a completely continuous operator, we have proved Property 7 of Sec- 
tion 7.2. In the process, we have also proved the existence of an eigenvalue. 

Suppose we have found the first eigenvalue 4, and corresponding eigen- 
function ¢; in the sequences (7.3.1) and (7.3.2). To find the next eigenvalue A> 
and the corresponding eigenfunction ¢2, we shorten the kernel K by subtracting 
the factor 6 ¢7/A, from it. Then, from Theorem 2 of Section 7.3, we find that 
the kernel K = [K — ($167)/A1] satisfies all the requirements of a symmetric 
£5-kernel. Following the preceding discussion, we find that at least one of the 
numbers ||K || or —||K || is the reciprocal of Az. This process is continued 
until all the eigenvalues and eigenfunctions are derived. The only drawback in 
this process is that, to find the (7 + 1)th eigenvalue, one has to find the first n 
eigenvalues. This situation is remedied by the so-called maximum-minimum 
principle, and this is not on our agenda. The reader is referred to Courant and 
Hilbert [6] for this discussion. 


7.9. Rayleigh—Ritz Method for Finding the First Eigenvalue 


Let us take a real, nonnegative, and symmetric £2-kernel K. We have found 
that the smallest eigenvalue A, is characterized by the extremal (or variational) 
principle 

1/Ay = max(Kd,$), [Ill = 1. (7.9.1) 
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The Rayleigh—Ritz method rests on selecting a special class of trial functions of 
the form @ = )-;_, a Wi(s), where {y;(x)} is a suitably chosen set of linearly 
independent functions and {a@;} are real numbers. The relation (7.9.1) implies 
that, to obtain a close approximation for A;, we must maximize the function 


(K9, ¢) = (x ba) ; Sah) = 0 Kinoioy, (7.9.2) 
i=1 i=1 i,k 


subject to 
2 


= Cit hj a, = 1 . (7.9.3) 
i,k=1 


Y@vi) 
i=1 
where 


Kig = (K Wis Ve) = (Wis KY) 5 Cik = (Wis Ve) = Ve Wi), (7.9.4) 


are known quantities. Thereby, we have transformed the extremal problem 
(7.9.1) into an extremal problem in the advanced calculus of several variables 


Q1,...,Q@,. We use the method of Lagrange multipliers and set 
n 
= \> (Kineiag — 0 Cini) , (7.9.5) 
i,k=1 


where o is an undetermined coefficient. The extremal values of a; are determined 
from the equations d®/da; = 0; 


n n 
> Kinor —o Do cieoy =0, =f =1,...,n. (7.9.6) 
k=1 i=l 


This linear and homogeneous system of equations in @j,...,Q@, will have a 
nontrivial solution if and only if the determinant 
Ky —oCy, Ky2-0C12 ... Kin —OCp 
: =0. (7.9.7) 
Kn — OCyj Kin2 —OCn2 .-- Knn — OCnn 
Also note that, by multiplying Equation (7.9.6) by a; and summing on i, one 
obtains 0 = (K®@, @). 

The determinant (7.9.7), when expanded, yields an nth-degree polynomial 
ino which can be shown to have n real, nonnegative, but not necessarily distinct, 
roots. Leto be the maximum of these roots. Then, from the previous discussion, 
we infer that 0; < 1/4}. This usually gives a good approximation to A;. When 
we solve Equations (7.9.6) for the vector (a1, ..., @,) with o = oy and evaluate 
ob = o7_, a Wi, it emerges that ¢ is usually not a good approximation for ¢}. 
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For the particular case when the trial functions y; (x) are orthonormal in the 
given interval, the computation is considerably simplified because then c;; = 4;;. 
The relations (7.9.6) and (7.9.7) take the simple forms 


n 
Yo Kine og; =0, 1=1,2,...,0 (7.9.8) 
k=1 
and 
Ky,-o0 Ky ... Ki, 
=0, (7.9.9) 
Kn Kr Knn — 0 


respectively. We illustrate this method by two examples. 


Example 1. Find the first eigenvalue of the integral equation 


1 
g(s)—2 [ K(s, t)g(t)dt =0, (7.9.10) 
0 
where ‘ 
K(s Te naan oe (7.9.11) 
oe 5t(2—s), s>t, a 


which can be shown to be a positive kernel. This integral equation can be proved 
to be equivalent to a simple ordinary differential equation (see Example 2 in 
Section 5.3. The exact value of the smallest eigenvalue is 4.115.) 
To apply the Rayleigh—Ritz procedure, we take two trial functions: 
Vn(s) =V2sinnas, n=1,2, (7.9.12) 
which are orthonormal in the interval (0, 1). Proceeding as above, we have 
Ky, =2/n’, Ky = Ky, = —1/2n’, Ky, =1/2n?. (7.9.13) 
The relation (7.9.9) gives for this special case 
(2/n?2) —o —1/2n? | 
—1/2n?2 (1/2x7)—a}| 


The largest root of Equgation (7.9.14) is o = 2.15/*. Thus, Ay ~ 27/2.15 = 
4.59. By including more functions in the sequence (7.9.12), we can improve the 
approximation progressively. 


0. (7.9.14) 


Example 2. Find an approximation for the smallest eigenvalue of the positive- 
definite symmetric kernel 


S, S<t, 
K(s,t) = | (7.9.15) 


t, s>t, 
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in the basic interval (0, 1). 
To use the Rayleigh—Ritz method, we take two trial functions 
ils) =1, vals) = @s—-1), (7.9.16) 


which are orthogonal but not orthonormal [they are Legendre poynomials Po (2s — 
1), Pi (2s — 1)]. Thus, 

cu =1, C12 = C2 = 0, cz = 1/3, 
(7.9.17) 
Ky, = 1/3, Ki2 = Ky, = 1/12, Kz = 1/30. 


Substituting Equation (7.9.17) in (7.9.7) and evaluating the determinant, we have 
a” — (13/30)o + (1/80) = 0. The largest root is 0; = (1/60)[13 + (124)'/7]. 

Thus, the smallest eigenvalue is A; = 1/0, ~ 2.4859, which compares favorably 
with the exact value 2.4674. 


Exercises 


1. Show that, if (K@, ¢) is real for all ¢, then K is a symmetric Fredholm 
operator. 


2. Determine the iterated kernels for the symmetric kernel 
oo 
K(s,t) = >, k“| sinks sinkzt . 
k=1 


3. Show that the kernel K(s,t),0 <s,t <1, 
s(1—f), s<t 

K(s,t) = | 
t(l—s), s>t 


has the bilinear form 


sinkzs sinkrt 
K(s,t) = 2)" Ee oS 


4. Use the result in Exercise 3 and show that 


“1 mn? 
aa 


5. Consider the eigenvalue problem 


1 
gis) =a / (= |s— teat. 
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Differentiate under the integral sign to obtain the corresponding differnetial 
equation and boundary conditions. Show that the kernel of this integral equation 
is positive. 


6. Determine the eigenvalues and eigenfunctions of the symmetric kernel 
K(s,t) = min(s, t) in the basic intervalO < s,t <1. 


7. Use the Hilbert-Schmidt theorem to solve the symmetric integral equations 
as given in Examples 1 through 3 and 6 in Section 2.2. 


8. Apply the Gram-Schmidt process to orthogonalize 1, s, s”, s? in the interval 
—1 <s <1. Use this result to find the eigenvalues and eigenfunctions of the 
symmetric kernel K(s,t) = 1+ st +s*t? + 572°. 


9. Consider the kernel K(s,t) = log[1 — cos(s — t)],0 < s,t < 27. Show 
that (a) it is a symmetric £2-kernel; (b) the following holds: 


°°. cosns cosnt 2°. sinns sinnt 
ee ae ns n 2557 2 innt 


n=1 n=1 Le 


and (c) its eigenvalues are Ag = —1/(27 log2), A, = —n/2n,n = 1,2,..., 
with eigenfunctions ¢9(s) = C, ¢,(s) = Acosns + B sinns, where A, B, and 
C are constants. 

10. Show that, under the hypothesis of Mercer’s theorem we have 


io,e) 


1 
ys 5 = | Koss = As. 


k=1 
Thus, the formula (7.4.12) is valid for m = 1. 


11. By combining Sections 5.5 and 7.4, show that the eigenfunctions of any 
self-adjoint differential system of the second order form a complete set. 


12. Prove that, for a square-integrable function, the Fourier transform preserves 
norms. 


CHAPTER 8 


Singular Integral Equations 


8.1. The Abel Integral Equation 


An integral equation is called singular if either the range of integration is infinite 
or the kernel has singularities within the range of integration. Such equations 
occur rather frequently in mathematical physics and possess very unusual prop- 
erties. For instance, one of the simplest singular integral equations is the Abel 
integral equation 


fs)= [isor —1t)*]dt, 0<a<1, (8.1.1) 
0 


which arises in the following problem in mechanics. A material point moving 
under the influence of gravity along a smooth curve in a vertical plane takes the 
time f(s) to move from the vertical height s to a fixed point 0 on the curve. The 
problem is to find the equation of that curve. Equation (8.1.1) with a = 1/2 is 
the integral-equation formulation of this problem. 

The integral equation (8.1.1) is readily solved by multiplying both sides by 
the factor ds/(u — s)'~* and integrating it with respect to s from 0 to u: 


4 f(s)ds = 4 ds 5 g(t)dt 
I (a =.s)'-* =| (u Sail (s—t)* er) 


The double integration on the right side of Equation (8.1.2) is so written that 
first it is to be integrated in the t direction from 0 to s and then the resulting 
single integral is to be integrated in the s direction from 0 to uw. The region of 
integration, therefore, is the triangle lying below the diagonal s = ¢. (See Figure 
8.1.) We change the order of integration so that we first integrate from s = ¢ to 
Ss = u and afterwards in the ¢ direction from t = 0 to t = u. Equation (8.1.2) 
then becomes 


“ f(s)ds__ if" ‘ ds 
i Gaol =f coat | Gp 6op (8.1.3) 


To evaluate the integral 


[ ds 
1 (u—s)!-*(s —t)e ’ 


182 8. Singular Integral Equations 


t 


FIGURE 8.1 


one sets y = (u — s)/(u — £), and obtains 


u 1 
/ (u—s)*\(s —t)%ds = [ y* 1d —y) “dy =n/sinaz, 
t 0 


where we have used the value of the Eulerian beta function B(a, 1 — a) = 
x/sinaz. Substituting this result in Equation (8.1.3), we have 


sin a7 [ f(s)ds = a g(tde, 
mx Jo (u—s)!* 0 

which, when differentiated with respect to u, and then changing u to f, gives the 
required solution: 


_ sinan d : eae 
gi= en | f f(s)(@t—-s) as| : (8.1.4) 


We cannot differentiate under the integral sign in the preceding formula 
because that would create a divergent integral. But this can be remedied by first 
integrating by parts: 


_ sinax d [ (@¢—s)* ‘ Ly coerce 
g(t) = ral FO) +5 fens f'(syas] 
5 ene E fO+- i (t—s)* f'(syas| ; 
x dt\a a Jo 


Thereby, we have built up the power of (t — s) inside the integral sign so that 
we can now differentiate under the integral sign and get 


sin az 


gt) = = 


| fOr + i (t —s)*} f'(svas| ; 
0 
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The integral equation (8.1.1) is a special case of the singular integral equation 
(see Sneddon [63]) 


* _g(t)dt 
a [A(s) —hOF 
where A(f) is a strictly monotonically increasing and differentiable function in 
(a, b), and h'(t) # 0 in this interval. To solve this, we consider the integral 


° hu) f (udu 
a [A(s) —h(u)]!- ’ 
and substitute for f(u) from Equation (8.1.5). This gives 


f a g(t)h'(u)dt du 
a Ja [A(&) — h(t)}*[A(s) — At) * 


which, by change of the order of integration, becomes 


i gid f h’(u)du 
a 1 [A(u) — A(t)]*[A(s) — Au) ]}-* - 


The inner integral is easily proved to be equal to the beta function B(a, 1 — @). 
We have thus proved that 


5 h’'(u) f(u)du Xu [ 

ee t at , 1. 
i [A(s) —h(u)]!-* sina Jq st) ee 

and by differentiating both sides of Equation (8.1.6), we obtain the solution 

snazx d [' h’'(u)f(ujdu 


fo= ; O0<a<1l, (8.1.5) 


BOS ae Be eae ee (8.1.7) 
Similarly, the integral equation 
b 
2 g(t)dt 
fG) =| TORSONG AO O<a<l, (8.1.8) 


anda <-s < b, with A(t) a monotonically increasing function, has the solution 
sinax d [(° h’(u)f(u)du 
a dt J, [h(u) —h(t)]-* ” 


We close this section with the remark that a Fredholm integral equation with 
a kernel of the type 


g(t) =— (8.1.9) 


K(s,t)=H(s,0)/|t—-s|",  O<a <1, (8.1.10) 


where H(s,t) is a bounded function, can be transformed to a kernel that is 
bounded. It is done by the method of iterated kernels. Indeed, it can be shown 
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[54],[58],[65] that, if the singular kernel has the form as given by the relation 
(8.1.10), then there always exists a positive integer po, dependent on a, such that 
for p > po, the iterated kernel K,(s, t) is bounded. For this reason, the kernel 
(10) is called weakly singular. 

Note that, for this hypothesis, the condition a < 1 is essential. For the 
important case a = 1, the integral equation differs radically from the equations 
considered in this section. Moreover, we need the notion of the Cauchy principal 
value for this case. But, before considering the case a = 1, let us give some 
examples for the case a < 1. 


8.2. Examples 


Example 1. Solve the integral equation 
Ss 
g(tjdt 
= —_—, . 8.2.1 
: i GHP oe 
Comparing this with integral equation (8.1.1), we find that f(s) =s,a = 
1/2. Substituting these values in (8.1.4), there results the solution: 


1d s 
eo=25[f aas| 


4 


t 


1d 2 

= |S 2t)(t — s)'/? 
al a es) i 
1df4, ar? 

ep oe 8.2.2 
m dt E a ( ) 

Example 2. Solve the integral equation 
i t)dt 
f{@= 8) O<a<s<b<cnr. (8.2.3) 


(cost — coss)}/2 ’ 


Comparing Equations (8.1.5) and (8.2.3), we see that a = 1/2, and h(t) = 
1 — cost, a strictly monotonically increasing function in (0, 7). Substituting 
this value for h(u) in (8.1.7), we have the required solution 


1a '  (sinu) f (udu 
Hj=-— —_—__————_ |, t<b. 8.2.4 

st) x dt | (cos u — cos t)}/2 pe ( ) 
Similarly, the integral equation 


g(t)dt 


ante. » ie b<x, 8.2.5 
s (coss —cost)}/2 nea ( ) 


f(s) = 


8.2. Examples 185 


has the solution 
(sinu) f (u)du 


ia [ip 
ti=-- — ; t<b. 8.2.6 
gf) x dt , (cost | Pore 82.8) 


Example 3. Solve the integral equations 


(a) fS= cot O<a<1; a<s<b, (8.2.7) 
and 
b 
(b) fi) = | ae O<a<1; a<s<b. (8.2.8) 


From Equations (8.1.5) and (8.2.7), we find that h(t) = t?, which isa strictly 
monotonic function. The solution, therefore, follows from Equation (8.1.7), 


2sinax d f' uf(u)du 
dt (wr ’ a<t<b. (8.2.9) 


Similarly, the solution of the integral equation (8.2.8) is 


g(t) = 


2sinax d f? uf (u)du 
x dt Jj, (u2—1t?)!-#’ 
The results (8.2.9) and (8.2.10) remain valid when a tends to O and b tends 
to +00. Hence, the solution of the integral equation 


* g(t)dt 


gt)=- a<t<b. (8.2.10) 


f(s) = z (2-1 5 0 <a@a< 1 ¢ (8.2.11) 
is ; 
2sinanx d uf (ujdu 
Hn= —_—{ —-——_... 8.2.12 
gt) ma dt Jo (t? —u?)'-% ( ) 
Similarly, the solution of the integral equation 
foo 
g(t)dt 
f= f Gage Osea ls (8.2.13) 
is 4 
is ce fee (8.2.14) 


a  dtJj, (u?—t?)!-« 

Incidentally, we can integrate Equations (8.2.12) and (8.2.14) by parts as 
we did for Equation (8.1.4) and then carry out the differentiation. For instance, 
solution (8.2.12) becomes 


g(t) = asian [ror +f ASS | 
0 


(t? = u2)i-@ 
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Example 4. Solve the integral equation 
8 2a cos~!(p/2a) 
f@a=-— [ p g(p)dp i sin? 0 dd . (8.2.15) 
wa” Jo 0 


This integral equation arises in the study of granularity in photographic plates; 
f (a) denotes the granularity and g(p) denotes the autocorrelation. 
When we set 


2a=s, f(s/2) =h(s), cos? = x/s, 
Equation (8.2.15) becomes 
32 Ss Ss 
h(s) = — i] p g(p) dp / (s* — x?)"?dx . 
US 0 p 


An interchange of the order of integration reduces this integral equation to 


h(s) = i / (2 ~— x?)dx [ ; pg(p)dp . (8.2.16) 
ws 0 0 
With p? = u, x? = v and s? = £, Equation (8.2.16) becomes 
SP h(i) =2 5 ae (t — v)"2 dv, (8.2.17) 
where > 
G(v) = i g(ul/?)du. (8.2.18) 


By differentiating both sides of integral equation (8.2.17) we obtain the Abel 
integral equation 


t 
ZS {Pnce”)) =| ate are (8.2.19) 
Consequently, with the help of formula (8.1.7), we have 
1/2 
G(v) = “ at (8.2.20) 
where P F 
I= [ arp d{t? h(t!/7)} . (8.2.21) 


The next step is to substitute the value G(v) from (8.2.18) into (8.2.20) and 
differentiate both sides of the latter equation. The result is 
(v)'/? d7I ,_1 4 

4. dv? 8(v)1/2 du ~ 


g(v?) = (8.2.22) 
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Finally, we put v = pw? and t = A? in (8.2.22), use (8.2.21), and derive the 
required solution as 


ii id? “fh 1 a-(h 
6) = aa | aie 4 |* r(5)}. (8.2.23) 


Example 5. In this example we show that we can solve a Fredholm integral 
equation with logarithmic kernel: 


1 
/ ; : a 7 gidt=xf(s), O<s<d, (8.2.24) 
f _ 


by reducing it to an equation of the Abel type. For this purpose we first examine 
the integral 


. udu 
T=) (@=w@_wye’ O<s<t<1. 


When we write u = s sind, we have 


pa ssind dd ee eae a 
Jo Cas? ¥sFeos? 2 ~ "RT 


= log ————,, = =1 
Ca, og 


Similarly, forO <t < s <1, 
[ udu 1, s+t 
oo = = log —_.. 
0 (9? —u)@-u)}2 2°" s—t 


Thus, 


ae udu 1, stt (8.2.25) 
0 


(aE aR = 318 


Substitution of this value in Equation (8.2.24) results in the relation 


1 min(s,t) udu 
xf=2f go|f @=nesae|* 
udu 
=? [204 | asa oe 


udu 
+2] gcodt (62 — w2)(2 — wy}? 
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Changing the order of integration we find that 


udu 1 g(t)dt 
m f(s) = 2 (s2 — u2)1/2 u2)1/2 " (12 — u2)1/2 
Su S(u)du 


where 
(t)dt 
Su) = i: aE ae (8.2.28) 


Equations (8.2.27) and (8.2.28) are the integral equations of the type (8.2.7) and 
(8.2.8). Their solutions are 


2d fi uS(u)du 


f ae ome 
BS ee 2 I’ (8.2.29) 
and 
1d [" sf(s)\ds_ _ f() i f'(y)dy 
= a, » (ws au = Ge yaya (8.2.30) 
From the form of the solution (8.2.30) we may write (8.2.29) as 
2d fi uS;u)du 2 f(0) 
ES xa}, @—P)2' rid—P?’ (8.2.31) 
where S; (uw) is 
u % d 
si = [ Oe (8.2.32) 


0 (uP = yy” 
By substituting this value of S;(u) in Equation (8.2.31) and changing the order 
of integration, it readily follows 


(1 = s?)¥/? fi(s)ds 
qa f 


eeu a eee 


AW) 


2 
iu 


g(t) = 


8.3. Cauchy Principal Value for Integrals 


The theory of Riemann integration is based on the assumption that the range of 
integration is finite and that the integrand is bounded. For the integration of an 
unbounded function or an infinite range of integration, the concept of improper 
integrals is introduced. 

Consider a function f(s), defined in the interval a < s < b, which is 
unbounded in the neighborhood of a point c, a < c < b but is integrable in each 
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of the intervals (a, c—¢) andc-+7n, b) where € and 7 are arbitrary small positive 
numbers. Then, the limit 


b c-é b 
i f(s)\ds = lim If f(s)\ds + fis)ds} : (8.3.1) 
a 0 a c+n 


if it exists, is called the improper integral of the function f(s) in the range (a, b). 
Here, it is implied that ¢ and 7 tend to zero independently. But it may happen 
that the limit (8.3.1) does not exist when ¢ and 7 tend to zero independently of 
each other, but exists if ¢ and 7 are related. The classic example is the function 
f(s) =1/(s —c), a < c < b; the limit (8.3.1) in this case is 


c~® ds > ds b-c € 
+ = log +log-. 
ay Se: Seg c-a n 


If ¢ and 7 tend to zero independently of each other, then the quantity log(e/7) 
will vary arbitrarily. However, if ¢ and 7 are related, then the preceding limit 
exists. In the special case € = 7, this limit is 


> ds b—-c 
= log (8.3.2) 
a 


f—=c c—a 


and is called the Cauchy principal value or Cauchy principal integral. 

The same definition applies to a general function f (s). The Cauchy principal 
value of a function f(s) that becomes infinite at an interior point x = c of the 
range of integration (a, b) is the limit 


c—é b 
lim (/ +f ) f(s)ds, (8.3.3) 
6>0 \Ja c+e 


0<e<min(c—a,b—c). 


Such a limit is usually denoted as Pf” P f(s)ds or f e f (s)ds. We use the latter 
symbol in the sequel. 

A similar definition for the Cauchy principal value is given for integrals 
with an infinite range of integration. For instance, the limit 


loo) B 
/ f(s)ds = lim / f(s)ds 
~~ greli4 


may not exist when A and B tend to infinity independently of each other, but the 
limit exists when A = B. This limit, 


where 


A 
lim / f(s)ds, (8.3.4) 
A->oco =a 
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is called the Cauchy principal value. The limits (8.3.3) and (8.3.4) are also called 
singular integrals. 

If a function f(s) satisfies certain regularity conditions, then the aforemen- 
tioned singular integrals exist. One such concept of regularity is the Hdlder 
condition. A function f(s) is said to satisfy the Hélder condition if there exist 
constants k and a, 0 < a < 1, such that, for every pair of points s;, s2 lying in 
the range a < s < b, we have 


If (si) — fS2)| < klsi — s2|* - (8.3.5) 


Such a function is also said to be Hélder continuous. The special case a = 1 is 
often called the Lipschitz condition. 

It is not hard to prove that, if f(s) is Hélder continuous, then the singular 
integral 


/ [f(t)(t —s)]dt (8.3.6) 
exists. Indeed, the integral (8.3.6) can be split as 
b b _ 
fo f Lata (oes AU (8.3.7) 
2t—-s Ja t—s 


The first integral has the principal value as proved by the relation (8.3.2). In the 
second integral, the integrand is such that 


fo -f®™ 


&kiras\t*, 
t-— Ss 


Therefore, this integral exists as an improper integral fora < 1 andasa Riemann 
integral for w = 1. The function f;(s) defined by the singular integral (8.3.6), 


Ore [ LF /e — s)\de, 


has the following property, which we state without proof. If f(s) is Hélder 
continuous with exponent a, w < 1, then f,(s) is also Hélder continuous in 
every closed interval (a;, b;), where a < a; < x < by < b. When f(s) is 
Hélder continuous with w = 1, then f;(s) is Hélder continuous with exponent 
B, which is an arbitrary positive number less than unity. 

The Hdélder condition can be extended to functions of more than one vari- 
able. For example, the kernel K (s, t) is Hélder continuous with respect to both 
variables if there exist constants k and a, 0 < @ < 1, such that 


|K (si, t1) — K (sz, t2)| < k[|s1 — s2l* + |t — t2/"], (8.3.8) 
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where (51, f,) and (52, ¢2) lie within the range of definition. 

The Cauchy principal value for contour integrals is also defined in a similar 
fashion. A contour integral of a complex-valued function with a pole c on the 
contour strictly does not exist. However, it may have the Cauchy principal value 
if this concept is extended for this case. For this purpose, let L be a closed or 
open regular curve (i.e., it has continuous curvature at every point) (see Figure 
8.2). Enclose the point c by a small circle of radius ¢ with center c. Let L; 
denote the part of the contour outside this circle. If a complex-valued function 
f(z), z =x +/iy, is integrable along L,, however small the positive number ¢, 


then the limit 
lim i f(z)dz, 
e>0 L. 


if it exists, is called the Cauchy principal value and is denoted as 


[ tea or Pf seaz. 
L L 


We are interested in the contour Cauchy integrals, 


i; [f(t)/(t —z)]dr, (8.3.9) 


in the sequel. It is known in the theory of functions of a complex variable that, 
if f(z) satisfies the Hélder condition 


| f (zi) — f @2)| < klz1 —2z2|", (8.3.10) 


where 21,22 is any pair of points on L, and k and q@ are constants such that 
0 < a@ < 1, then the integral (8.3.9) exists for all points z on the curve L, 
except perhaps its end points. The function f;(z) defined by the integral (8.3.9) 
is also Hélder continuous, with similar properties as given for the case of the 
corresponding real functions. 


lL. 


FIGURE 8.2 
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The definition (8.3.10) can be extended to complex-valued functions of 
more than one variable as was done for the preceding real-valued functions. 
Incidentally, the function f(t) occurring in the integral (8.3.9) is called the 
density of the Cauchy integral. 


8.4. The Cauchy-Type Integrals 


The integral 


f= i Se, (8.4.1) 
L 


2ni Jy TZ 
where L is a regular curve, is called a Cauchy-type integral. We first study the 
case when L is a closed contour. For the discussion of the integral equation 
(8.4.1), we need a result from the theory of complex-valued functions, which we 
state without proof. 

Let g(t) be a Hélder-continuous function of a point on a regular closed 
contour L and let a point z tend, in an arbitrary manner, from inside or outside 
the contour L, to the point t on this contour; then the integral (8.4.1) tends to the 
limit [3],[58] 


aii © 1 a g(t) 

i OBO ae ett (8.4.2) 
La eee 1 f* g@® 
ERS pO Sep eee (8.4.3) 


respectively. The formulas (8.4.2) and (8.4.3) are known as Plemelj formulas. 
It is interesting to compare them with the formulas (6.2.10) and (6.2.11). In- 
cidentally, we follow the standard convention of counterclockwise traversal of 
the closed contour L. This means that the first boundary value f*(t) relates to 
the value of the Cauchy integral inside the region bounded by ZL, whereas the 
second boundary value f~(¢) relates to the value in the outside region. 

Let 


1 [* g(t) 
=— dt, 8.4.4 
&i(t) eg ee T (8.4.4) 
Bose / B10) ae, (8.4.5) 
2ni J, t—t 


be two singular integrals, where g and g; are Hélder-continuous functions and L 
is a closed contour. Can we compound these two integrals and obtain an iterated 
integral connecting the functions g, and g? The answer is in the affirmative. To 
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prove this assertion, consider the Cauchy-type integrals 


_1 f s® 

fO= 55 / = eat (8.4.6) 
and ; (r) 
ag ee BES 

A@= oe J - ats (8.4.7) 


Using the Plemelj formula (8.4.2) and the integrals (8.4.6) and (8.4.7), we obtain 
the limiting values 


+74) 1 1 * g(t) 

PO 8) a ae — at, (8.4.8) 
+ ae 1 [ 81(T) 

frO= 58) + a dt. (8.4.9) 


Comparing the relations a and (8.4.8) on one hand and the relations (8.4.5) 
and (8.4.9) on the other hand, we obtain 


1 
git) = f*@— 580), (8.4.10) 
1 
g2lt) = FTO — 5a. (8.4.11) 
Substituting Equation (8.4.10) in (8.4.7) yields 
1 f( £@) 1 f g@) 
A@= ani sf ote _ af Per 3 (8.4.12) 


The value of the first integral in Equation (8.4.12) is f(z) because its density 
f*(c) is the limiting value of the function f(z), which is regular inside L, 
and therefore, we can use the Cauchy integral formula. The second integral is 
one-half of the integral in (8.4.6). Hence, fi(z) = 3 f (z), which implies that 


1 

AO=5fO0. (8.4.13) 

From Equations (8.4.10), (8.4.11), and (8.4.13), it follows that 
() = Sf — sf — 580] = 280 (8.4.14) 

ear 2 geen gene” se 
Finally, from Equations (8.4.4), (8.4.5), and (8.4.14), we have the required iter- 
ated integral: 
1 “du [* g(t) 

= — g(t 8.4.15 
oom | | TY ae 78. ( ) 
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the so-called Poincaré—Bertrand transformation formula. 

It is interesting to note that, in the formula (8.4.15), it is not permissible to 
change the order of integration. Indeed, if we change the order of integration, 
then the left side of (8.4.15) gives 


1 . i dt 
oa | g(e)de f GG ENC A (8.4.16) 


if dtu — 1 W dt i dt |= 
pL (t—-uy(m-t) toHtl, u-t L mt , 


where we have used the Plemelj formula (8.4.2), which gives for the present case 


a dt a at 
= =i. 
L mt Lumet 


Thus, the relation (8.4.16) is equal to zero and not ; g(t) as in (8.4.15). 

For the solution of the Cauchy type integral equations on a real line as 
presented in the next section we need certain algebraic identities which we 
present here [10]. 

Consider the integral 


--f (=) ee, (ee (8.4.17) 
0 (u—s)(s —¢) 


and set u — s = vs init. Then we have 


_ v*—ldy 
l= — 
0 vt — (u —t) 


But 


Next set , 
a, 0O<t <u, 
é= u-t 
== tu 
aap u<t. 


The result is 


-f(S) ds 

0 s (u —s)(s —t) 
(ut 
( 


1 a—1 
ae Zz i oe a wa os “7 cota , O<t<u, 
1 (t—u\e-1 a-lg aie q 
t F) . +1 ~ @ ‘Sinan’ OE east 


For the special case a = 5 (8.4.18) reduces to 


u 0, O<t<u 
mn | Soe ct | (8.4.19) 
0 


J/s(u —s)(s —t) eae u<t. 
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Another interesting result that we need is 


[ du Af V1 —s+V1+t (8.4.20) 
max(s,t) VU —S fu —t V1—s—VJ1+t ; a 
which is proved as follows. 
For s < t, the left side of Equation (8.4.20) is 
, d : d 
/ ge / Sl, (8.4.21) 
1 V~u—s Jf/u-t t Jsu2—(s+tjut+st 


Using the formula 


d 1 b 
| esr en (Ve Fe Vax t Z 
Ja 


ax* + bx +c Ja 
Equation (8.4.21) yields. 


[en -b(@ = GF Hu ts +n SE4)) 
=| Va=90=H +a + (S*)] nS) 
in| Hae 
eran mr 


which proves (8.4.20) for s < t. The same steps are needed for the case s > t. 


8.5. Cauchy-Type Integral Equation on the Real Line 


(i) Equation of the First Kind 
Consider the singular integral equation 


t)dt 
re ae =f(s), O<s<1, (8.5.1) 
) 
where the integral is understood in the principal value sense. The kernel 
1 
K(s-th= 
t—s 


is the Cauchy kernel and equations involving this kernel are known as the Cauchy 
type singular integral equations. The limits of integrations in Equation (8.5.1) 
can be taken to be any real numbers a and b instead of 0 and 1 because a simple 
translation and scale expansion reduces that general case to the case a = 0, and 
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b = 1, and vice versa as shown subsequently. Accordingly, we first conduct the 
analysis for this special case. 
To solve Equation (8.5.1) we proceed as follows. First, we multiply it by s 


and get 
1 
| On = =sf(s)t+e, (8.5.2) 
Us 


1 
=| g(t)dt . 
0 


Next, we multiply both sides of Equation (8.5.2) by ds/./s(u — s) and integrate 
with respect to s from 0 to u, so that we have 


where 


I wi tg(dt | 
Faas — 5s) t-—s 


ee i ds 
ds + ey 
- 0 Vu(u—s) 


or 


; ‘. ds “ Js f(s) 
-f rete f ce CpG” ee rar: ds+cz, (8.5.3) 


where we have used the value of the Beta function. Next, we use the identity 
(8.4.19): 


u 5 0, O<t <u, 
—— = a 8.5.4 
I J/s(u — S) (s —t) {| ee u<t, ( ) 
to get 
1 u 
vi g(tdt ieee vs f(s)ds (8.5.5) 


i Vt —u 7 w Jo Vu—Ss , 
which is Abel’s integral equation. Its solution follows from the analysis of 
Section 8.1 to be 


ee if pA LOM | 
m2 ds Ju—s Ju-t , 


Regs --t 2 | [4 pe 
a g/l —s 12 ds FS Ju—t 


aul . (8.5.6) 
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It is not the form (8.5.6) which is usually found in the literature. The standard 
form can be obtained by changing the order of integration in (8.5.6) so that we 
have 


Cc 1d s 1 du 
Vis) =——- SF {/ Vi ftode | JV@—s\@—t) 


1 1 du 
+| a) Me | 

Cc du 
 aVl—s = ds =(f Vi pioa | ; 


Now we use the identity (8.4.20): 


[ du Lose/1 = 
max(s,t) Ju-s\a—fh a | 
to find that 
c pa 1—1f) f(t dt 
pe ey Oe. ay) 
mwJ/s(1—s) Fe waa —s) —t 
When we set 
t'—a 
~ t—b 


and relabel appropriately, we find from Equations (8.5.1) and (8.5.7) that the 
solution of the integral equation 


g(t)dt 
ig aoe = f(s), a<s<b, (8.5.8) 
is 
(s) : 
Ss) = ——_—_ 
a Ts ays) 
oe) 
f Gao * pode + xe] , a<s<b. 
(8.5.9) 
In particular, when a = —1, b = 1, it follows that the solution of the so-called 


airfoil equation 


1 d 
Tig): y} == i: . as ~=f0), Wl<1, (85.10) 
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vO= YS) 2 
dy 
g(x) = 5 /" eae 
ee eee Ix] <1. 
¥ (8.5.11) 


Solution (8.5.11) is valid when g(x) is unbounded at both ends. To find the 
corresponding solution that is unbounded only at one end point we appeal to the 


identities 
1—y? 1+x\ /1- —x 
=3-(F) (20+) 
ss (8.5.12a) 
ea) ) 
a ea Bee (8.5.12b) 


Then the solution (8.5.11) can be written as 


Lyf ie ley 5 OD c! 
~ x =x Dt — aaa 1 
as x e LG) yx PE eye Bs 
(8.5.13) 
and 
1/1—-x\ pi fity\? fy) on 
1=9 De are STE 1, 
gx) = (=) L&®) vee Yt qr yDiA |x| < 
(8.5.14) 


where c’ and c” are new constants. The corresponding solutions for the general 
interval [a, b] can be easily derived from Equations (8.5.13) and (8.5.14). 


Example. The solution of the integral equation 


[208 21, a<s<b, (8.5.15) 
2 ts 
is 
b 
66) = =e | | eee at tne] a<s<b 
or 
s—(a+b)/c Cc 


8) a Chea y FG=ne=s” a<s<b. (8.5.16) 
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(ii) Cauchy Type Integral Equation of the Second Kind 
In this subsection our aim is to solve the inhomogeneous integral equation 


*] g(t)dt 


5.17 
ra (8.5.17) 


g(s) = f(s) +A i 


For this purpose we first reduce it to a simple Volterra integral equation as follows. 
First, we appeal to the identity (8.4.18) 


u dt Zotar O<s <u, 
j a—-lya oa | ete (8.5.18) 
o (u—t)*lt*(t—s) eta u<s, 
and then define the function #(s, u) as 
1 
OS Wire eee ,0<s <u, (8.5.19) 
where @ is chosen in such a way that 
1 
—n cotan = 53 (8.5.20) 
then @(s, u) is the solution of the equation 
*U t, 
ap CeO apes. ieecin (8.5.21) 
0 t—s 
whereas for s > u we have 
*u 
t, 
7 een oe (8.5.22) 
0 %¢t-s (s — u)1-%s% 
Next, we multiply Equation (8.5.17) by s and write it as 
1 t g(t) dt 
af Estar =sg(s)—sf(s)+c, (8.5.23) 
0 t-—S 
where ; 
c= af g(tjdt . (8.5.24) 
0 


Multiplying both sides of Equation (8.5.23) with ¢(s, u) and integrating from 0 
to u we have 


u 1 u 
A i bas i 1B i] KG EHO 370 40s, 
0 0 — 0 


Ss 
which, by the change of the order of integration, becomes 


u u 1 ? 
-2 f tgcode [ ewe -2f rgcode [ o(s,u)ds 
0 0 s-—-t - ‘ a apo 


= [seooe. u)ds — [fs f(s)o(s, u)ds +e [ 66, u)ds . 
0 0 0 


200 8. Singular Integral Equations 


If we use Equations (8.5.21) and (8.5.22) and the value of the Beta function 


u 
/ o(s,u)ds =n cscaz, 
0 


we obtain 


1 t!-“9(t) u 
Am CSc am Gn = -| Sf(s)(s,u)ds+en cscan . (8.5.25) 
u — 0 


This is an Abel type integral equation whose solution is 


2 i : 
pna sin* az da du / c sinaz 
t d —————_., 
g(t) = all Gane sf (s)¢(s, u)ds rae 
or 
d 
atl“ g(t) = ae | [ [ (u — t)-*(u — 5)@-Ys!-# fisyasdu 
csinaz 
———-., O<t<1. 5. 
Eat <t< (8.5.26) 
Because cota = —(Am)~!, we have 
: A 
snazr = 


VI +2272 ° 
and thus Equation (8.5.26) can be written as 


8 = “if ih (u—1)-*(u — sys! fis)dsdu | 


c 
Ss 
t1-4(1 — t)*@/1 + 1 2A2 


and can be easily put in the standard form 


_ fs) | a [ = aril* f@at 


0O<a<1 (8.5.27) 


BS) =—T a + Gan eaDsaa—sy* fy Res 
Cc 
+ = ,, O<s<l. 
sl-a(] — s)¢J/1 + 7202 (8.5.28) 
Next we set 
_ t'—a 
~ b-a’ 


and find from the above analysis that the solution of the integral equation 


b 
g(s) = fs) +2 f ge a<s<b (8.5.29) 
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( ee eg r i: (b — t)*(t —a)'~* f(t)dt 

a Tn + Vs —a) "(5 — 5 “= - = se 
Cc 

Goze Sree (8.5.30) 


where c is an arbitrary constant. 


The Carleman Integral Equation 


By extending the concepts and analysis of this and the previous sections we can 
solve the Carleman integral equation 


1 

d 
oe heat (8.5.31) 
ee 


a(s)g(s) = f(s) +a f 


as well as various other related integral equations. The reader may consult the 
reference [9] which contains all the details. It also contains the references to 
the literature on the subject. We content ourselves with stating the solution of 
Equation (8.5.31). It is 


yes a(s) f(s) 
a?(s) + A272 
d es) e ) F(t)dt 
- (a2(s) + A277?)!/2 [ (a2(t) + A2m2)!/2(t — 5)’ 


(8.5.32) 


where 


1 
g(s) = -/ uA, dt o(t) = arctan (=) ; 


nm J_; (t—s) a(t) 


8.6. Solution of the Cauchy-Type Singular Integral Equation 
in a Complex Plane 


(i) Closed Contour. The problem is to solve the integral equation of the 
second kind 


ag) =f - 2 [SO ax, teL (8.6.1) 


| a ee | 
where a and b are given complex constants, g(t) is a Hélder-continuous function, 
and L is a regular contour. A fortunate aspect of this integral equation is that it 
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can be solved simultaneously for the cases a # 0 anda = 0, so that the solution 
of the integral equation of the first kind follows as a limiting case. 
To solve (8.6.1), we write it in the operator form 


Lg = ag) += [ BO) ae = f(t), (8.6.2) 
wij, t—t 


and define an “adjoint” operator 


b f* o() 


mi J, t—t 


From Equations (8.6.2) and (8.6.3), it follows that 


MLg =a Ee + ia T £0 at] 
Wl Jr 


M¢ = ag(t) — 


dt. (8.6.3) 


t—t 


PP gens Sf OO aig, 


mij, mt TT 


(8.6.4) 


Using the Poincaré—Bertrand formula (8.4.15) and doing a slight simplification, 
Equation (8.6.4) becomes 

a b * f(r) 
a2 = b2 f (t ) an ( 


a2—b?)ni J, t—t 


g(t) = dt, (8.6.5) 
where it is assumed that a? — b* 4 0. Substituting (8.6.5) back in the integral 
equation (8.6.1), it is found that the function g(t) indeed satisfies the original 
integral equation. 

The solution of the Cauchy-type integral equation of the first kind, 


fee / 8O ay (8.6.6) 
mi J, t—-t 
follows by setting a = 0 in (8.6.5): 
1 f* f@ 
=—— |f ——<dr. 6. 
g(t) a ea T (8.6.7) 


For b = 1, Equation (8.6.6) and (8.6.7) take the form 


Es ‘ g(t )dt = f(t), es f £Gjde = g(t), (8.6.8) 
mij, t—-t 


wij, t—t 


which displays the reciprocity of these relations. 


(ii) Unclosed Contours and the Riemann—Hilbert Problem. The analysis of 
Case (i) is based on the application of the Poincaré~Bertrand formula. When the 
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contour L is not closed, this formula is not applicable and new methods have to 
be devised to solve the integral equation (8.6.1). However, the Plemelj formulas 
(8.4.2) and (8.4.3) are also valid for an arc when we define the plus and minus 
directions as follows. Supplement the arc L with another arc L’ so as to form 
a closed contour L + L’. Then, the interior and exterior of this closed contour 
stand for the plus and minus directions. Thus, we have 


ay ee 1 * d(t) 

POH 5 8) + 5. Mee is (8.6.9) 
Sense at 1 f* dz) 

f(@M=- 5 g(t) + ag ee. dt, (8.6.10) 


for an arc L. These formulas can also be written as 


sH=fTo—-f oO, (8.6.11) 
= [ La ae fOt+HhO. (8.6.12) 
mij, t—t 


Now, suppose that a function w(t) is prescribed on an arc L and that it 
satisfies the Hélder condition on L. It is required to find a function W (z) analytic 
for all points z on L such that it satisfies the boundary (or jump) condition 


Wt(t)-—W-(t)=wi(t), teL. (8.6.13) 


The formula (8.6.11) obviously helps us in evaluating such a function W (z). The 
problem posed in (8.6.13) is a special case of the so-called Riemann—Hilbert 
problem which requires the determination of a function W(z) analytic for all 
points z not lying on Z such that, for t on L, 


W(t) -—Z()W(t) = w(t), (8.6.14) 


where both w(t) and Z(t) are given complex-valued functions. 
It follows by substituting the formulas (8.6.11) and (8.6.12) in the integral 
equation 


wi tt 
that the solution of this integral equation is reduced to solving the Riemann— 
Hilbert problem 


ag(t) = F(t) -— =a &@) dt, (8.6.15) 
L 


(a+b) ft(t)—(a—b) f-) =F). (8.6.16) 


We content ourselves with merely writing down the solution of Equation (8.6.1). 
For details on the Riemann—Hilbert problem the reader is referred elsewhere 
[3},[10],[54],[56]. 
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Let L be a regular unclosed curve; then the solution of the singular integral 
equation (8.6.1) is 


b i m 
g)=—-— FO = =a (5) 


a? — b? a? — b*)mri \t— B 
*/(t—-a\" dt c 
-, i € 4 5) Ie) 1 ae ss (t 7 a)l-m(t = B)™ ‘ (8.6.17) 


where a and £ are the beginning and end points of the contour L and the number 
m is defined as 


_ oil ee +b 
"Oni a—b 
The quantity c is an arbitrary constant and is suitably chosen so that g(t) is 
bounded at @ or at B. 
In particular, the solution of the integral equation of the first kind (we can 
put b = 1 without any loss of generality), 


Meee: / BO) ae, (8.6.18) 
TTL 


L t—t 


is obtained from (8.6.17) by setting a = 0, b = 1. Then, m = 1/2 and 


1 /t-a\ ¢*(r—a@ V2 F(t) c 
eo=a(ics) f () setae 
(8.6.19) 


It is interesting to compare formulas (8.6.17) and (8.6.19) with the corre- 
sponding results in the previous section. 


8.7. Singular Integral Equations with a Logarithmic Kernel 


We start with the integral equation 
1 
/ In|s — tlgo(t)dt = 1, -l<s<l. (8.7.1) 
-1 
By setting s = cosa, t = cos B, Equation (8.7.1) becomes 


i In| cosa — cos B|G(8)dB = 1, 0O<a<m7, (8.7.2) 
0 
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where G(f) = go(cosf)sinf. Let us now expand G(f) as G(s) = 
eg bn cosnB and use the summation formula 


In | cosa — cos B| 


[oe 
=-In2-2)¢ Seen. (8.7.3) 


n=1 i 


Then relation (8.7.2) becomes 


iE [-m2-25° snare | 
0 n 


n=1 


x bu com dp=1, 


m=0 


from which it follows, due to orthogonality of cosine functions, that 


cos na 


foe) 
—nboIn2 =) mb, =1. 
n=1 
Thus, bb = —(1/(7 1n2)), b, = 0, n > 1, and we find that the solution of 
equation (8.7.1) is 
1 1 
t) = ——— : 
&o(t) ie ie 
In passing we observe that by substituting solution (8.7.4) in (8.7.1) we have 
the useful identity 


(8.7.4) 


1 In|s —t| 
fo pep tne, -l<s<l1. (8.7.5) 
Next, we consider the integral equation 
1 
/ In |s — t|g(t)dt = f(s), -l<s<1l. (8.7.6) 
-1 
Differentiation with respect to s gives 
1 
t 
/ AUR eee ~l<s<1l, 
_15-t 


whose solution follows from (8.5.11) to be 


1 pipi-e77 ro 
«o-5f [<5] iat 
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where C = f 2 g(t)dt. To find the constant C, we multiply Equation (8.7.6) by 
1,/(1 — s2) and integrate it with respect to s from —1 to 1 and change the order 
of integration. The result is 


I 1 In|s—t| 
t)dt ———d 
ic st) _1 (1 — s?)1/2 2 


1 
f(s) 
=| aoa 


which, in view of identity (8.7.5), becomes 


1 fo) 
Co 


1 / ee AC) 
=—-— ———ds , 
win2 J_; (1 —s?)1/2 
which when substituted in (8.7.7) yields the solution 
1 1 1— t2 1/2 fit) 
=— — d 
gts) +f (=) a 


: J gender (8.7.8) 


~ 72 In2(1 — s2)/2 J_, 1 —#2)1/2 


(—7 In2)C = / 


Thus 


The integral equation ig In|s —t|g(t)dt = f(s), a<s <b 


The integral equation 


b 
/ In|s —t|g(t)dt = f(s), a<s<b, (8.7.9) 


a 
can be reduced, by a linear change of variables to the equation over the interval 
(—1, 1) so that the preceding analysis can be applied. An alternative approach 
is to differentiate Equation (8.7.9) with respect to s and obtain the Cauchy type 
integral equation: 


b 
/ OEE ate. see ye (8.7.10) 


s—t 7 
whose solution follows from the analysis in Section 8.5 to be 
1 f [27 fat c 
a 


8(s) = (s —a)(b—s) t-—s x[(s —a)(b—s)}? ’ 
(8.7.11) 
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where 
b 
c -| g(tdt . (8.7.12) 


To find the constant c we multiply (8.7.9) by [(s — a)(b — s)]~‘/* and integrate 
with respect to s from a to b; the result is 


[SS Jf e-e (t)dt = > fs\ds_ 
a V6—ab—5) Ja aes PAN Cars CO a 
or 
ss 4 In |s — ¢} _ us f(s)ds 
Lol pemees*|*-[ Sas om 


But in view of the identity (8.7.5) we have 


b = 1 In (35%) + In[e — < 
eee psy) ely ere ae 
a VG—ayb—s) = v1-0? 


Therefore, relation (8.7.12) becomes 


b-a = B f(s)ds 
cI in( 4 ) = a Gone =s 5 (8.7.15) 


and it follows that if b — a ¥ 4 the solution of the integral equation (8.7.9) is 


_ 1 f° fa-ae— float 
g(s) = =| C2nb=a aa (8.7.16) 
1 b f(t)dt 
m? In (24) /(s—a)@—s) Ja V(t—ay(b—t) 


In the exceptional case when b — a = 4, the extra condition 


(8.7.14) 


+ 


"fds _g 
a V(s—a)(b—s) 


is required for a solution to exist and the solution in such case is given by Equation 
(8.7.11) where c is an arbitrary constant. 

For the special case b = —a, the integral equation (8.7.9) and its solution 
(8.7.16) take the forms 


(8.7.17) 


b 
/ In(s — t)g(t)dt = f(s), |s| < b, (8.7.18) 
-b 
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and 
b? — 12 f’(t)dt 
8) = [ re Da a 
f@dt 
+ 8.7.19 
m2 or — s2 | es b2 — t? ( ) 
respectively. 


Let us now use the pair (8.7.18) and (8.7.19) to solve the integral equation 
encountered in Example 5 of Section 8.2, in the form 


a eee 
/ In (=) g(t)dt = f(s), O<s<b. (8.7.20) 


For this purpose we extend the function f(s) and g(s) tothe interval —b < s < 0, 
by setting 

fG-s) ==); g(—s) = —g(s). (8.7.21) 
Then Equation (8.7.20) becomes Equation (8.7.18) and the solution (8.7.19) 
takes an interesting form. Indeed, we find that since f(s) is an odd function, 
the second term in the right-hand side of Equation (8.7.19) is zero. We further 
observe that the function f(t) has a jump discontinuity at t = 0 of magnitude 
2 f (OQ). Accordingly, we can apply the distributional derivative formula (5.4.21) 
and get 


fo = f'(t) +2 f(O)dt. (8.7.22) 


When the value of f’(t) from this formula is put in the first term of the right-hand 
side of (8.7.19) we obtain the solution of the integral equation (8.7.20) as 


_2s f? [P-e  f'(t) 
a= f FS tt 


b? — 52/72 — 52 
2b f (0) 
ee ac a 8.7.23 
ms /b2 — 52 ( ) 


which agrees with the earlier solution when we take into account the difference 
in the notation. 

Integral equations with logarithmic kernels arise in the boundary value prob- 
lems for two-dimensional configurations [22]-[24],[30]. One such equation is 
solved in the following. 


Example. In the theory of the scattering of acoustic, electromagnetic, and 
earthquake waves by cylinders, infinite strips, and slits there arises the integral 
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equation 


1 
/ [(p + log 2) + log |s — t|]g(t)dt = f(s), Is} <1, (8.7.24) 
-1 


which is easily inverted with the help of the foregoing analysis. Indeed, we can 
write Equation (8.7.18) as 


1 
/ log |s —t|g(t)dt = f(s) +B, Js) < 1, (8.7.25) 
-1 
where 
1 
B=(p+log 2) | g(t)dt . (8.7.26) 
-1 


Now we use the inversion formula (8.7.19) by substituting f(t) + B for f(t) 
and obtain 


1 _ 42\ 1/2 ! 
g(s) = : (5) Lo dt 


m2 -~1 1 —s? 
1 
: {/ Oe Bl (8.7.27) 


~ 7 Jog2(1 — s?)'/? | JL, A212 


To find B, we substitute Equation (8.7.27) in (8.7.26). This yields 


(p +log2) [log2 1) f(s)V1 — s2 1 f(s)ds 
B= -—-————___ | — ————_ | ds} ds, -— ——... 
1 p 1 1 s—5 -1VJV1—s? 
(8.7.28) 
When we substitute the value of B from (8.7.28) in (8.7.27) we have the required 
solution as 


6) =+ [ (; ai FO a4 1 | [ fat 
Be ae a Ad SS" t—s m* log2V1 — s* (J-1 V1 — 2? 
_ ptlog2 Ee [ 1 i. VI-? f@dt |. 

u -1 -1 


Pp V1—s? t=s 
1 
- f(@at 
- fee || 5 ls) <1. (8.7.29) 


For more detailed analysis on the integral equations with a logarithmic kernel, 
the reader may consult Estrada—Kanwal [11]. 
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8.8. The Hilbert Kernel 


A kernel of the form 

K(s,t) = cot[(t — s)/2], 
where s and ¢ are real variables, is called the Hilbert kernel and is closely 
connected with the Cauchy kernel. In fact, the integral equation 


2a 


g(s) = f(s) — af F(s, t){cot[(¢ — s)/2]}g(t)dt , (8.8.1) 


where f(s) and F(s, t) are given continuous functions of period 27, is equivalent 
to the Cauchy-type integral equation 


g(t) = fe)—a | [G(e, 2)/(t —O)le(e)dz, (8.8.2) 


where ¢ and t are complex variables and the contour L is the circumference of 
the unit disk with center at the point z = 0. To prove it we let ¢ and t denote the 
points of the boundary L corresponding to the arguments s and f, respectively: 


C _ e's ; t= et : 
so that 
dt _ edt 1 t—s i 
eae aE eT E cot (=) + 5 dt. (8.8.3) 
Therefore, 
t— 2d d d 
cot (=) Fa i a a a (8.8.4) 
2 tT~—o T T-E T 


and Equation (8.8.1) takes the form (8.8.2). 
The Hilbert kernel (8.8.1) is also related to the Poisson kernel in the integral 
representation formula for an harmonic function U(r, s): 


Hee a" ie u(t)dt (8.8.5) 
,s See ’ oO. 
i In o i+r? —2rcos(t —s) 


inside the disk r < 1. The function u(t) = U(1, ft) is the prescribed value of the 
harmonic function on the circumference L of the disk. Set 


is it 


z=re’, T=e 


in the relation (8.8.5) and get 


U(r,s) = Re | f Oy ae (8.8.6) 


TZ TF. 
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Now, let V(r, s) be the function that is harmonic conjugate to U(r, s): 


1 d 
U(r,s) +iV(r,s) = az f woe ane (8.8.7) 
2mi Jy T—-ZT 
such that V(r, s) vanishes at the center of the disk: 
V(,s)|-=0 = 0. (8.8.8) 


Then, the function V(r, s) is uniquely defined. 

When r — 1, so that z tends to a point ¢ of the circumference L from 
within the disk, we can apply the Plemelj formula (8.4.2) to the analytic function 
(8.8.7). Therefore from Equations (8.8.7), (8.4.2), and (8.8.4), we obtain 


v(s) = -~ f° “went (SS 5 *) ar, (8.8.9) 


where v(s) = V(1,5s) is the limiting value of the harmonic function on L. 
The formula (8.8.9) thus connects the limiting values of the conjugate harmonic 
functions U(r, s) and V(r, s) on the circumference. 

We need the iterated formula formed by compounding the integrals with the 
Hilbert kernel: 


gi(s) = — =f * atooot (5+ ; “ae, (8.8.10) 
and 
82(S) = -— =f gx(t) cot (“= 5 *) ar. (8.8.11) 


If U(r, s), Uy (r, s), and es S) are the functions that are harmonic inside the 
disk r < 1, and whose values on the circumference r = 1 are equal respectively 
to g(s), gi(s), and g2(s), then from Equation (8.8.9) it follows that U;(r, s) is 
an harmonic function conjugate to U(r, s) and U(r, s) is conjugate to Uj(r, s). 
The Cauchy—Riemann equations then yield the relations 


aU aU2 dU aU2 
Or ar ag = as 
or 
U2z(r,s) = —U(r,s)+C, C =const. (8.8.12) 


But the constant C can be determined from the condition (8.8.8): 


2a 


2n 
C=U¢r,s)| = (12x) f U(1, t)dt = (1/27) [ g(t)dt, (8.8.13) 
0 


r=0 _ 
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where we have used the mean-value property of the harmonic function. Thereby, 
Equation (8.8.12) becomes 


2n 
U2z(r,s) = —U(r,s) + a/am [ g(t)dt . (8.8.14) 
0 


Now, put r = 1 in the preceding equation, use the relations U(1, s) = g(s) and 
U2, s)= 82(S), and get 


2a 
go(s) = —g(s) + (1/27) / g(t)dt . (8.8.15) 


From Equations (8.8.10), (8.8.11), and (8.8.15), we finally obtain the required 
iterated integral equation: 


2. #eT = #27 = 
(=) [ cot (CS 5 *) ao [ g(t) cot (‘5° 5) a 
ede oe ; a (8.8.16) 
= -8(8) + == I git)de 
w JO 


which is called the Hilbert formula. 


8.9. Solution of the Hilbert-Type Singular Integral Equation 


We can solve the integral equation of the second kind 


2a 


NAF S =f g(t) cot (+) dt, (8.9.1) 


where a and b are complex constants, in the same manner as we solved the 
corresponding Cauchy-type integral equation (8.6.1). As in Section 8.6, we 
define the operators L and M as 


a t-—s 
LG = ag(s) + — i: g(t) cot dt, (8.9.2) 
2n 0 2 


MeZ cea. [ $(t) cot € = *) dt . (8.9.3) 
Qn 0 2 
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Then, 
MLg =a ets ee / g(t) cot (- - =) a| 
20 ft) 2 
b ft” t—s 
poet 8.9.4 
on Jy cot ( 5 ) dt ( ) 
x [ato + Be g(a) cot (>) in| = F(s), 
2n 
where 


F(s) = Mf =afts)~ > [ “foen(S 5 *) ar. 


Using the Hilbert formula (8.8.16) and simplifying, we obtain the integral equa- 
tion 


2n 
(a? + b”)g(s) — (b?/27) i g(t)dt = F(s), (8.9.5) 
0 


which has the simple degenerate kernel K(s,t) = 1. To solve it we integrate 
both sides from 0 to 27, set 


2n 
c= i) g(t)dt, 
0 


and use the value of F(s) as previously given. The result is 


2C = is poyas— 2 fas F(t) cot () dt 
a’C =a j ax Jy f c 5 


The second integral on the right-hand side is 


b 2n 2a t—-s 
-=— dt f(t t( —— ]d 
2m i us | = ( 2 ) : 
b ff S—€ cos (55 2" cos 
=-— f (t)dt - [: eer) a+ fs (} ake Ee 
2a J 0 ain (SE) OT ae in) 
as € — 0. Then the term in the square brackets vanishes and we have 


2n 


1 2n 2n 1 
C=- fd, and f g(t) dt = — f(tjdt. 
a Jo 0 a Jo 
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Finally, we return to Equation (8.9.5) and find that 


t-—s 


a b al 
g(s) =p pe f)- sae | fincot( 5 ar 


b2 2n 
a Fralal 4 BD / f@dt, (8.9.6) 


provided a? + b? 40. 
For the particular case a = 0, formula (8.9.6) is not applicable. Therefore, 
the solution of the Hilbert-type integral equation of the first kind 


b ft" t—s 
f(s) = 5 i; g(t) cot (=) dt, (8.9.7) 


cannot be deduced from that of the second kind. But the integral equation 
(8.9.7) can be solved by other methods. For instance, the method of Section 8.1 
is applicable here. Indeed, let us consider Equation (8.9.7) with the constant b 
incorporated in g(t): 


f= 5 f 


In this equation, change s to ¢ and ¢ to o, multiply both sides of the resulting 


equation by 
1 t—s 
— cot dt , 
n° ( 2 ) 


integrate from 0 to 27, and use the Hilbert formula (8.8.16). There results the 
equation 


427 


g(t) cot (>) dt . (8.9.8) 


2n 
g(s) — apn) f g(t)dt = F(s), (8.9.9) 
where 
i t—s 
F(s)= -~ | f (t) cot (=) dt. (8.9.10) 
2n 0 2 


The integral equation (8.9.9) also has the simple kernel K (s, t) = 1 and therefore, 
can be solved by setting 


2n 
aan) f g(s)\ds =c. 
0 
Then, Equation (8.9.9) becomes 


g(s) —c= F(s), (8.9.11) 
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which, when integrated with respect to s from 0 to 277, gives 


2n 
J F(s)ds =0. (8.9.12) 
0 


From the relation (8.9.10), it follows that Equation (8.9.12) holds for all values 
of the function f(s). Therefore, the constant c is an arbitrary constant and the 
solution of the integral equation (8.9.8) is 


g(s) = ie f@® cot (* 5 *) at +c. (8.9.13) 


Finally, when we substitute Equation (8.9.13) in (8.9.8), we find that the function 
f(s) given by the relation (8.9.13) satisfies the original integral equation if and 
only if 


2n 
i f(s)ds =0. (8.9.14) 
0 


Hence, the condition (8.9.14) is necessary and sufficient for the Hilbert-type 
singular integral equation of the first kind to have a solution. 

The second method is to use the results of Section 8.8, where we have 
connected the Hilbert kernel with the Cauchy kernel. For this purpose, we write 
g(e'') = g(t), and so on, and assume that g(t) and f(t) are periodic functions 
with period 27. Further, we replace f(t) by f(t)/i. Then, the formulas (8.6.8) 
with the help of the transformation (8.8.3) yield the reciprocal relations 


427 


oe got (S* 5 =) at + f g(t)dt = f(s) (8.9.15) 


and 


aS f( cot (> *) a + zf f(@dt = —g(s). (8.9.16) 


With the help of this pair of equations, the solution of the integral equation (8.9.8) 
can be easily deduced. 

It follows from the pair (8.9.15) and (8.9.16) that, for periodic functions 
f(t) and g(t), if the condition i, f(t) dt = 0 is satisfied, then we also have 
i g(t)dt = 0. We have more to say about the integral relations (8.9.15) and 
(8.9.16) in the next chapter. 

For more details on the subject matter of this chapter the reader may consult 
the references [7]—[12]. 
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8.10. Examples 


Example 1. Prove that the integral equation 


1 —ia(w—v) 


fv) -[ w f (w) ———dw (8.10.1) 
0 wWw-—v 


has the solution 


1/2 px} = 1/2 —ia(v—w) 
uf(u) = -— ( ~.) i. (- *) F()———— dv. (8.10.2) 


m2 \l—w v 


The integral equation (8.10.1) arises in the discussion of various problems 
of mathematical physics. The solution follows by comparing Equation (8.10.1) 
with (8.6.18) and (8.10.2) with (8.6.19), and by setting a = 0, B = 1. 
Example 2. Solve the integral equation 


2x 


oO 1 * t— 
) (a, cosns + b, sinns) = — if g(t) cot (=) dt. (8.10.3) 
T 20 0 2 


Observe that the function f(s) = ST Ge cosns + b, sinns) is a periodic 
function with period 27. Moreover, the condition iis . f(@)dt = 0 is satisfied. 
Therefore, from the reciprocal pair (8.9.15) and (8.9.16), it follows that 


ar aan a t— 
g(s)= se i bc cosnt + b, sin no| cot () dt 


CO 
= SoG@n sinns — b, cosns) , (8.10.4) 


n=1 


where we have left the actual integration as an exercise for the reader. 


Exercises 


Solve the following integral equations. 


Ss 
4 ae g(tjdt 
1. a+bs+cs*+ds -| = 1l<s <2, 
where a, b, c,d are real constants. 
2 t)dt 
2. a+bs-+os?-+ds? = | sees. egy 
s (coss —cost)}/2 


2 5 g(t)dt 
3. s -f (2-2) 2<s<4. 
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4 
2 g(tat 
i oa 


5. as+bs* = are 

6. Substitute the solution (8.6.5) in (8.6.1) and verify that this solution satisfies 
the given integral equation. 

7. Show that the solution of the Cauchy type integral equation 


*l o(t)dt 
i BOE hee. . pee. 
0 «ts 


is 


2 c 
B= = See aU gm te 


where c is an arbitrary constant. 
8. Find the solution of the integral equation 


(s) = (sins) of (1) cot (*) at 
= (sins) — — — : 
on sa OR, a aaa, 
9. Solve the integral equation 
af t?g(t)dt | — fils), O<s<b, 
S —_——ooOoOOOoo 
o (s* —27)1/2 fr(s), b<s<a, 


where b is a constant. 
10. Prove that the solution of the integral equation 


25 724-2 s 
f(s) = => f p27t1 (52 t?)*l g(t) dt, 0<a <1, 
a 0 
is 
i ae ae 2a+2n+1 2 2 
sO= pf I(t — ur) * f(u)du . 
oe 0 


11. Prove that the solution of the integral equation 


2527 
f(s) = al (? - Sy g Aeile i dE; 0<a<1, 
AY 


is 


p2at2n-1 d foe) 
gt) = Fate) al u-27+1 (42 — 72)-* f(u)du 
12. Solve the integral equation 
ef g(t)dt =| fils), O<s<a, 
2 se —fa(s), a<s<o. 
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13. Solve the Cauchy type integral equation of the second kind: 


1 f*! g(t)dt 
sis) =s += | sO 
w Jo t-—s 


14. Solve the logarithmic integral equation (8.2.24) for f(s) =s +s?. 


CHAPTER 9 


Integral Transform Methods 


9.1. Introduction 


The integral transform methods are of great value in the treatment of integral 
equations, especially the singular integral equations. Suppose that a relationship 
of the form 


g(s) = Tl T(s,x)K (x, t)hg(t)dt dx (9.1.1) 


is known to be valid and that this double integral can be evaluated as an iterated 
integral. This means that the solution of the integral equation of the first kind, 


f(s) = / K(s, t)g(t)dt , (9.1.2) 


g(s) = / T(s,t)f(t)dt . (9.1.3) 


Conversely, the relation (9.1.2) can be considered as the solution of the integral 
equation (9.1.3). It is conventional to refer to one of these functions as the 
transform of the second and to the second as an inverse transform of the first. 

The most celebrated example of the double integral (9.1.1) is the Fourier 
integral 


foe) lo. e} 
g(s) = (1/27) / / e*e*" g(t) dt dx , (9.1.4) 
—0O0 J—0O 
which results in the reciprocal relations 
oo . 
f(s) = Qn)? / e'' g(t)dt (9.1.5) 
—0o 
and 
of : 
g(s) = (2x)? / e' f(t)dt . (9.1.6) 
—-o 


The function f(s) is known as the Fourier transform T [g] of g(¢) and g(s) as the 
inverse transform T~'[ f ] of f (s), and vice versa. The function f (s) exists if g(t) 
is absolutely integrable, and it is square-integrable if g(t) is square-integrable, 
as can be readily verified using Bessel’s inequality. In the sequel, we assume 
that the functions involved in the integral equations as well as their transforms 
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satisfy the appropriate regularity conditions, so that the required operations are 
valid. 
As a second example, consider the double integral 


lo e} oe) 
g(s) = ayn) f / (sin sx sinxt)g(t)dt dx . (9.1.7) 
o Jo 
This leads to the sine transform and its inverse, 
oO 
f(s) = (2/m)!/? / (sin st)g(t) dt (9.1.8) 
0 
and 
CO 
g(s) = (2/n)'/? [ (sin st) f (t)dt , (9.1.9) 
0 
respectively. 


For ease of notation, we also denote the transform of f as F and that of 
g as G, and so on, for all the transforms. It is clear in the context as to what 
transforms we are implying. 


9.2. Fourier Transform 


The Fourier transform T[f], 


TU] = F(s) = my? f ” pede, (0.2.1) 


ioe) 


is a linear transformation: 


Tlaf + bg] = (22)71/? [tro + bg(t)]e dt 


=a(2n)-" i * f (the dt + b(2)-/? / . g(the dt 


ioe) 


=aT[f]+bT[g]. (9.2.2) 


As such, we can use many properties of the linear operators. Furthermore, 
in Chapter 7 (see Exercise 11), we found that under Fourier transformation a 
square-integrable function preserves its norm. Hence, for such a function, we 
have 


ITTF = F=f. (9.2.3) 


Let us note some of the important properties of the Fourier transforms. They 
can be found in every standard book on the subject (see, e.g., [62]) and, in fact, 
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can be proved very easily by the mere use of the preceding definitions. These 
properties are: 


@ Tl[ft-a]=e'T[F@], (9.2.4) 


where a is a constant. 


(i) TL f(@t)] = A/la)T[FO)s sya - (9.2.5) 
Gi) T[f'@)]=isT[FO), (9.2.6) 
where the prime denotes differentiation with respect to the argument. Similarly, 
T[f*()] = Gs) T[FO), (9.2.7) 

where by f*(t) we mean the kth derivative of f. 

(iv) If 
h(t) = / f (x)dx , (9.2.8) 
then 

T[h(t)] = G/is)T[fO)- (9.2.9) 


From Equations (9.2.6) and (9.2.9), we see that the differentiation has the effect 
of multiplying the transform by is, whereas integration has the effect of dividing 
the transform by is. 

(v) The convolution integral 


A(t) = (20)7¥? / 7 f(t —x)g(x)dx = (2)? / ” g(t — x) f (x)dx 


(9.2.10) 
gives 
T{h(t)] = T[fIT Ig], (9.2.11) 
or 
H(s) = F(s)G(s) . (9.2.12) 


9.3. Laplace Transform 
The Laplace transform L[ f] of a function f(s) is defined as 


L[f]=F(@)= i fisjePrds . (9.3.1) 
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The inverse L~![F] is 


ytioo 
L[F] = f(s) = (1/2mi) / F(p)e"sdp . (9.3.2) 
y—-ioo 
This transformation is also linear because 
Llaf + bg] = aL[f]+6L[g], 


for two constants a and b. 
The following are some of the basic properties of the Laplace transform. 


(i) F(p—a)=Lfe* f(s)], (9.3.3) 

(ii) = L[ f(@s)] = G/@L[f (5) ]pspja» (9.3.4) 

(iiia) = L[ f’] = pL[f]— fF), (9.3.5) 
(b) LUf*] = p‘L[f] — p<" £0) — p*? f'O) —--- — f*"O), 

(9.3.6) 

(c) dF(p)/dp = —-L[sf(s)], (9.3.7) 


where f* means the kth derivative with respect to the argument. 
(iv) If 


h(s) = i f (x)dx , (9.3.8) 
0 
then 
L{h] = H(p) = (1/p)L[f] - (9.3.9) 
(v) For the convolution integral 
h(s) = [ f(x)g(s — x)dx = [ g(x) f(s —x)dx, (9.3.10) 
0 0 
we have 
L{h] = L(f\LIa], (9.3.11) 
or 
H(p) = F(p)G(p), (9.3.12) 


which is the same as (9.2.12). 
9.4. Applications to Volterra Integral Equations with 
Convolution-Type Kernels 


The basic information given here about the Fourier and Laplace transforms is 
sufficient to demonstrate their application to the solution of integral equations. 
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We apply only the Laplace transform in this section, although the Fourier trans- 
form can also be applied just as effectively. Let us first consider the Volterra-type 
integral equation of the first kind, 


fs= [ k(s — t)g(t)dt , (9.4.1) 
0 


where k(s — t) depends only on the difference (s — t). Applying the Laplace 
transform to both sides of this equation, we obtain 


F(p) = K(p)G(p) 
or 
G(p) = F(p)/K(p) - (9.4.2) 
The solution follows by inversion. 


The present method is also applicable to the Volterra integral equation of 
the second kind with a convolution-type kernel 


a(s) = f(s) +f k(s —t)g(t)dt . (9.4.3) 


On applying the Laplace transformation to both sides and using the convolution 
formula, we have 


G(p) = F(p) + K(p)G(p) 
or 
G(p) = F(p)/[1— K(p)], (9.4.4) 
and inversion yields the solution. 
We can also find the resolvent kernel of the integral equation (9.4.3) by 
integral transform methods. For this purpose, we first show that, if the original 
kernel k(s, t) is a difference kernel, then so is the resolvent kernel. Because the 


resolvent kernel I'(s, t) is a sum of the iterated kernels, all that we have to prove 
is that they all depend on the difference (s — t). Indeed, 


k2(s,t) = f k(s —x)k(x — t)dx = - k(s—t—oa)k(a)do, (9.4.5) 
t 0 


where we have set 0 = x — t. This process can obviously be continued and our 
assertion is proved. Hence, the solution of the integral equation (9.4.3) is 


Ss 
g(s) = f(s) + [ T(s —t)f(t)dt. (9.4.6) 
0 
Application of the Laplace transform to both sides of Equation (9.4.6) gives 


G(p) = F(p) + Q(p)F(p), (9.4.7) 
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where 
Q(p) = Ll (s)]. (9.4.8) 
From Equations (9.4.4) and (9.4.7), we have 
F(p)/(1— K(p)] = F(py[l + Q(P)], (9.4.9) 
Q(p) = K(p)/[1 — K(p)] . (9.4.10) 


By inversion, we recover I"(s — fr). 

We illustrate the preceding ideas with numerous examples. Throughout 
these examples, we have left the evaluation of the Laplace transform and its 
inverse to the reader. There are numerous monographs that contain the required 
formulas [3],[55],[62]. 


9.5. Examples 


Example 1. Solve the Abel integral equation 


fs= / [g(t)/(s — t)*Jdt, O<a<1. (9.5.1) 
0 
This is a convolution integral and therefore 


F(p) = K(p)G(p), (9.5.2) 


where K (p) is the Laplace transform of k(s) = s~°: 


K(p) = p* ‘TQ —-@). (9.5.3) 
From Equations (9.5.2) and (9.5.3), it follows that 
Pe es Ae P ae 
G(p) = Td-e ~ F@rdaa) yh@p F(p)} 
= —?_{ra)p“F(p)}, (9.5.4) 
CSC ITA 


where we have used the relation [(a) (1 — a) = 2 cscma. Now if we use the 
relation (9.3.12), (9.5.4) becomes 


G(p) = smen pL [ ‘@- pt food] ; (9.5.5) 


By virtue of the property (9.3.5), we finally have 


sinaz d 


g(s) = =f (s —t)* "1 f(t)dt, (9.5.6) 
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which agrees with the relation (8.1.4) obtained in the previous chapter by a 
different method. 


Example 2. Solve the integral equation 


Ss 
io / e'g(t)dt . (9.5.7) 
0 
Taking the Laplace transform of both sides, we obtain 
1/p* = K(p)G(p), (9.5.8) 


where K (p) is the Laplace transform of k(s) = e°: 


foe) 
K(p) = [ ee Pds =1/(p—1). (9.5.9) 
0 
The result of combining Equations (9.5.7) through (9.5.9) is 


G(p) = (p — 1)/p” = (1/p) — (1/p”), 


whose inverse is 
g(s)=1-s. (9.5.10) 


Example 3. Solve the integral equation 


sins = [ Jo(s — t)g(t)dt . (9.5.11) 
0 


Here, the function k(s) = Jo(s), whose Laplace transform is known to be 
1/(1+p’)!””. Also, the Laplace transform of sins is 1/(1+p2). Therefore, when 
we take the Laplace transform of Equation (9.5.11), there results the relation 


G(p) = 1/1 + p?)"”, 
which by inversion yields the solution 
&(s) = Jo(s) - (9.5.12) 


Incidentally, by substituting (9.5.12) back in (9.5.11), we get the interesting 
result 


i Jo(s — t)Jo(t)dt = sins . (9.5.13) 
ty) 


Example 4. Recall that we solved the integral equations of the type 


f(iy= i * k(s? — t”)g(t)dt, s>0, (9.5.14) 
0 
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in the previous chapter for some special cases of the kernel k(s* — t*). With 
the help of the Laplace transform, we can solve Equation (9.5.14) for a general 
convolution kernel. For this purpose, the first step is to set 


1 
saul, tao, gia)= so go), fiw) = ful’). 
(9.5.15) 
Then, the integral equation (9.5.14) takes the form 
fi@) = i k(u —a)gi(o)do , u>dQ. (9.5.16) 
0 
Taking the Laplace transform of both sides of Equation (9.5.16), we get 
Gi(p) = Fi(p)/K(p) = pFi(p)/pK(p) . (9.5.17) 
By defining 
1/pK(p) = H(p), (9.5.18) 
the relation (9.5.17) becomes 
Gi(p) = pH(p)Fi(p) . (9.5.19) 


Using the relations (9.3.5) and (9.3.12), we have 


Gi(p) =L E i Rice fuloydo | (9.5.20) 
du 0 
or i 
gi(u) = =f h(u—a)fi(a)do , (9.5.21) 
u Jo 


where /(s) stands for the inverse transform of the function H (p). Finally, from 
Equations (9.5.15) and (9.5.21), we have the required solution 


g(s) = af [ ; tf (t)h(s? —t?)dt . (9.5.22) 
ds 0 


Let us solve (9.5.14) for some special cases: 
(a) k(t) = t~*, 0 < a < 1. This means that we have to solve the integral 
equation 


f@= [ [g(t)/(s? — t*)*]dt . (9.5.23) 


The solution follows from Equation (9.5.22) if we can evaluate the function h(s) 
from the relation 


H(p) = 1/pK(p) . (9.5.24) 
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But 
CO 
K(p) = / t%e dt =T(1—a)p*"!. 
0 
Therefore, 
1 sin az 
h = Lo oe a ae Se ee a—1 
(s) Even 1 

and 


eile d f° tf(dt 
Be ds Jo (s? — t?)1-@’ 


which agrees with the relation (8.2.9). 


(9.5.25) 


(b) k(t) = 1t~'/? cos(Br'/?), where B is a constant. In this case, K(p) = 
z'/*exp(—B*/4p). Therefore, 


h(s) = L [277 p-exp(B?/4p)] = 27's7'/*cosh(Br'/?). (9.5.26) 
This means that the solution of the integral equation 


s 2 _ 42y1/2 
f(s) =[ Se LO s>0, (9.5.27) 
is 
x ds tf(t)dt . (9.5.28) 


Note that the relations (9.5.27) and (9.5.28) remain valid for 0 < s < oo. 


2 d_ f° cosh[B(s* — t?)!/?] 
&(s) = — =f (s? — £2172 


Example 5. Solve the inhomogeneous integral equation 


g(s) =1— [ 6 —t)g(t)dt . (9.5.29) 
0 
Since 
k(s)=s, K(P) =1/p’, (9.5.30) 


the application of the Laplace transform gives 


G(p) = (1/p) — [G(p)/P"] 
or 
G(p) = p/(1+ p*) =L{coss] . 
Hence, the solution is 
g(s) =coss. (9.5.31) 
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Example 6. Find the resolvent of the integral equation 
Ss 
g(s) = f(s) +f (s — t)g(t)dt . (9.5.32) 
0 


Here again k(s) = s, and we have K(p) = 1/p*. The formula (9.4.10) 
gives Q(p) = 1/(p* — 1), whose inverse is P'(s) = 3(e* — e~*). Therefore, the 
value of the resolvent kernel is 


1 
T(s _ t) a ia 5 e Sty ; 


and the solution of the integral equation (9.5.32) is 


g(s) = f(s) +50 i et fidt — de® / éfdt. (9.5.33) 
Bods 2° |, 


Example 7. Find the resolvent of the integral equation 


g(s) = f(s) +f e‘e(t)dt . (9.5.34) 
0 


Here, k(s) = e°, which gives K(p) = 1/(p — 1), and from the formula 
(9.4.10), we have 2(p) = 1/(p — 2), F(s) = e*’. Hence, the resolvent kernel 
is [(s — t) = e*5—*', and the solution of the integral equation (9.5.34) is 


g(s) = f(s) + [ Se f@dt. (9.5.35) 
0 


Example 8. Solve the integral equation 


g(s) = f(s) + af Jo(s —t)g(t)dt . (9.5.36) 
0 


The kernel k(s) = AJo(s), and therefore, 


K(p) = Q(p) 


3 


a * a 
Ce poe EE Pye 


rN oe Ji) 
T(s) = acim | [sin(1 — A?)1/2](s — es do 
2 
sin[(1 — A?)1/s] . 


+ A{cos[(1 — 7)1/2s}} + 1 
( (9.5.37) 


x 
= 7217 


The value of the resolvent kernel follows by setting (s — t) for s and the solution 
of the integral equation (9.5.35) is then readily obtained from the formula (9.4.6). 


9.6. Hilbert Transform 229 


Example 9. As a final example, solve the inhomogeneous Abel integral equa- 
tion: 


g(s) = f(s)+ 2 [ eose —t)*|dt, O<a<1. (9.5.38) 
0 


The kernel k(s) = As~® yields 
K(p) =A (1 —a@)p*"" 


j ; (9.5.39) 
Q(p) = AP(1 — a) p*"/[1 —aP(1 —a@)p*™). 
The inverse of (9.5.39) is 
0° l-ayn 
[ATG —a@)s'-*] 
T(s) = ae 9.5.40 
(s) 2 sT[n —a)] ay) 
Hence, the solution of the integral equation (9.5.38) is 
s 00 l-ajn 
[AP — @)(s — £)'~*] 
s) = f(s)+ i ea 9.5.41 
as) = f(s) + ff S otha =el 2 (9.5.41) 
9.6. Hilbert Transform 
The finite Hilbert transform of a function g(¢) is usually defined as 
Lig™ sin 0 
v)=— —_—_—_— dg, 9.6.1 
poa== fh "swe (9.6.1) 
with the inverse 
oe al sing 1” 
v= —__—— — ; 9.6. 
g(d) -f pep de + = | g(y)do (9.6.2) 


Various other forms of the Hilbert transform pair can be deduced from 
Equations (9.6.1) and (9.6.2). In this connection, we need the relation 


ie cosngdp > sinna (9.6.3) 
0 


cosy—cosa sina ’ 
which can be proved by induction since the casesn = Oandn = 1 are elementary 
relations. 
From Equations (9.6.1) and (9.6.2), it is apparent that f(—0) = —f(0), 
g(—v) = g(v). Now, set 


fA(@®)=—-f(@), — sothat fi(-8)=-f\), (9.6.4) 
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asm) f g(y)dg=C, C =const, (9.6.5) 
0 
gi(9)=g(8)-C, — sothat g,(-8) = g(9) -C. (9.6.6) 


From the preceding relations, it follows that 


oh g1(9)dd = (1/7) Te g(9)dd — (1/7) iM Cd =0, (96.7) 
0 0 


sin 3 1" dine 
if aces omer =f Rosa ldo 


Ce ind 
=-70)-5 [ "= ao =f). 
9 COSY — Cos (9.6.8) 


Writing 9 = 4(0 — y) + 3(@ +) in Equation (9.6.8), we get 
*7 1 
fi@) = aan { [eo ae a | gily)de 
0 


x7 1 
+ apn) [ [eo ae — | gily)dp . (9.6.9) 


In the first integral, replace y by —g and use the relation (9.6.6). Combine the 
resulting integral with the second integral in (9.6.9). The result is 


*7 1 
fi@) = (1/27) [eo ae = | gily)dg . (9.6.10) 


Similarly, by starting with Equation (9.6.2) and going through the same 
steps as before, we get the relation 


_ 1 
gi(t) = (1/27) [ [cot 5 = | filg)de 


+ (1/2z) i eo aC 2 5 »)| filg)dg . 
: (9.6.11) 
After replacing y by —¢ in the second integral and using the relation (9.6.4), we 
obtain from (9.6.11) 
*7 1 
100) = 2m) [eo i »)| fig . (9.6.12) 


The relations (9.6.10) and (9.6.12) constitute a second form of the finite 
Hilbert transform pair. 
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The third form of the Hilbert transform pair can be deduced from (9.6.9) 
and (9.6.11). In fact, the relation (9.6.9) can be written as 


a7 1 
fi) = (1/2m) i E + cot 5(0 + | gily)dy 


*7 1 Ww 
+ a/2n) [ E + cot 50 - 0] gi(y)dy — ayn) [ gilyjde. 
o (9.6.13) 


The last integral vanishes because of (9.6.7), whereas the first integral can be 
combined with the second by replacing y by —¢ and using (9.6.6). The result is 


#7 


1 
fi(®) = (1/2m) 1 + cot 5(9 — | gi(y)dg . (9.6.14) 


—1 
Similarly, the relation (9.6.11) takes the form 


#7 


1 
gi(8) = (1/27) 1 + cot 5(9 — | filg)dg . (9.6.15) 


Ie 
The transform pair (9.6.14) and (9.6.15) is precisely the reciprocal pair 
of Hilbert-type singular integral equations encountered in Section 8.9 of the 
previous chapter except for a trivial adjustment of the symbols and the range of 
integration. 
A fourth form of the finite Hilbert transform pair, which is nonangular, is 
obtained from the pair (9.6.1) and (9.6.2) by setting 


f(9) _ f(cos'x) 


x =cos?, y =cosg, POs = Gx? 
(9.6.16) 
“Qe g(9) _ g(cos' x) 
Te) Sind (A — x21” 
Then, Equation (9.6.1) becomes 
C8 ee Sn foi 1 
fC ) -=/ C2) snde 
sind Jo cos? —cosg sing 
or 
1 f* d 
p(x) = - | G00 2 Se et. (9.6.17) 
WJ; xX—y 
the airfoil equation. Similarly, Equation (9.6.2) takes the form 
1" (1-¥\” pO) C 
st d -1 ’ 
aw=— ff (a) yan Gaga’ ae 


(9.6.18) 
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where 


1 
C= aya) [ q(y)dy 
-1 


has the character of an arbitrary constant. These results agree with those obtained 


in Section 8.5. 
The infinite Hilbert transform is defined as 


f(s) = A/a) i re()/t —s)|ae . 


Its inverse is 


sie) / LPO —s) lat. 


(9.6.19) 


(9.6.20) 


From this pair, it readily follows that the solution of the integral equation 


i. In|s —t| g(t)dt = f(s), 


oe) 


= 1 Of) 
si)= yf Fea. 


9.7. Examples 
Example 1. Solve the homogeneous integral equation 
x! 
/ [s(y)/(« — y)]dy = 0. 
-1 


The solution follows from (9.6.18): 


g(x) =C/(1— x7). 


Example 2. Solve the integral equation 


sins = (1/z) [ [g(t)/(t — s)]dt . 


To solve this equation, let us consider the integral 


(9.6.21) 


(9.6.22) 


(9.7.1) 


(9.7.2) 


(9.7.3) 


0° 
J fe /(s —t)]dt = zi > (residues of the poles on the ¢ axis) 
—0o 


= mi(coss +isins) . 


(9.7.4) 
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Separating the real and imaginary parts, we obtain 


(1/7) if [(cost)/(s — t)]dt = —sins, (9.7.5) 


asm) | [(sint)/(s — t)]dt = —coss. (9.7.6) 
—0CO 
Comparing Equations (9.7.3) and (9.7.5), we have the solution 


g(t) =cost. (9.7.7) 


Example 3. Solve the integral equation 


b 
t a 
/ g(t) cot = dt=-2A,  -aSeed; (9.7.8) 
a 
where A is a known constant and 
b 
/ g(t)dt =0. (9.7.9) 
a 
To solve this equation we introduce the change of variables 
cae a) +>(b+a) ae ) 4620) 1<é 1 
= 5 a), Sa ayn+5 a), <E,n<1. 
Then Equations (9.7.8) and (9.7.9) become 
: b-aé-n 4A 
t{ —— -—— ]dé = -——__., - 1, hs 
[s@or( 5 5 ) E aa 1l<n< (9.7.10) 
and 
1 
/ g(§)dé =0. (9.7.11) 
-1 


The additional change of variables 


: aaa 7 - b-a _ 
an i =au, n ZL ees 


qa = tan 


4 ¥ 
transforms the integral equation (9.7.10) into 


af 1 
a +002) [ ews +a | (u)du = —A, (9.7.12) 
-1 u- ~1 
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where 
gu) 
=o", 71 
ou) = <5 (9.7.13) 
and Equation (9.7.11) becomes 
1 
/ o(ujdu =0. (9.7.14) 
-1 
Thus, the integral equation (9.7.12) reduces to 
1 f' (udu A 
oe = ———___. 1, 7.15 
mJy u-u (1 + a@?v?) lel= @ ) 


which is the form (9.6.17). The solution, which is singular at both ends, follows 
from (9.6.18) to be 


Ao a-aip (1 —u*)/*du 
PW m2 Co _, 14+ a?v2)(u — v) 


A v(1 +.a’)!/? 
= -— jv) <1 
m (1 +a7v?)(1 — v?)}/2 
and the condition (9.7.14) is satisfied automatically. The value of g(v) now 
follows by appealing to relation (9.7.13). 
The reader can easily verify that the solutions based on formulas (9.6.19) 
and (9.6.20) fail to satisfy the end conditions. 


Exercises 


1. Show that the solution of the integral equation 


1 tg(t)dt 
f(s) =2 : Eos 
is 
= te 1 tf(tdt 


as ds J, (t2 —s?)\/2 ° 


Find the solution for the following two special cases: (i) f(s) = 2s?/(1—s?)"*; 
(ii) f(s) =s?. 


2. Solve the integral equation 


~ et) 
f(s) = sf (2 —s22 dt. 
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3. Solve the Abel integral equation of the second kind 


g(s) = = ge wales 4. +f (s ane dt. 


This integral equation arises in the theory of wave propagation over a flat surface. 


4. If it is required that in the Hilbert transform pair (9.6.17) and (9.6.18) the 
function g(—1) be finite, show that there must follow 


1/2 
[ awa = foo- 1?) pO 


and verify that in this case the solution g(s) becomes 


Ley pe 7 tei p(t) 
—— d 
aes a) 2 Gee) s—1 


Compare these results with the corresponding relations in Section 8.5. 


5. With the help of the finite Hilbert transform, solve the equation 


& 2tg(t 
= / 2 a dt, assuming that g(t) = —g(—t). 
7 = 


6. With the help of the finite Hilbert transform, solve the equation 
e 
as + b + o¢(log |£ — s|) — oo log |s| = i [g’(t)/(t — s)]dt 
0 
subject to the conditions 
g'(0) = 90, g(t) =o8, g(0) = go, g() = 
7. Use the formula 
ad 1 
/ t*-l cos st dt = T'(a)|s|~* cos (5e") ; O<a<1, 
0 
and show that the integral equation 
1 
f= f tess — arya 
0 


has no more than one solution. 


8. Solve the integral equation 


Yan _ =f * 8 Ode 
o ¢t-—s 
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where a, are given constants. 


Hint: Make the substitutions 


s = (€/2)(1 —cos#), t = (€/2)(1 — cosg) . 
9. Use the method of Section 9.4 and find the resolvent for the integral equation 
g(s) = f(s) + [oe —t?)g(t)dt . 
10. Solve the integral equation 


g(s) = f(s) + af Ji(s — t)g(t)dt . 


j1. Find the resolvent of the integral equation 


s tyr} 


= ip Seats ies 
g(s) = f(s) + ‘| apr stat, 


and complete the solution of the Example 3 in Section 5.3. 


12. Use the infinite Hilbert transform pair and solve the integral equation 


+s?) = / [es — |e . 


CHAPTER 10 


Applications to Mixed 
Boundary Value Problems 


Mixed boundary value problems occur in physical sciences rather frequently and 
various mathematical techniques have been used to solve them. In this chapter, 
we present an integral-equation method applicable to most of these problems. 


10.1. Two-Part Boundary Value Problems 
An integral equation of the form 


i Ko(t, p)g(t)dt = f(p), 0<p<a, (10.1.1) 


where the function f(p) and the kernel Ko(t, p) are known and g(t) is to be 
evaluated, embodies the solution of various mixed boundary value problems in 
potential theory, elastostatics, steady heat conduction, the flow of perfect fluids, 
and various other problems of equilibrium states. The boundaries involved are 
those of solids such as circular disks, elliptic disks, spherical caps, and spheroidal 
caps. 

The integral equation (10.1.1) is a Fredholm integral equation of the first 
kind and is therefore, in general, difficult to solve. However, it is possible to 
reduce the solution of (10.1.1) to that of a pair of Volterra integral equations of 
the first kind with rather simple kernels. This reduction is achieved for every 
kernel Ko(t, e) that for all g(t) satisfies the relation 


a p 
/ Kolt, p)g(tdt =h;(p) i Kx(w, p)[hg(w)P 


x / K2(w, the(t)h3(t)dt dw , O<p<a, 
ni (10.1.2) 


where hy, h2, h3, and K> are known functions. It is further assumed that the 
kernel K2 is such that the Volterra integral equations 


p 
i; Kx(t, p)g(t)dt = f(e), O<p<a, (10.1.3) 
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/ K2(p, thg(t)dt = f(p), O<p<a (10.1.4) 
p 


possess explicit unique solutions for g in terms of f, for all arbitrary differen- 
tiable functions f. 

The task of solving Equation (10.1.1) is now readily accomplished if we 
define two functions S(p) and Cp) such that 


S(p) = hao) | K2x(p, tg(Hh3(t)at , 0<p <a, (10.1.5) 
p 
and 
p 
f(p) = mie) [ K2(u, p)C(w)h2(w)dw , O<p<a. (10.1.6) 


With the help of relations (10.1.2), (10.1.5), and (10.1.6), Equation (10.1.1) takes 
the form 


p p 
hi(p) | Katona Gdn 2h) [ Ky(w, p)C(w)ha(w)dw , 


0O<p<a, 
(10.1.7) 
or 

S(p) =C(p), O<p<a. (10.1.8) 
In view of the assumptions already made about the solutions of the Volterra 
integral equations (10.1.3) and (10.1.4), we can solve Equation (10.1.6) for the 
function C(p) and hence, from (10.1.8), S() is known. We can then invert the 
integral equation (10.1.5) and obtain the required function g(t). We illustrate 

the preceding analysis with the following example. 


Example. Solve the integral equation 


f ow [ Ji (pe) Ji (pt)dp dt = Qp , O<p<a, (10.1.9) 
0 0 


where $(t) is the unknown function. This equation solves the problem of the 
torsion of an isotropic and homogeneous elastic half-space due to a uniformly 
rotating, rigid circular disk which is attached to its free face (see Section 6.7, 
Example 2). The function J;(x) is the Bessel function. Comparing Equations 
(10.1.1) and (10.1.9), we have 


g\=100.. f(O=8. “Ke py= i iG tienda. 
(10.1.10) 
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The kernel Ko satisfies the relation (10.1.2) because, for all g(t), we can write 


i Kolt, p)g(tdt = [ git) [ Ju(po)Ju(pt)dp dt 
0 


* ete Ji/2(pw)J1/2(pv)(wv)?/2dv dw dp dt 
LoL al [OG rea 


pega Pee 5(w — v)(wo)du dw dt 


- (p? = (p2 — w2)1/2(¢2 — y2) 1/72 = v2)t/2 
- re min(p,t) w? dwdt 
oer gi) | = w2)1/2(¢2 — w2)1/2 
ii 2) ee eae dw ee 
= sa — <p<a 
— w2)l/2 2 w2yl/2 ? ’ 
where we have used the first Sonine integral: 
2p 1/2 1 p Jn—c/y (pw)yw"ta/2) 
Jn =(— — du, 10.1.12 
ie ( ™ ) p" i (p? — w?)1/2 e : : 
and the relation 
CO 
/ PJ, (pw)J,y(pu)dp = 5(w — v)/(wv)'/? , (10.1.13) 
0 


with 6 the Dirac delta function. We have further used the sifting property of this 
function and changed the order of integration as explained in Figure 10.1. 


Ss 


FIGURE 10.1 
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Comparing Equations (10.1.2) and (10.1.11), we obtain the values of the 
functions h;, h2, h3, and K> as 


hi(p)=2/mp, = hal(p)=p, h3(p) = 1/p, 
K2(t, p) = (p? — #7)? . (10.1.14) 


Furthermore, the kernel K2 is simple enough to ensure the inversion of the 
integral equations (10.1.3) and (10.1.4) (see Example 3 of Section 8.2). The 
present method is therefore applicable. Indeed, we set 


2 o(tdt 


S(e) = p 


2 [? wS(w)dw 
Qo = — ——— ; 10.1.16 
OS ap Jo (p2— wy? ( : 
and the integral equation (10.1.9) is identically satisfied. 


Finally, we invert (10.1.16) and obtain 

Qd ff? _ tdt 

» dp Jy (=P)? 
and then (10.1.15) yields the value of the function @(p) as 


42 d udu 4Q0 
meee ie = —_______ 1.1 
(p) = dp i (u2 — p2)1/2 plz x(a? — p2)'/2 (10.1.18) 


S(p) = = 2Qp, (10.1.17) 


10.2. Three-Part Boundary Value Problems 


A three-part boundary value problem has an integral representation formula of 


the form 
a 


i Ko(t, p)g(t)dt = f(p), b<p<a, (10.2.1) 


where b and a are two given numbers such as the inner and outer radii of an 
annular disk or the bounding angles of an annular spherical cap. The function 
f and the kernel Ko are known, whereas g is to be determined. Let us set 


fe) = >> ap" = file) + flr), (10.2.2) 


where 
CO 
fi(e) = Yo arp" ; O0<p<a, (10.2.3) 
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and 


-1 
fhle)= Yo ap’, b<p<oo. (10.2.4) 


r=—-oo 


In addition, we define two functions g,() and g2(p) such that 


0, O0<p<b, 
81(0) + 82(P) = 4 8(p), b<p<a, (10.2.5) 
0, a<p<®. 


From the relations (10.2.2) through (10.2.5), it follows that the integral equation 
(10.2.1) splits into two integral equations: 


i Kolt, pgi()dt = filp), 0 <p <a, (10.2.6) 


and 
[ Kott, p)g2(t)dt = fr(p), b<p<o@. (10.2.7) 
0 


Proceeding as in Section 2, we assume that the kernel Ko(t, p) is such that 
for all g(t) it satisfies the relation 


p 
Hu) I Ko(w, p)[hi2(w)P 


00 x [ K2(w, the(t)hy3(t)dt dw 0<p<a, 

[ Kolt, p)g(@t)dt = Re ais 

0 ho) / Kx(p, w)[hnn(w)? 
p 


x i Ko(t, w)g(thh23(t)dt dw 0O<p<w, 
0 


(10.2.8) 
where hj;(i = 1,2; 7 = 1,2,3), and the kernel K2 are known functions. 
Moreover, the kernel K2 is such that the Volterra integral equations 


p 
i Kit, p)g(t)dt = f(p), 0<p<o, (10.2.9) 
and 
/ K2(p, the(t)dt = f(p), 0<p<o, (10.2.10) 
p 


possess unique solutions for g in terms of all arbitrary differentiable functions 


f. 


242 10. Mixed Boundary Value Problems 


From relation (10.2.6) and the first part of relation (10.2.8), we have 


p oe) 
Wait) [ K2(w, p){hi2(w)? / Kiwi, in @Ohaodedw= filo), 


O<p<a. 
(10.2.11) 


Similarly, relation (10.2.7) and the second part of (10.2.8) give 


hat) [ K2(p, wythoawwrP f K2(t, w)go(t)ho3(t)dt dw = f2(p), 
p 


b<p<o. 
(10.2.12) 


The next step is to define unknown functions S,, S2, T;, T2, C,, and C2 such 
that 


pe Si(p), O0<p<a, 
hate) [ K2(p, ter (t)his(t)dt = 
p —T,(p), a<p<o, 
(10.2.13) 
p —Th(p), 0<p <b, 
hap) | Kolt, p)g2(t)ho3(t)dt = 
0 S2(p) , b<p<o, 
(10.2.14) 


p 
ii@® [ KaEpwhiwiwsho. “Gap das 0005) 


ioe) 
hap) | K2(p, w)C2(w)ha(w)dw = fr(p), b<p<o. 
p 
(10.2.16) 
These Volterra-type integral equations are similar to equations (10.2.9) and 
(10.2.10), whose solutions are assumed to be known. From (10.2.11), (10.2.13), 
and (10.2.15), we derive the equation 


p 
hy1(p) [ K2(w, p)hy2(w)S (w)dw 


p 
= hue) | K2(w, p)Ci(w)hy2(w)dw , 0<p <a, 
9 (10.2.17) 


or 
Si(p) = Ci(p), O<p<a. (10.2.18) 


Similarly, the result of combining Equations (10.2.12), (10.2.14), and (10.2.16) 
is 
S2(e) = C2(p), b<p<ow. (10.2.19) 
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The functions C; and C2 can be evaluated in terms of the known functions f; and 
fz from Equations (10.2.15) and (10.2.16). Hence, 5; and Sz are known. That 
leaves two unknown functions 7; and T> still to be evaluated. For this purpose, 
we appeal to relations (10.2.5) and (10.2.13). The result is 


AG / Kip, tenhis(t)dt =Ti(p), a < p<0o. (102.20) 
p 


Similarly, from Equations (10.2.5) and (10.2.14), we have 


p 
hor(p) / Kilt, p)gilhos()dt =Th(p),  O0<p<b. (102.21) 


Now, invert Equation (10.2.14) to find the value of g(t) in terms of 72 
and S2 and substitute this value of g2(t) in (10.2.20). There results an integral 
equation containing the unknown functions 7; and T2. Likewise, the relations 
(10.2.13) and (10.2.21) lead to a second integral equation for 7, and 72. Both 
these equations are Fredholm integral equations of the second kind, and can 
therefore be solved by a straightforward iterative method. 


Example. Solve the integral equation 


a CO 
/ wor) [ Ji(pe)Ji(pt)dp dt = Qe, b<p<a, (10.2.22) 
b 0 
which embodies the solution of the torsion of an isotropic and homogeneous 
elastic half-space due to a uniformly rotating annular disk with inner radius b 
and outer radius a. Comparing it with Equations (10.2.1) and (10.2.5), we have 


g(t) =tg(t), gilt) = thie), 82(t) = tdh2(t), (10.2.23) 


f(e)=2e, file)=L20, O<p<a; fo(eP)=0, b<p<ow, 


(10.2.24) 
Kot.) = [ Si(porh(podt (10.2.25) 
where 
0, O0<p<b, 
pi(P) + G2(p) = 4 P(P), bgp Ka, (10.2.26) 
0, a<p<®. 


In addition, the kernel Ko(t, ¢) satisfies the requirement (10.2.8) inasmuch as, 
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for all g(t), we have 


pees eo [ Ji (pp)Ji(pt)dp at 


| “ao f° 22 f° Jia pw)Sra(pv)(we)??dv dw dp dt 
& pt i, (p2 — w2)1/2(¢2 — y2)1/2 


a nee (t f° [ 8(w — v)(wo)du dw dt —v)(wv)dudw dt 
1p 8g (p2 — w2)1/2(¢2 — (p2 — w2) 1222 — y2)12 


2 i min(p.t) wdw at 
= ne sw | 2 2y1/2 (42 2 
0 (oe? — w?)/2(¢2 — w?)1/2 


TP Jo 
2 £P w2 i t-1g(t)dtdw 0 Pe 
Se SS oe , <p<O, 
Qo DAZ 2 — w2y)l/2 
mp Jo (p? —w?)? Jy (1? — w?) (10.2.27) 


and 


1 Kolt, p)g()dt = / git) [ Ji(po)Ju(pt)dp dt 


pO SS 


(wv)'/2(w2 — p2)1/2(y2 — £2) 172 


_ 2p ; oy 5(w — v)dudwdt 
. oe ? [ (wo) (w? — p2)12 (42 — 12)172 


5 Af , ) w dw dt 

a B max(p,t) (w2 — p?)'/?(w? ew 
20 w2 ” tg(t)dtdw 

eye =o eS 0 , 
mJy (we — 0?)¥/2 i (w? — £?)¥/? ee, (102.28) 


where we have used the formulas (10.1.12) and (10.1.13) and the relation 
2 1/2 Ce err w)wl-4/2)] 
Jn(pp) = faa of sa 2\1/2 dw. 
a p (w —Pp ) / 
Furthermore, we have changed the order of integration in the steps leading to 
formulas (10.2.27) and (10.2.28) as explained in Figures 10.2 and 10.3. Hence, 


hii(p) = 2/7, hi2(p) =p, hi3(0) = 1/p, 
hai(p) = 2p/z, h2(p) =1/p, ho3(p) =p, (10.2.29) 
Kx(t, p) =(p? — 07)”. 
Furthermore, the kernel K2 is such that the Volterra integral equations (10.2.9) 


and (10.2.10) can be readily solved, and therefore the method of this section can 
be applied. 
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The system of integral equations that corresponds to the system (10.2.13) 


through (10.2.21) is 


(10.2.30) 


0O<p<a, 
a<p<O, 


Si(p), 
—T;(p) ’ 


(t? _ p2)'/2 


pi (t)dt 


/ 
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P 42h (t —T. ; 0<p<b, 
r i tpi(tydt 2(p) p (10.231) 
0 (p? — t7)1/2 S2(p), b<p<o, 
2 ? wS;(w)d 
UNEP ie Sota Bias (10.2.32) 


mp 0 (p2 —w2yi/2 

20 fe d 

2 PDL Ae, ae oe ee (10.2.33) 
p 


u w(w2 — p2)1/2 
oO 
o2(t)dt 
ef Gait ain =T(p), a<p<ow, (10.2.34) 


2 
al iy : te SR, Caper: (10.2.35) 


The integral equations (10.2.30) through (10.2.33) are readily inverted and the 
results are (see Example 3 of Section 8.2 and Example 4 of Section 9.5) 


d e Sy (u)du oe T(u)du 
$1(p) acces =| » Wap ye -{ Wa ppe |’ (10.2.36) 
eae > w?T,(u)du P u?S)(u)du 
GANS ae dp I- f (p? — u?)1/2 i (p? ad Cee 
Qd fe dt 
S =—-— oe = 20, 10.2.38 
S2(p) =0. (10.2.39) 
Substituting these values in ee (10.2.34) and (10.2.35), we get 
2 t-1dtdu 
Ke Tu) (2 — p2)12(2 — u2)3/2 
= pe ae 1; 5/2; u*/p?)du 
7 oreD 0 (p? — u?) 
a<p<o, 
(10.2.40) 
and 


Th(p) = at =f See ee 
mp Jo (p2 — t?)1/2(q2 — ¢2)1/2 
2 f° e T,(u)du dt 
tah goal ean 
87a? 3.5 4a*p? 
= ore (1 5353 ores) (10.2.41) 
© Ty (u)2F (1/2, 1; 5/2; p*/u?)du 


Sep. u(u2 — p2) , O<p<b. 
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In the preceding relations, 2 F; stands for the hypergeometric function and we 
have used the following relations pertaining to this function: 

: “) 

’ p2 + 


i tl dt _ Mice re Cae 
o (= p)2Q2 — 232 APG/Hwe—w) 7°'\2° 2 
vo) 


i Badt 293 Fy (1/2, 1; 5/2: p2/u2) 
ooo eeeems._—_ —_ Om <u, 
0 (p2 — Py 22 — 23? 27 (5/2)u(u2 — p2) f 


e Pdt =H 2 (apy 7 3.5 4a 
f (? — 22)2(q? — 72)172 2 TS/2)(p? +2)? 7°10" 2? 2" (oF + a2y? 
p<a. 


Equations (10.2.40) and (10.2.41) are two simultaneous Fredholm integral 
equations of the second kind and can be solved approximately by iteration when 
we introduce the parameter 4 = b/a, such that 7 « 1. Indeed, the hyper- 
geometric function 2 F; occurring under the integral signs in these equations is 
reducible to an elementary function: 


1 oe og 3y 2 yx 
2Fi(5, ngS)= 23 [29 - (y? — =) og (2 2*)I. x<y. 


(10.2.42) 
Thereby Equations (10.2.40) and (10.2.41) take the simple forms 


me 2p 1 pt+hu 
T. =— Th(b —>——; - -l du, 
i (ap) -{ 2(bu) ote : og (22) u 


l<p<o, 
(10.2.43) 


and 


1 eet ia a 
200) = 4 app OD? ip) 


1 sag 2rup u+ip 
ae T, ee | du, 
:, Apr Jy ies E ig or (; = al 7 


0<p<1. (10.2.44) 


8247 p74 a (: a5 a 


We first attend to Equation (10.2.44) and observe that 


Bel poco Sia5: x” (10.2.45) 
ah emia 2) or - 
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With the help of this value, we readily obtain the first iteration for T> as 


8Q 20° 
Hb = pte OG) 3 (10.2.46) 
3x 5 
This value in turn helps us in solving (10.2.43) approximately 
32Qad° [1 2 627 
T, = ——|5[14+21°)+-2.4+005|. 10.2.4 
(ap) rae [a (0+ 3 )+ 5+ ( | (10.2.47) 


In the preceding approximations, we have included only those terms that are 
needed to evaluate the torque experienced by the annulus up to O(A°). 

Finally, we substitute the values of S;, S2, T;, and T> as given by the relations 
(10.2.38), (10.2.39), (10.2.46), and (10.2.47) in (10.2.36) and (10.2.37), and get 


b:(p) _ 4Q p/a e 16A° i 2 a? 
ONS aT” a5? 7) pe 
1/2 eae a 
| age p p 37 a 
paiad eee ae oe Pe a Sig 
«| oo mal a2 = a2 + 38 p> 
2\ 3/2 a. 1/2 
x [-sés sin! 2 _ 2 (1 - =) +9 (1 — ) 
p a a a 
2 -1/2 
+8 (1 ae =) i} +00%) ; (10.2.48) 
4 3p. _,b pei? p2\ 72/2 
ee ee See) eed eee 
$2(p) 32 | E sin - ( =; | ey 
2 


3 p2{/15p\ ._,b pe? B2\ 1? 
aac 5 | (2) 3 +2(1- 3) -9(1-3) 
Be —1/2 
- 8(1 - >:) }+209] : (10.2.49) 


Substituting these values in the relation #(p) = ¢1(p) + ¢2(p), we obtain the 
desired solution of the integral equation (10.2.22). 


10.3. Generalized Two-Part Boundary Value Problems 
An integral equation of a more general type such as 


i g(t)Ki(t, p)dt = f(p), O0<p<a, (10.3.1) 
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where the kernels K, can be perturbed on the kernel Ko(t, o) of Section 10.1, 
can also be solved by the present method. This necessitates the splitting of the 
kernel K, as 


Ki (t, p) = Kolt, p) + G(t, p), (10.3.2) 


where the kernel G(t, ¢) is in some sense smaller than Ko. From Equations 
(10.3.1) and (10.3.2), it follows that 


i Ko(t, p)g(t)dt = f(p) -{ G(t, p)g(t)dt , O<p<a. (10.3.3) 
0 


The kernel Ko(t, p) satisfies the same requirements as those in Section 10.1. 
From Equations (10.1.2) and (10.3.3), we have 


p a 
mio) | Ka(w, pythaw)P f 8(t)h3(t)K2(w, t)dtdw 
0 


w 


= to)- [ Gt, p)g(t)dt , O<p<a. 
: (10.3.4) 


Now we attempt to put the right side of this equation in the form of the left side 
as we did in Equation (10.1.7). This is done by defining two functions S(p) and 
C(p) as in (10.1.5) and (10.1.6) and a new function L (v, w) such that 


pt 
G(t, p) = hi (p)h3(t) i i K2(w, p)K2(v, thhz(w)h2(v)L(v, w)dudw . 
0 Jo 
(10.3.5) 
Thus, the integral on the right side of Equation (10.3.4) takes the form 


i, Git, p)g()dt = i g(t), (p)ha(t) 
t 
x ia) K2(w, p)K2(v, thho(w)ho(v)L (uv, w)dvu dw dt 
0 0 
p a 
aia) | K2(w, p)ho(w) i Liana) 


a 
x / K2o(u, HgMh3()dt dudw , O<p<a, 
7 (10.3.6) 


where we have assumed that various orders of integration can be interchanged. 
When we substitute (10.1.5), (10.1.6), and (10.3.6) in Equation (10.3.4), we get 


p p 
mio) f K2(w, p)h2(w)S(w)dv = h(o) f K2(w, p)C(w)h2(w)dw 


— hy(p) [x — 2(w, p)h2(w) [ve w)S(v)dudw, O<p<a. 
? S (10.3.7) 
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From this equation, it follows that 


S(p) = C(p) — [ve p)S(v)dv, O<p<a, (10.3.8) 
0 


which is a Fredholm integral equation of the second kind and can be solved for 
S(p). The required function g(t) is then obtained by inverting (10.1.5). 


Example. Solve the integral equation 


i 1$(t) / [pJi(pp)(pt)/yldpdt=2p, 0<p<a, (103.9) 


where 
Sik ap ye, k2p, 
ya oe pie 
As explained in Section 6.7, Example 2, this equation solves the problem of the 
torsional oscillations of an isotropic and homogeneous elastic half-space due to a 
rigid circular disk, of radius a which is performing simple harmonic oscillations. 
Comparison of Equations (10.3.9) and (10.3.1) gives 


(10.3.10) 


g(t) =the), f(p) = 2p, (10.3.11) 


Ki(t, p) = / [pJi(pp)Ji(pt)/y dp . 


We split K, as in Equation (10.3.2) with 


Kitepy= i Ji(po)i(ptdp , (10.3.12) 


Git, p) = h (2-1) Ji(po)Ju(ptdt 


smh Lawn 
~ apt 0 (p2- (p2 — w2)1/2(82 — w2y1/2 — w?)1/2 


x in Pp (2 = 1) Jy(prvJyalpwrdp dudw. 
ne (10.3.13) 


By following the method of this section and borrowing the known results from 
Section 10.1, we have 


hy(p) = 2/(ap), ho(p) =p, h3(p) = 1/p, 
Kr(t, p) = (p? —07)""?, (10.3.14) 
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Lv, w) = (vw)? } [p(p/y — DVip(pu)Ji2(pw)dp, —(10.3.15) 
¢ t)dt 
S(p) =p / aan (10.3.16) 
p 


2 £% wC(w)dw 


m= /f ——. 
OS ap Jy (p= wy? 


(10.3.17) 


and 
a 
S(p) = C(p) -{ L(v, p)S(v)dv, O<p<a. (10.3.18) 
0 
Equation (10.3.17) is readily inverted as shown in relation (10.1.17): 


C(p) = 22p. (10.3.19) 


Therefore, Equation (10.3.18) becomes 
S(e) = 2Qp0 — [ L(y, p)S(v) dv, O<p<a. (10.3.20) 
0 


The infinite integral (10.3.15) can be converted to a finite integral (see Appendix 
A.2): 


k 
i(vw)"? / [02/2 — p?)!|H2 (pv) Jyp(pw)dp , 
v>w, 
Liv, w) = ; 
i(vw)'/? / [p?/(k? — p?)? ip (pv) HY (pw)dp , 
0 
w>v, 

(10.3.21) 
where Hy is a Hankel function of the first kind. This form of the kernel is 
useful for small values of k. 

With this much information, we can solve the integral equation (10.3.20) 
approximately for small values of ak, which happens to be a dimensionless 
parameter. For this purpose, we write it as: 


1 
S(ap) = 2Qap — af L(av, ap)S(av)dv, O<p<1. (103.22) 
0 


An approximate value of the kernel aL (av, ap) is obtained from Equation 
(10.3.21) by using the series expansions for the Hankel and Bessel functions. 
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The result is 


ap = 4iarpu 7 pine Aa. NO on Be : 
es gs esc 

5 - re Bcee +p”) Abn + pu) 
+o 


~ (Spo! “ee +p?) 


” Bpv + 10p°v? + 3p°v) + O(a), 


1575 
v2?p, 
aL(av,ap) = ‘5 a 
av 4iarpv at 3 
—e ~ 2G p4v +9) - 5 Sie pv" + p°v) 
2 3x 
aes 3 
a v + 10p%v? + 3p°v) 
aeqee (3pv° + 10p°v? + 3p°v) + O(a), 
p2v, 


(10.3.23) 
where a = ak. By applying the straightforward iteration method to (10.3.22), 
we obtain an approximate value for S(ap) as 


S(ap) = 2Qa[ci(@)p + ¢3(a)p* + c5(a)p° + c7(a)p’ + O(@8)], (10.3.24) 
where 


a 4ia 194  53ia° 16 143.\ , 805lia’ 
c(a) = 1— — —— a 


4 On 1 192 + 2950 \8in2 * 3840 ~ 588007 ” 
a at ia? 1105 47ia’ 


©3(@) = 5 + 96 + 45n 2304 42000’ 

wi at a® ia? 47ia’ te) a® 
cs5(a) = ——— — —— — —— —- —, = 
z 960 3840 16802 4200z i 80640 


Finally, we invert Equation (10.3.16) to get 


stay < da 2 S(u)du 2d S(au)du 


x dp Jj, w—p yi? — xdp Soja Zz (p?/a?)]1/2 * 
(10.3.25) 
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From (10.3.24) and (10.3.25), we have 


ae Ee 
$0) =e |} a | e+ ( 


13041 1 1 p2\" 
4 2 
aie SE 1 eer eo Fema (ey porneree Slee 
ae Fe a 30") a ( =) | 
io [58 = 2 p? 6|( 16 17 
Toy [m5 a5 a2) | [Nie * 1680 
“ < Hf (10.3.26) 
53 2 1 p?\* i p\> 
seeps OF [ee Say specials et ey Yee near freee cel 
5040 ( ) + 7680 ( a2) + 25200 a 


ia? {1093 13 2 1 p?\> 
agg see, rkakceanememeasny (p (peees ny (oRccery (pam sae O(a’) . 
1 E= as ( =) + al =) ee) 


When a — 0, this reduces to equation (10.1.18). 


10.4. Generalized Three-Part Boundary Value Problems 
Finally, we consider the integral equation 


i Kilt, p)g(t)dt = f(p), b<p<a, (10.4.1) 


which is the generalization of the integral equation (10.2.1) and the kernel Kj is 
to be perturbed on Ko of Section 10.2. Indeed, we split it as 


Ki(t, p) = Kolt, p) + Git, p), (10.4.2) 


and assume that G(f, ¢) is in some sense smaller than Ko. With the help of the 
relations (10.2.2) through (10.2.5) and (10.4.2), the integral equation (10.4.1) 
becomes equivalent to the pair of equations 


I Kolt, p)gi(t)dt = file) — i G(t, p)gi(t)dt , O0<p<a, 
: (10.4.3) 

/ Ko(t, p)g2(t)dt = f2(p) -{ G(t, p)g2(t)dt , b<p<o. 
(10.4.4) 


Furthermore, the choice of the kernel Ko is such that the requirements embodied 
in the relations (10.2.8) through (10.2.10) are satisfied. 
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Now we extend the analysis of Section 10.3 and define two new kernels 
L,(v, w) and L2(v, w) such that 


p rt 
hntoymnst® f [) Kocun prKoto, hra(wyhia) 


x Ly(v, w)dudw , 


G(t, p) = (10.4.5) 


ha(pyhaa(t) f / K2(p, w)K2(t, v)h22(w)h22(v) 
p dt 
x L2(v, w)dudw , 


where the hs and the kernel K2 are the same functions as occur in (10.2.8). Thus, 
the integrals on the right side of the relations (10.4.3) and (10.4.4) take the forms 


i) Geode = f 81 (t)hi1(p)h13(t) 
0 
pet 
x | [) Ko(w, p)Kot0, Hh2Cwyhna(0) 
x Ly1(v, w)dudw,adt , 
p fo) 
= into) f Ka(w, pyhna(w) | L1(v, w)hy2(v) 


[oe 
x / K2(v, t)gi(t)his(t)dt dudw, 


0<p<a, 
(10.4.6) 


and 
i ” G(t, p)ga(dt = [ * galt)hs(o)has(t) 
xf : [ "Kolo, w)Kalt, vin wy») 
x L2(v, w)dudw, dt , 
= has(p) i ” Kolo, w)hz2(w) [ ” Lal, wyhzav) 


x | K2(t, v) go(t)ha3(t)dt dudw, 
0 


b<p<o, 
(10.4.7) 


where we have assumed that various orders of integration may be interchanged. 
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From Equations (10.4.3) and (10.4.6) and the first part of (10.2.8), we derive 
the relation 


p 00 
mute) [ Ka(w, pitinatwy? f K2(w, tei(t)hi3(t)dt dw 


Ww 


p oa) 
= fi(p) — hie) | K2(u, pyhra(w) | Ly(v, w)hy2(v) 


[oo 
x | Kx(v, )gi(hizg(t)dtdvdw, O<p<a. 
: (10.4.8) 


Similarly, from Equations (10.4.4) and (10.4.7) and the second part of (10.2.8), 
we have 


hax(o) | Ka(o, witha wy? f K2(t, w)go(t)ho3(t)dt dw 
p 
= Pete | RGsiecs : LG whee) 
p 


x / Kot, v)g2(t)ho3(t)dt dudw , b<p<o. 
0 (10.4.9) 


The next step is to use in Equations (10.4.8) and (10.4.9) the functions Sj, 
S2, T;, Tz, C1, and C2 as defined by the relations (10.2.13) through (10.2.16) 
and follow the arguments of Section 10.2. The functions C; and C2 are known 
in terms of f; and f, and the four unknown functions S,, S2, T;, and T> satisfy 
the following two simultaneous Fredholm integral equations of the second kind: 


foe) 


si(o) + f Li(o, p)Siw)dv = C1(0) + f Liv, p)T(v)dv, 


O<p<a, 
(10.4.10) 


fo) b 
sxe) + [ L2(v, p)S2(v)dv = Crt) + f L2(v, p)T2(v)dv, 


b<p<ow. 
(10.4.11) 


The two Fredholm integral equations that are the results of Equations (10.2.20) 
and (10.2.21) when the values of gj and g> are substituted in terms of S,, T;, S2, 
and T> are the additional two equations that augment (10.4.10) and (10.4.11). 
Thereby, the system has become a determinate one and can be solved by iteration 
as in the previous sections. 
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Example. Solve the integral equation 


| 60 | ehtpei(pn/yMdpat = 2, b<p <a, (10.412) 
0 


where y is defined in (10.3.10). This equation governs the problem of torsional 
oscillations of an elastic half-space due to a rigid annular disk. The functions 
g, f, K1, Ko, and G are the same as defined in (10.3.11) through (10.3.13). 
Similarly, the relations (10.2.27) and (10.2.28) remain valid in the present case, 
whereas the kernel G(t, p) becomes 


G(t, p) = ; ic _ 1) Ji (pp) Ji (pt)dp 


wl | amore 
apt 0 (p2 — w?)1/2 (42 — (p2 — w2)/2(t2 — w2) 1/2 
x iz P (2 oF 1) Jsyalov) awd dudw, (10.4.13) 
2pt wy ae 
ae [x = p2)1/2(u2 = (w? — p2)¥2(y2 — £2)172 


x iz P (2 = ») Jyy(pvsJya(pudp | dudw, 
0 


which corresponds to Equation (10.4.5). Thus, the functions /;; and the kernel 
K> are the same as defined by the relations (10.2.29), and the kernels L; and L2 
are 


L1(v, w) = (wo)'/? [ [p(p/y — DV12(pr)Ji2(pw)dp , — (10.4.14) 


Lo(v, w) = (wv)!? [ [p(p/y — DW3/2(pv)J32(pw)dp. —(10.4.15) 


Note that L;(v, w) coincides with L (vu, w) as given by (10.3.15). 
The four Fredholm integral equations of the second kind for the unknown 
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functions $;, $2, 7), and 7) emerge as 


1 
T,(p) =£2(p) + piry2T (5/2) 
[ u?T>(u)2F, (1/2, 1; 5/2; u?/p?)du 
x (ae a ee A a<p<W, 
0 oe (10.4.16) 
0? 
Tr(e) =£1(p) + @'2FG/2 
© Ty (u)2F, (1/2, 1; 5/2; p?/u*)du 
x / aa a Na a neat O<p<b, 
a eee? (10.4.17) 


Si(p) +f Ly(v, p)Si(v)dv = 22 + (v, p)Ti(v)dv , 
0 a 


O<p<a, 
(10.4.18) 
lo) b 
sao) + [ La(v, p)Sav)dv = f L2(v, p)T2(v)dv , 
b 0 
b<p<o, 
(10.4.19) 
where 
2 f? t? d [?% S\(u)dudt 
£ =-— —— — ———. , 0 b, 
ae al (2-2 aj, W—PyP re 
(10.4.20) 
bx(p) 20 is 1 d [ u?S2(u)du dt aa s 
= — Soe = <O. 
2\p x J, (2 —p» 2 dt J, (2—ury 2 ’ p 
(10.4.21) 


We solve Equations (10.4.16) through (10.4.19) approximately by iteration 
when the parameters ka and b/a are small. In view of the relations (10.2.42), 
we can write Equation (10.4.16) in the form 


1 
T,(ap) = £2(ap) + a T>(bu) E 2Ap a log ¢ + alka ’ 
0 


2—42u2 > y p—dAu 


where A = b/a. Similarly, Equation (10.4.17) becomes 


1 2\up u+Ap 
To(bp) = £1(H, — T; —~—; - 1 du, 
2(bp) 1(bp) + al 1(au) E —A2p2 oe (* *~)I u 


O<p<1. 
(10.4.23) 
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Let us observe that the parameters that occur in this problem are 
a=ak, B = bk, A =b/a= B/a, (10.4.24) 
and the discussion in the sequel is based on the assumption that a = O(A), and, 
as such, B = aA = O(a”). 
We start with Equation (10.4.18) and write it as 


1 
S(ap) +a f L,(av, ap)S;(av)dv 
0 


oO 
= 2Qap +a L,(av, ap)T,(av)dv, O<p<1. 
° (10.4.25) 


This is solved by setting 
Si (ap) = Xi (ap) + Wi (ap), (10.4.26) 


such that 
1 
X (ap) = 2Qap -af Ly(av, ap)X,(av)dv, O0<p<1i1, (10.4.27) 
0 
and 
lee) 
Wi (ap) =a | L\(av, ap)T;(av)dv 
1 


1 
-af Li(av,ap)W,(av)dv, O<p<1. 
? (10.4.28) 


The integral equation (10.4.27) is precisely equation (10.3.22) since the kernels 
L and L are identical. Therefore, X (ap) is given by the expression on the right 
side of (10.3.24). 

Similarly, the integral equation (10.4.19) can be written as 


[oe] 1 
S2(be) + b | L2(bv, bp)S2(bv)dv = b | L2(bv, bp)Th(bv)dv , 
1 0 


1<p<M, 
(10.4.29) 


whose kernel can also be reduced to the following suitable form (see Appendix 
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A.2). 
k a 
i(ory'? [ [p?/k2 = py" Waal peHSRperdp. 
0 
v2Pp, 


k 
i(ov)'? / [p2/2 = p?)"?Wspa(pryH2(poyap, 


p2Bov. 


L2(v, p) = (10.4.30) 


Using the expansions for Bessel and Hankel functions, we readily derive the 
approximate formula 


a?)7[(p7/6v) + O(a”)], v> 

a*d7[(v?/6p) + O(a’)], p2 
The functions occurring in the system of Equations (10.4.16) through (10.4.31) 

are to be calculated in the order X1, £1, T2, S2, £2, 71, Wi, S1. Having found X;, 


we can proceed to evaluate the other functions of this sequence. The required 
results, obtained by one iteration, are 


a (10.4.31) 
Vv 


bL 2(bv, bp) = 


82 242 2 4i 3 w) 242 
(bp) = 2 I( ->~ =) += +00] ; 
i. Si (10.4.32) 
To(bp) = £:(bp) + O(a’), 0<p<l, (10.4.33) 
4Qaa?A* [1 
Sy(bp) = A" |i to], 1<p<0, (10.4.34) 
452 p 
8Qaa?A> [1 2 
£2(ap) => Asst E + O(a | . 1< p<w, (10.4.35) 
32Qar° fa? 1 2 1 (6A? 
T, = —+—(1-—4+ 2-17) 4+ —( — ) +00 
GP) = “752 Fe aD ) el 7 )+ @)| 
1<p<o@, 
(10.4.36) 
8Qaa?A> 
W, (ap) = “gear te + O(a)], 0<p<1, (10.4.37) 
8Qapa?r5 
S\(ap) = X:(ap) +E — + 0@"), 0<p<t. 
(10.4.38) 


In the preceding approximation, we have included only those terms that are 
needed to evaluate the value of the torque experienced by the annular disk to 
O(a8). 
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The values of g; and gz are obtained by inverting Equations (10.2.13) and 
(10.2.14) with S;, S2, T;, and T> as given by the preceding formulas. Then, the 
value of the function g follows from (10.2.5) and that of ¢() from the relation 
$(p) = p-'g(p). 

Finally, let us note that the method explained in the previous sections requires 
the following modifications when applied to problems that relate to spherical caps 
and annular spherical caps (or spherical rings): change a to a, b to B, p to 0, 00 
to 2, and replace Equations (10.2.2) by 


[o.e) 3 r 
f) 2 8 (tan 5) = fi(0) + fold) , (10.4.39) 
where 


foe} o r 
fA) = oa, (an 5) , O<d<a, 
r=0 (10.4.40) 


-1 


fo = Vo a, (tan >) < Bevrase 


r=—0o 


(10.4.41) 


Here, # is the polar angle and @ and £ are the bounding angles of the annular 
cap. 


10.5. Further Examples 


Example 1. In Section 6.3, we found that the integral equation 


f(p) = [ g(t)Kolt, p)dt; O<p<a, (10.5.1) 


where 
CO 
Kolt, p) = 2x [ In(po)In(pt)dp (10.5.2) 
0 


embodies the electrostatic potential problem due to a circular disk of radius a 
charged to a prescribed potential f() cosng. Following the analysis of Section 
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10.1, we get, for all g(t), 
a a [oe 
[Kote rear = 20 [gto | Jn(po)In(pt)dp dt 
0 0 0 


a CO 2 
| 0 Lom 


Jn—1/2(pw)In—1/2(pv)(wv)"*/*dv dw dp dt 
(p? a w2)1/2(¢2 ms v2)1/2 


a 5(w — v)(wv)"dudw dt 
3f g(t f° [oes (p2 — w2)12(72 — y2) 12 — p2ji/2 


min(p,t) w2"dw dt 
ey) (2 wI2G? = pie 


-< — w2)1/2(42 — w2)1/2 
4 ie so g(t)dtdw 0 

= — ET ERESEC HEI Far EES TPE TLE <p<a, 
p" Gene. oar ‘ 


(10.5.3) 


where we have used the relations (10.1.12) and (10.1.13). 
Comparing Equations (10.5.3) and (10.1.2), we obtain the values of the 
functions h;, h2, h3, and K> as 


hi(p)=4/0", — hap) =p", —ha3(p) =p" 
K2(t, p) = (p? — 0°)? 
Moreover, this form of the kernel K2 ensures the inversion of the integral equa- 


tions (10.1.3) and (10.1.4). The method of Section 10.1 is therefore applicable 
in this case. Indeed, we have 


(10.5.4) 


on [% to" g(t)dt 
S(p) =p i (2 — pyi2 ’ 0< p<a, (10.5.5) 
? w"S(w)d 
f(io= yee O0O<p<a. (10.5.6) 


z 0 (p? — w?)1/2 ” 
Inverting Equation (10.5.6), we get 

pop" d f? t™*f)dt 
= dp Jy (p?—22)12” 


S(p) = (10.5.7) 


which gives the value of the function S in terms of the known function f. 
Substituting this value of S in (10.5.5) and inverting it, we recover the value of 
the unknown function g: 

2t" d [(* wi "S(w)dw 


BE) SS 
ww 


dt}, (w2—r2012 ° (10.5.8) 
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For the special case when the disk is kept at a unit potential, f(o) = 1, 
n = 0. Equations (10.5.7) and (10.5.8) take the simple forms 


1 ad f? tdt 1 


OOM as i (Di? ~ In (10.5.9) 
and 
1d f? wdw t 
60=-35/ ope alee O<t<a. 
(10.5.10) 


Incidentally, we can evaluate the capacity C of the disk without finding the 
value of the unknown function g. Indeed, the formula for capacity is 


a 
C= ax f g(t)dt. 
0 
Substituting in it the value of g(t) obtained from Equation (10.5.8) after putting 
n = 0, we get 


C= af S(w)dw =2a/z . (10.5.11) 
0 


Example 2. The equation 


a 
1 =} tg(t)Ky(t, p)dt , 0O<p<a, (10.5.12) 
0 


where = 
aa ee ie (posGpinteO/ alan: (10.5.13) 


is the integral-equation formulation of the problem of acoustic diffraction of an 
axially symmetric plane wave by a perfectly soft circular disk of radius a (see 
Section 6.7, Example 1). 

To solve Equation (10.5.12), we split the kernel K, as 


Ki(t, e) = Kot, ep) + Gt, p), 
where a 
Ko(t, e) = I Jo(pp)Jo(pt)dp (10.5.14) 
and - : 
Gite) =f Uely) ~ 1do(pe)do(peap (10.5.15) 


Thereafter, the analysis is similar to the one given for the integral equation 
(10.3.9) of the example treated in Section 10.3. 
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Example 3. Some boundary value problems relating to a spherical cap. 


Electrostatic potential problem due to a spherical cap. A spherical polar 
system (r, 0, y) is chosen so that the cap is defined by r = a,0 < B <a, 
0 < g < 2m (See Figure 10.4). We consider the axially symmetric case when 
the potential on the cap is given by f(#). Thus the boundary value problem is 


FIGURE 10.4 
V*V(r, 3, v) =0 in D, (10.5.16) 
V(a, 3,9) = fF), 0<vd<a; 0<g<2z; (10.5.17) 


where D is the region exterior to the cap. By following the method of Chapter 6 
(see Exercise 9 of that chapter), we find that the integral representation formula 
for Equation (10.5.16) is 


a 2n 
V(r, 3, g)) =a? i i [o(t)/R]sint dg,dt, (10.5.18) 
0 Jo 
where o (t) is the charge density at the point Q(a, t, g,) on the cap and 
R = (r?+a*—2ar cos y)”7, cos y =cos? cost+(sin ? sin t) cos(y—¢}) . 


Applying the boundary condition (10.5.17), we obtain the Fredholm integral 
equation of the first kind 


f (9) =a? [ "ih tho (t)Ko(t, o)dt, 0<0 <a, (10.5.19) 
0 


where 


Kolt, 0) = [ - a1 (10.5.20) 
ee fy (2a? — 2a? cos yy? = 
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The next step is to expand the integral in Equation (10.5.20) in terms of the 
spherical harmonics Y," (0, yg): 


1 at S y (n — |m|)!¥"(0, gp)" (t, b1) 
(2a? — 2a? cosy)'/2 a Ke A (n+ |ml|)! 
(10.5.21) 
From Equations (10.5.20) and (10.5.21), it follows that 
Qn = 
Ko(t, 8) = — )> P, (cos 8) P,(cost) , (10.5.22) 
a n=0 


where P,, is the Legendre polynomial. We can put (10.5.22) back into the integral 
form if we use the Mehler—Dirichlet integral 


g 1 
P, (cos 0) = ey cos[(n + 3)w]dw 
0 


(cos w — cos 9) 1/2 (10.5.23) 


and the result 


oo 1 1 4 
y cos{n+—]wcos(z+—)v=—d(w—v), O<wivu<7Z. 
= 2 2 2 


(10.5.24) 
The kernel Ko(t, #) as given by Equation (10.5.22) then becomes 


Kolt, 8) = aah te ee (10.5.25) 
a Jy Jy (cos w — cos 9)'/2(cos v — cost)!/2 * oe 


The relation that corresponds to (10.1.2) for the present case is 


x ( ») wat = 2 iF w i dwdt 
iS Oe Jo ? 0 (cos w — cos #)1/2(cos w — cos t)!/2 
os a 1 i g(t)dtdw 
a Jo (cosw —cos)}/2 J, (cosw—cost)!/2 ’ 
0<t <a. (10.5.26) 
Hence, 
hi(0) = 2/a, h2(0) = h3(0) = 1, 
K2(t, 0) = (cost — cost)? . (10.5.27) 
Similarly, the relations that correspond to Equations (10.1.5) and (10.1.6) are 


* a’o(t)sint dt 


SS) ee 
@ » (cos —cost)}/2 


(10.5.28) 
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and P 
ro=2 S(w) dw _ 
a Jo (cosw —cos?)!/ 
The integral equations (10.5.28) and (10.5.29) are simple Volterra integral 
equations and can be easily inverted. In fact, the inversion of (10.5.29) is readily 
achieved from Example 2 of Section 8.2, and we have 


a da [*  f(#)sinddd 


(10.5.29) 


S(w) = — — ee 10.5.30 
wy 2x dw Jo (cos? —cosw)!/2 ( ) 
Similarly, the solution of Equation (10.5.28) is 
1 d [{* 8S inwd 
o(t)=—- ee (10.5.31) 


ma2sint dt 1 (cost —cosw)!/2 


and the integral equation (10.5.19) is completely solved. 
As pointed out in Example 1, one need not determine the charge density 
a(t) explicitly to find the capacity of the solid. Using the formula 


C =2na’ i (sint)a (t)dt (10.5.32) 
0 


and relation (10.5.31), it follows that 


CH=2 aM 1 d [{* S(w)sinw dwdt 
=27a —_-— | — —— 
0 dt J, (cost —cosw)}/2 


a2 fe = 22 | s(w)c0s ($) aw. 
0 0 2 


— 1/2 
sree) (10.5.33) 


For the special case when the cap is kept at a unit potential, that is, f(0) = 1, 
relation (10.5.30) simplifies to 


a da f*® sin 0 dd? a w 
S =— — = —). 10.5.34 
wy 2x dw i (cos? —cosw)!/2  /ax cos (5) Na) 


From Equations (10.5.33) and (10.5.34), we have the value of the capacity as 
C = (a/n)(a+sina) . (10.5.35) 
From this formula we obtain the capacity of various other configurations: 
Hemispherical bowl. For this case we set a = 1/2 and get C = a(3 +7). 
Sphere. The value for this case follows by setting a = a so thatC =a. 


Thin circular disk of radius c. When we set a > 0, a — ov, such that 
aa —> c, we recover formula (10.5.11). 
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Polarization potential. The foregoing analysis is also applicable to the 
polarization potential problem of a spherial cap. Let a perfectly conducting 
spherical cap of radius a and bounding angle a be placed in a uniform electric 
field E which is parallel to the negative z-axis. Then f(#) in Equation (10.5.17) 
has the value 

f(8) = —Ea(cost¥ +c), (10.5.36) 


where c is a constant. Substitution of this value of f(%) is Equation (10.5.30) 
yields 


aod ” sin 0{—E a(cos 0 + c)}dd 


RY =— — 
(w) 2n dw Jo (cos & — cos w)1/2 
a’E 3w w 
=-— cos — +c cos—|. 10.5.37 
J2n 2 *| 


Consequently, from Equation (10.5.31) we obtain the value of the charge density 
as 


1 d [%a’E (cos#+c cos “)sinwdw 
o(0;) = | ( 2. >) 


~ 7 a2sind, dd; 


E 1 1/2 
= errr feo (ae) (c +3cos 34) 
— 


1+ cosa 
cos }; — cosa 


o (cos 3; — cos w)!/2 


(10.5.38) 
1/2 
) (3 cos }; — 1 sa +0} : 
The edge condition requires that for %, = a, the charge density should be finite. 
As a result, we find from (10.5.38) that 
c=1-—2cosa. (10.5.39) 


Thus 


1/2 
o(0;) =— aes cot7! Beale (1 —2cosa@ + 3cos 0) 
Qn? cos 3, — cosa 


1/2 
+3{a + cosa) (cos 3; — 1 — cos «| . (10.5.40) 


The energy measure in this problem is the polarization potential P which is 
defined as 


p=|f lgradV |? dx dy dz, 
R 
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where R is the domain exterior to the cap. With the help of Green’s Theorem, 
this result can be written as 


av aV 
p=[ vo as+[ voas. 
Ss, Ons a 8 


a 2n 
= 47a? [ [ V o(d;) sin 9) dd; dg, 
0 0 


Qa 
= -sr Ba? [ cos 0; o (91) sin 3; dv, . 
0 


(10.5.41) 
Finally, from Equations (10.5.40) and (10.5.41) we have 
sina sin2a  sin3a 
P=4E'a@ — - — - : 10.5.42 
a E + 5 5 6 ( ) 


The far-field behavior of the electrostatic potential follows from relation 
(10.5.18) which can be written as 


a” 
ntl 


foe} a 
V(r, 0) = 2 a? >; i o (9) Pa(cos 3) P, (cos 91) sin 1d; . 
n=1 0 


Thus 
2 © P 1 1 
V(r) = (27a o(0;) sind,d3,;}-+ 0 oo 
0 r r 


The substitution of the value of o (i) from Equation (10.5.38) in this result 
gives the required far-field behavior: 


2E in 2a 
Vir) = — jac —2cosa) + 2sina — | . (10.5.43) 


Flow of an ideal fluid past a rigid spherical cap. 
In Example 5, Section 6.3, we found that 


1 a 
U sind = =f Koh, ®)L (01) dv) , (10.5.44) 
0 


where the kernel Ko(%;, %) is defined by the relation (6.3.69), is the integral 
equation formulation of the problem of the flow of an ideal fluid past a spherical 
cap. We are now in the position to solve this integral equation with the help 
of the method as given in Section 10.1. For this purpose, we use the relations 
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(10.1.12) and (10.1.13) and write (10.5.44) as 


Usin? = 1 aa I(d)dv; a 2p 

~ 2a Jo cos(9/2) cos(9/2) Jo 7 tan(#/2) tan(; /2) 

‘a 9/2 Ji2(pw)w3/?dw tr 2 Te (pu)v32dv 
0 (tan? 3/2 — wre (tan? 3/2 — v2)1/2 
~ f° I (3) cot > cs % cot 4 RACs aera 105.45 

~ 2a Jy cos(?/2) eae 1D : ars 
min(tan 3/2, tan 0; /2) 

. w dw 


The next step is to set 


1 
wate, dw = 5 se Sd v. 
and change the order of integration. Then (10.5.45) becomes 
1 of? S(p) tan(y/2) 
U sin} = — cot — —_————,,. dy , 10.5.46 
Bis ma. 2 i} (cos w — cos #)1/2 ¥ ( ) 
where 
wv I(d1) cot H2 


S(w) = tan — dty. (10.5.47) 


2 Sy Sree 

Integral equation (10.5.46) can be readily inverted to yield 
Sqreduer = Fs a ON 

2 db Jo (sin’ w/2— sin 2 4 /2)1/2 


= 4/2 aU sin r cos s ; (10.5.48) 


Similary, when we put Equation (10.5.48) in (10.5.47) and invert we get 


1(8,) 1 tan val d * S(u) sinu cot(u/2) 
= ——tan pial Reese aetna 
: 2 dd, », (cos 3 — cosu)!/? 
(10.5.49a) 
2aU . yt 2cos?  — 6cos % 2 cos? 4 
— n- ici aiid) Sia clet 7 Ease 
2 (cos2 ay — cos? $) 


cos a/2 ) 2 
— 3 cos* — |. 
COs Raye 2 J (40.5.49b) 


fd 
+ 6 cos” = sin7! ( 


However, we can get the quantities of physical interest without having to evaluate 
I (31) explicitly as we show in the following. 
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Virtual mass. The virtual mass M is defined as 
M= [ovras dy dz, 
R 


where R is the domain exterior to the cap. By Green’s theorem we can write 
this formula as ae ‘ 
V 
Sa on, S_ on_ 
where S; and S_ are the positive and negative sides of the cap as explained in 


Section 6.2. Proceeding as in the previous example, we can write this formula 
as 


a 2n 
M= -au f i g() sind; cos 3, dy, dd; 
0 0 
=xa’U / sind; 1) dt, (10.5.50) 
0 


where we have used the notation as explained in the Example 5, Section 6.3. 
Now, from Equation (10.5.49a) we have 


1 * 0, [* S(w)sinu cot 4 
=f asin? f Bie aay eek 
9, (cos #; — cosu)!/2 


~[ af S(u) sin u cot 5 pe Te 
a sun oy (cos 9; — cosu) 1/2 co 


a sin}, dv; 
-—] sw)si id etree aie Pome 
a =f eens 2 uf (cos 3; — cos u)1/2 


i IW) sin d,d0; 
0 


2 Qa 
= 2 | S(u) sinu cot — sin a re 
IU 0 2 2 


When we put the value of S(u) as given by (10.5.48) in this relation and simplify, 
we obtain 


a 2 in 3 
i 1(81) sind, dd, = aU E Sauce sca =] (10.5.51) 
0 ue 2 6 
Finally, from Equations (10.5.50) and (10.5.51) we have 
in2a sin3 
M =2a°U E a —S bs , =] (10.5.52) 


From the formula (10.5.52) we can get the virtual mass of various limiting cases. 
(i) Hemispherical bowl. Puta = % in (10.5.52) and get M = a? U(4 + 4) : 
(ii) Sphere. Put w = 7 in (10.5.52) and get M = 27 aU. 
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(iii) This circular disk of radius c. Let a — 0,a — oo such that aa > c. 
Then Equation (10.5.52) gives M = § c?U. 


The far-field behavior. For evaluating the far-field behavior, we appeal to the 
analysis of Example 5 of Section 6.3 and find that 


V(r, 0) = a lf (31) sin g : dg, add 10.5.53 
r,0) = —— {= ; ye 
4x Jo Jo §(v1) sin vy ar, \D ven gidd,. ( ) 


Also 
a1 ona} 
ES (5)]_ = 2 “geal P, (cosy) . 


Substituting this value in Equation (10.5.53) and simplifying, we have 


gh} 
V(r, 3) = -— aE, 2(04) sin , ne = P,, (cos 3) P, (cos 31)d; . 
(10.5.54) 
2 a 1 
= 5 cos of g(01) sind; cos 3, dd, + 0 (=) 
az a . 
io a2 cos f I(d,) sin 3; dv, 
au ee aes sina sin2a sin 3a 
= a + — — — —- : 
2 2 2 6 


(10.5.55) 


Exercises 


Extend the analysis of Example 1 in Section 10.5 to the following two 
exercises: 


1. The disk is bounded by a grounded cylindrical vessel of radius b such that 
a/b <1. The disk and the cylinder have a common axis. 


2. The disk is placed symmetrically between two grounded parallel plates 
z = +b such that a/b < 1. 


3. Instead of the whole disk, consider the case of an annular disk and extend the 
analysis of Example 1 of Section 10.5 accordingly. Do the same to the problems 
in Exercises 1 and 2. 

Solve the problems of acoustic diffraction of an axially symmetric plane 
wave for the configurations in Exercises 4 through 7. 


4. A perfectly rigid circular disk. 
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5. Perfectly soft and perfectly rigid annular disks. 
6. Perfectly soft and rigid spherical caps. 

7. Perfectly soft and rigid annular caps. 
8 


Solve Exercises 1 and 2 when the solid is a spherical cap instead of the 
circular disk. 
For details on mixed boundary value problems, the reader is referred else- 
where [19]-[28],[48]-[50]. 


CHAPTER 11 


Integral Equation 
Perturbation Methods 


11.1. Basic Procedure 


In the previous chapter, we solved the Fredholm integral equations of the first 
kind by converting them to Volterra integral equations and to Fredholm integral 
equations of the second kind. One of the reasons for the simplicity of that 
formulation was that we had only one variable of integration. We need to 
develop methods that solve the integral equations relating to boundaries such 
as a cylinder or a sphere. In this chapter, we shall deal with three-dimensional 
problems and present approximate techniques for solving the Fredholm integral 
equations of the first kind 


f(P) = [ xe. Q)g(Q)dS , PeS, (11.1.1) 
Ss 


with P = x and Q = €. The analysis for the corresponding plane problems is 
simpler once the method is grasped. 

In the previous chapter we noticed that certain perturbation parameters arise 
naturally in physical problems. Let ¢ be such a parameter occurring in the integral 
equation (11.1.1). Then, we expand all three functions K, f, and g as power 
series in €: 


K =Ko+eK,+&?K2+::-, (11.1.2) 
f=fotefiiteht-, (11.1.3) 
g=sotegitegt:-. (11.1.4) 


Inserting these values in Equation (11.1.1) and equating equal powers of ¢, we 
end up in solving the integral equations 


[ Kosvas = fo, (11.1.5) 
Ss 
| Konas =f - [ Kas, (11.1.6) 
Ss Ss 
[ Kossas = fr - [ kis.as ~ | Kesas. (11.1.7) 
Ss AY Ss 


and so on. 
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For the preceding technique to be useful, the following conditions must 
be satisfied: (i) Ko(P, Q) is the dominant part of K(P, Q) as in the previous 
chapter; (ii) the integral equation (11.1.5) can be solved; and (iii) the func- 
tions go, £1, ... are such that the integrals occurring the right side of Equations 
(11.1.6), (11.1.7), and so on, are easily evaluated. 

Fortunately, in this method, it is only the integral equation (11.1.5) that 
needs to be solved because the other integral equations in the sequence have the 
same kernel. 

In certain cases, an approximation of order ¢ can be obtained rather easily. 
Suppose that the function K occurring in the expansion (11.1.2) is a constant 
A (say), then Equation (11.1.1) can be written as 


f(P)-+ ef" = | KolP, Qe Qds + OC), (11.1.8) 


where 
p=- | sous, 


is a constant, although as yet unknown. Then, to order e, Equation (11.1.8) is 
similar to the integral equation (11.1.5), whose solution is assumed known, and 
therefore can be solved. The quantity f’ can then be evaluated from different 
considerations. The occurrence of a constant A can be demonstrated by the 
kernel 
expie|x—€|  expier 1. . > 
K(P, Q) = ——,___ = =-—+ie+O(e’). 
Ix—§| r r 

Here, Ko(P, Q) = 1/r and A =i. 

In the special case when the kernel K is only of the form Ko + A, the 
analysis is further simplified. Indeed, suppose that the solution G(P) of the 
integral equation 


[ xo, Q)G(Q)dS = 1, PeS, (11.1.9) 
s 


is known and we are required to solve the equation 


[u + Ko(P, Q)]g(Q)dS =1. (11.1.10) 


We can write Equation (11.1.10) in the form 


[ Ko, Q)g(Q)dS =1 -4 f soas ; (11.1.11) 
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Although the value of the integral on the right side of (11.1.11) is so far unknown, 
it is nevertheless a constant, as pointed out earlier. We can therefore divide both 
sides of Equation (11.1.11) by the constant factor on the right side and obtain 


[ koe. Q) {(0v/ - A [ scoas}} as 8 a (11.1.12) 


Comparing Equation (11.1.12) with (11.1.9), where the value of G(Q) is known, 
we have 


g(Q) = E —A [ s(Qvas| G(Q). (11.1.13) 
S 
Integration of this expression over the surface S and a slight rearrangement yields 
[ sous = [/ G(Qvas| is E +A / G(Quas | ; (11.1.14) 
Ss S S 


Subsequently, the substitution of (11.1.14) in (11.1.13) yields the solution g(P) 
of the integral equation (11.1.10): 


g(P) = G(P)/ E +4 [ G@uas] (11.115) 
Ss 


This result can be extended to the case when, instead of the constant A in 
Equation (11.1.10), we have a separable kernel with finite terms. Suppose again 
that we know the solution of the integral equations 


[ koe, Q)Go(Q)dS = f(P), PeS, (11.1.16) 
Ss 
and 
[ ko, Q)G;(Q)dS = W;(P); PeS, i=1,...,n; (41.1.17) 
S 


then we can solve the integral equation 


i=l 


[ ovr Q)+ Saowr g(Q)dS = f(P), (11.1.18) 
where the #;(Q) are known. To accomplish this, we write Equation (11.1.18) as 
[ xo. Q)g(Q)dS = f(P)— D> CiWi(P), PeS,  (11.1.19) 

Ss i=1 


where 


Gz i $:(Q)g(Q)4S 
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are constants, as yet unknown. The rest of the steps are a simple repetition of 
the ones used to solve the integral equation (11.1.10). 

We now apply these ideas to various disciplines of mathematical physics 
and engineering. In the sequel, we let G(x; €) be the generic notation for the 
Green’s function as in Chapters 5 and 6. In view of the expansion (11.1.2) for 
the kernel K, we write Go(x; &) for E (x; &), the free space Green’s function. 


11.2. Applications to Electrostatics 


As a first illustration, we turn to boundary value problems in electrostatics. Let 
there be two conductors with surfaces S; and S2; 5; is completely contained in Sz 
and is kept at a unit potential, whereas the potential on S2 is zero. If a denotes a 
characteristic length of S; and b denotes the minimum distance between a point 
of S; and a point of S, then we have the perturbation parameter ¢ = a/b, which 
we assume to be much smaller than unity. 

In Section 6.4, we presented an integral representation formula for the elec- 
trostatic potential in the region D between Sz and $j: 


f(P) = is G(P, Q)o(Q)dS, (11.2.1) 


in terms of the Green’s function G(P, Q) and the charge density o. Applying 
the boundary condition on S;, Equation (11.2.1) becomes 


1= i] G(P, Q)o(Q)dS , Pes,. (11.2.2) 
Sy 


Following the method outlined in the previous section, we write G(P, Q) as 
the sum of the free-space Green’s function Go(P, Q) and the perturbation term 
G,(P, Q) in (11.2.2) and get 


i= Go(P, Qya(Qvds + | Gi(P,Q)o(Q)dS, PeS,. (11.2.3) 
Sy Si 


If the conductor S2 were absent, we would have only the first integral on the right 
side of Equation (11.2.3). Thus, the second integral represents the effect of the 
conductor S2 on the potential of S;. According to the hypothesis of the previous 
section, we assume that we can solve the integral equation (11.2.3) when the 
second integral is not present. 

Note that we can always introduce a constant A and write G; = A+ Go, 
where G2 = O(Ae). For instance, one possible value of A is the value of 
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Gi(P, Q) for an arbitrary pair of points P and Q on S;. Hence, the relation 
(11.2.3) can be written as 


Si Sy 


-| Go(P, Qva(Qvas+a f o(Qyds+ | G2(P, Q)o(Q)dS . (11.2.4) 
Sy 


Now define a new charge density o’ 


o'(P) =0(P) / ja-a f = [ous]. (11.2.5) 


from which it follows that 


[ cas = te o'as| /[i+a f o'as | (11.2.6) 


Also, Equation (11.2.4) can be written in terms of the density o’ as 


=f Go(P, Q)a'(Quas + f G2(P, Q)o'(Q)dS . (11.2.7) 


From the preceding arguments, we conclude that the second integral on the right 
side of Equation (11.2.7) is O (7) times the first one. If we neglect the terms of 
this order, then o’ is the electrostatic charge density on S, when it is raised to a 
unit potential in free space. Equation (11.2.6) therefore gives the capacity C of 
the condenser formed by S; and S> in terms of the free-space capacity Co of 51; 
that is, 


C/Co = (1+ AC)! + O(e?), (11.2.8) 


or 
C/Co =1— ACo + O(e”) . (11.2.9) 


If A is interpreted as the value of G;(P, Q) for any pair of points P, Q on S}, then 
the result (11.2.9) is precisely the capacity that would have been obtained had 
we used the perturbation procedure (11.2.2) through (11.2.4). The advantage of 
Equation (11.2.8) for determining the electrostatic capacity lies in the fact that in 
many Situations it is possible to show that, by a suitable choice of A, the formula 
(11.2.8) is valid for much higher order in e. 


Example. We elucidate this discussion by the example of a sphere of radius 
a placed with its center on the axis of an infinite cylinder of radius b. Recall 
that we gave an integral-equation formulation of a general axially symmetric 
problem of this nature in Example 2 of Section 6.5. In terms of cylindrical polar 
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coordinates (p, y, z), we found that 


oO 
GilP, G25 Pir Pr 21) = D2 — For GY(p, 2; p)1, 21) cosr(y — v1), 


r=0 
(11.2.10) 
where 
2 (~ I (pe), (pp1)K; (pb) 
G® --=/ wile Rahal Se een Sse —z,)dp, 11.2.11 
1 sf I, (pb) cos p(z — z1)dp ( ) 


and the points P and Q are (p, g, z) and (1, 1, Z1), respectively. In view of 
the axial symmetry, we need only the term G© in the preceding formula. 

The next step is to find the constant A in the relation (11.2.4). For this 
purpose, we first set 


zZ=acost, p=asinv, (11.2.12) 


where @ is the angle between Oz and OP, where O is the origin. Then (11.2.11) 
becomes 


GO =- 2 Re i Io(pa sin 3) Ig (pa sin 9) Ko(pb) eiPatcos d—c0s 1) q 5 
0 


Io(pb) 
oe (11.2.13) 


where the “Re” means that we take the real part of the expression. Secondly, we 
use the formula 


foe) 
0 
Io(pa sin 3 )e!P2 Ss? = =) aeanes SEs P,, (cos 0) , (11.2.14) 
n=0 


where P,, are the Legendre polynomials. From Equations (11.2.13) and (11.2.14), 
it follows that 


GO}, Q) == =Re ie ye 1)” m ym+n (pa sin 5)" (pa sin vi)” 


n} m! 
Ko(pb) 
x P,, (cos 3) Py (COS 3; )d. 11.2.15 
To(pb) ) Pr ( 1)dp ( ) 
2 CO * ha n * ov m 
= —-— Re | (py iyntn ES)" P,, (cos ce 
ub 0 n! m! 
K 
x Py (cos. damn Ko) (11.2.16) 
Ipn(u) 


1 [o.e) fo) 
= — ;Re b £"A, Py os0)| » £"A,, P, (Cos | ; 
n=0 


n=0 
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where u = pb and ¢ = a/b (the dimensionless parameter of the problem). 
Furthermore, the constants A, are given by the formula 


AmAn = (2/7) i (—1)" i)" *" (u)"*"[Ko(u)/Io(u) |du . (11.2.17) 
0 


It follows from Equation (11.2.17) that, when (m +n) is odd, A,,A, is an 
imaginary quantity. 

The required constant A is now available from Equations (11.2.16) and 
(11.2.17): 


A = —(1/b)A2 = —(2/mb) [toto , (11.2.18) 
Substituting this value of A in (11.2.8), we have 
C/Co =~ [1 — (2/mb)Col (0)! —" (11.2.19) 
where - 
I(2m) = (2m + vf [u2" Ko(u)/Ip(u)]du , (11.2.20) 


for which numerical tables are available [14]. 
By careful examination, it can be shown (see Exercise 1) that the preceding 
value of the capacity is correct to order e°. 


11.3. Low-Reynolds-Number Hydrodynamics 


Two kinds of linearized equations govern the flow of an incompressible viscous 
fluid: Stokes and Oseen equations. 


Steady Stokes flow 


We have studied these equations in Example 3 of Section 6.7. Recall that, for a 
free space, the boundary value problem is 


V’q = grad p, divq=0; (11.3.1) 


q=e1, on S$); qa —>O0 at ©0O; (11.3.2) 


where this system has been made dimensionless with the help of the uniform 
speed U of the solid and with its characteristic length a; here, e; is the unit 
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vector along the x; axis. The integral-equation formula for this boundary value 
problem was found in terms of Green’s tensor T, and Green’s vector p; to be 


a=-f f-T, dS, PES, (11.3.3) 
Sy 
where 
f = (dq/dn) — pn, (11.3.4) 
T, = (1/87) (IV7|x — €| — grad grad [x — &]), (11.3.5) 
Pi = —(1/87)grad V?|x — €| . (11.3.6) 


The corresponding formula for the resistance F.. (the subscript signifies 
that we have an infinite mass of fluid) on the body B is found by observing that 
the stress tensor has the value Ip + [Vq + (Vq)‘], where (Vq)’ stands for the 
transpose of Vq. Using Equation (11.3.4), we have 


Fo = / fod S . (11.3.7) 
Sy 


This force can be related to the so-called resistance tensor ®.., which is defined 
to be such that the force exerted on a body with uniform velocity u is ®. - u. 
Thus, Foo = Foe = —Poo - u, where e is the unit vector in the direction of u. 

The solutions for various boundary value problems for steady Stokes flow in 
an unbounded medium are known. As such, the solution of the integral equation 
(11.3.3) can be found for these problems. Hence, the tensor T, corresponds to 
the kernel Ko of Section 11.1. In the following, we show how the correction 
term may be obtained for more complicated cases by using the ideas of Section 
11.1. We begin with the boundary effects when the fluid is bounded by a surface 
S2. 


Boundary effects on Stokes flow 


The presence of the boundary S2 necessitates the introduction of a new tensor 
T and a corresponding vector p (see Exercise 7 of Chapter 6). These quantites 
satisfy the equations 


V’T —gradp=I6(x-£) V-T=0 T=0 on S$. (11.3.8) 


When S> tends to infinity, T and p reduce to T, and pj; as given previously. 
According to the present scheme we write T = T, + T2 and p = p; + po where 
T2 and pp satisfy the homogeneous part of the system (11.3.8). 
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The integral equation that is equivalent to the present problem is 
a=-f f-Tas =~ | f-(T, + T,)dS. (11.3.9) 
Sy Sy 


Along with P and @Q let us take the origin also on S;. Furthermore, let ¢ again 
be the parameter that gives the ratio of a, the standard geometric length of the 
solid B, to the minimum distance between a point of S; and a point of S2. Then, 
by Taylor’s theorem, we get 


T, =T} +r - [grad Ty ],_¢-9 + €: [grad°T2],_¢29 + O(€*), (1.3.10) 


where T) = T>(0, 0) and the superscript zero on the grad implies differentiation 
with respect to the components of €. Taking only the first-order terms of the 
relation (11.3.10) in (11.3.9), there results the equation 


e+F-T3=-—] f-T.ds, (11.3.11) 
Sy 

where F is defined by relation (11.3.7) without the subscript oo in that relation; 
that is, F is the resistance experienced by B in the bounded medium. The integral 
equation (11.3.11) has the same kernel as that of (11.3.3) and, as such, it can be 
considered to give the velocity field in an unbounded fluid when B is moving 
with uniform velocity e; + F- T9. If we now utilize the concept of the resistance 
tensor ®,, as previously defined, we derive the force formula F: 


F=—(e, + F-T8)- $y. (11.3.12) 
This equation can be solved to give 
F=-e,-(@,4+T)'. (11.3.13) 


Fortunately, replacing F by F.. introduces error of order ¢”, and thus, to order 
é, the formula (11.3.12) becomes 


F = —(e; + Foo - TS) - Bo - (11.3.14) 


The principal axes of the resistance of B are defined so that, when B moves 
parallel to one of them in an infinite mass of fluid, the force is in the direction 
of motion. They are the unit eigenvectors of the resistance tensor ®... Let us 
denote them by ij, io, and iz such that 


Py = Oyj ii; + Bovizi2 + Posisis . (11.3.15) 
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Let us decompose T? into components with these eigenvectors as the basis. 
Furthermore, let us set e;} = i. Substituting these expressions in the relation 
(11.3.12), we derive 

F/Fo. = 1/(1 — AF), (11.3.16) 


where A is independent of the form of S;. 


Longitudinal oscillations of solids in Stokes flow 


This analysis can be used to obtain an approximate value of the velocity field 
generated and the resistance experienced by a solid of an arbitrary shape which 
is executing slow longitudinal vibrations in an unbounded viscous fluid. Let us 
assume that the body oscillates about some mean position with velocity Ue'“‘e, 
and q and p have the same time dependence. Then, the dimensionless Stokes 
equations for the steady-state vibrations are 


—Vp+V’*q—iM’q=0, div q=0, (11.3.17) 


where M* = a?w/v is the rotational Reynolds number and v is the coefficient 
of kinematic viscosity. 

The integral representation formulas are the same as for the steady Stokes 
flow, and T and p now satisfy the equations 


—Vp+ WT -iM’T =I5(x—&), divT=0, (11.3.18) 


and T — 0 as x — oo. These equations are satisfied when T and p are given 
by the formulas 


T =IV’¢ — grad grad ¢, p = —grad (V* —iM7)d, (11.3.19) 


(V2 —iM)V*¢ = 6(x- 8, (11.3.20) 
_ 1-exp{-[( +1)M/,/2]|x — |} 
= -="- dio : (11.3.21) 
Thus, 
T=T, —[(+4+i)/67V2]M1+ O(M?), (11.3.22) 


where T; is given by Equation (11.3.5). 

The next step is to substitute the boundary value q = e; in the integral 
representation formula for the system (11.3.17) and observe that, in view of 
Equation (11.3.18) and Green’s theorem we have 


dT 
i (> _ pn) dS = -im | TdV, (11.3.23) 
Sy on R; 
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where R; is the interior of S;. The result is the Fredholm integral equation of the 
first kind for evaluating f: 


e,—[(1 +i)/6x/2|MF = — / T, -fdS+O(M’), PeS,. (11.3.24) 
Sy 
Following the previous analysis, we have the formula 


F =, - {e, —[(1 +1) /67V2]M(®q - e1)} + O(M’) . (11.3.25) 


For a body moving parallel to one of its axes of resistance (which we can 
take as the x, axis of our coordinate system), Equation (11.3.25) takes the simple 
form 


= —Foo {1+ [C1 + i)/627-V2]M Foo} - (11.3.26) 
For example, for a sphere, F. = 6 aU in physical units, where a is the radius 


of the sphere and yw is the shear viscosity of the fluid. The formula (11.3.26) 
then gives (in physical units) 


F = —6rpaU[1 + (M/V2)(1 + i)Je: + O(M?) . (11.3.27) 


Steady rotary Stokes flow 


For the rotation of axially symmetric bodies, the pressure is taken to be constant 
and the steady Stokes equations become 


V7q=0, divq=0, p =const . (11.3.28) 
Let the z axis of cylindrical polar coordinates (p, y, z) be the axis of symme- 
try of these bodies. Assuming that the streamlines are circles lying in planes 
perpendicular to Oz, then q has a nonzero component v(p, z) in the  direc- 


tion only and is independent of g. The equation of continuity is thus satisfied 
automatically, and the equation of motion (11.3.28) becomes (6.7.46), i.e., 


a? 1a a? 
SILA dae ite cL em (11.3.29) 
dp? p pap az? p’? 
which has been made dimensionless with Qa as the typical velocity. Here, Q is 
the uniform angular velocity of the body and a is its characteristic length. The 


boundary conditions are 
v= p on S$}; v=0 on S$. (11.3.30) 
From Equation (11.3.29), it is easily verified that the function 


w(p, 9, Z) = v(p, Zz) cosp (11.3.31) 
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is harmonic and can, therefore, be represented in terms of a source density 
o(Q) cos ¢ spread over S;, where € = (1, ¢1, Z) are the coordinates of Q and 
o (Q) is independent of y;. Thus, we can use the integral representation formula 
(6.4.24) for the harmonic function and get 


w(p,¢,z)= / G(P, Q)o(Q) cos gd , (11.3.32) 
Si 


where P is an arbitrary point in the region between S, and S,. On applying the 
boundary condition (11.3.30),, we obtain 


p= i iG (P, Q)a(Q)ds , Pes, (11.3.33) 
Cc 


where 2-!G (P, Q) is the coefficient of cos(y — ¢,) in the Fourier expansion 
of G(P, Q) and ds denotes the element of the arc length measured along the 
curve C which is the bounding curve of S; in the meridian plane. 

Recall the decomposition 


G(P, Q) = (1/|x — |) + Gi(P, Q), 


where G1 (P, Q) is finite in the limit as @Q + P. We can, similarly, decompose 
the Fourier component G™ into the sum 


GY = Gy 2b GY ; 


where Gi arises from the Fourier expansion of 1/|x — €| and GY arises from 
the expansion of G;. Therefore, we can write Equation (11.3.33) as 


p= [ piGwa ds + i piGo ds. (11.3.34) 
Cc Cc 


Again let b represent the minimum distance between a point of S, and a point of 
S2, and we have the small perturbation parameter ¢ = a/b. The second integral 
on the right side of Equation (11.3.34) is at least of order ¢ of the first integral. 
For geometric configurations for which 


G = pp\(A+G2), (11.3.35) 
where A is a constant and G2 is of order Ae, Equation (11.3.34) becomes 
p= [ Gio ds+ Ap | pro ds + of p2G20 ds , (11.3.36) 
c c c 


or 
p= [ piGyo' ds +p [ prG20' ds , (11.3.37) 
Cc Cc 
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where 
ao’ =a/(1—A [ pio ds). (11.3.38) 
Cc 


Consequently, we have the same situation as in the section on electrostatics; that 
is, 0’ represents, with an error which is at most of order e*, an appropriate source 
density for the body rotating in an infinite mass of fluid. 

The tangential stress component t on the surface S; in the direction of g 
increasing is 
C= p= (=) (11.3.39) 
p 
where 0/dn denotes differentiation along the normal drawn outward to S;. Fur- 
thermore, we know from the analysis of Chapter 6 that the source density o (Q) 
on S; is related to v by 


a 
4n0(Q) = —p — (=) (11.3.40) 
an \p 
Thus, t = —4z yo. From this value of the stress component, the value of the 


frictional torque N can now be readily calculated to be 
N= sry f p’o ds. (11.3.41) 
Cc 


The relation between this torque N and the torque Noo in an unbounded fluid 
may be obtained by integrating both sides of the relation (11.3.38) around the 
meridian section C of the axially symmetric body: 


N =No[1+ (A/827uQ)Noo] , (11.3.42) 


with an error of order ¢”. By a Suitable choice of A, the formula (11.3.42) can be 
shown to be valid in many cases to a much higher order in e. Equation (11.3.42) 
can be illustrated with many interesting configurations. For example, the case 
of a sphere which is symmetrically placed in an infinite cylindrical shell can 
be studied as in the analysis of Section 11.2. Formula (11.3.42) then gives (see 
Exercise 5) 


N/Noo = [1 + (Noo/8m uQa7) M1] , (11.3.43) 
where H, is given by the integral 


22 La Kix) 4. 
0 


tx (2k)! T(x) 
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Rotary oscillations in Stokes flow 


The equations governing the steady-state rotary oscillations (with circular fre- 
quency w) of axially symmetric solids in an incompressible viscous fluid are 


(V? —iM’)q =0, V-q=0, (11.3.44) 


which are obtained from Equation (11.3.17) by setting o = const. As for 
the preceding steady rotational case, the only nonzero component of q is the 
gy component v, and the differential equations (11.3.44) reduce to solving the 
equation 

a*u 1 au v dv 

ae pp ee oe (11.3.45) 
where B* = iM?. We present the analysis for |B < 1. The boundary values are 


v= on Sj; v=0 on S$); (11.3.46) 


where, as before, 5S; is the surface of the oscillating body and Sy is the bounding 
surface. 

By writing w = ucosg, Equations (11.3.45) and (11.3.46) reduce to the 
following boundary value problem. 


(V? — B?)w =0, (11.3.47) 
w = pcos@ on S|; w=0 on $5. (11.3.48) 

The Green’s function G(x; €) appropriate to this boundary value problem is 
(V? — BG 6) =—40d(x-8, GI, = 0. (1.3.49) 


Thus, 

exp — B|x — €| 
Ix—€| 

where G(x; €) is finite in the limit as € — x. The integral representation 

formula for w(x) follows from Section 6.6: 


G(x; §£) = + Gi(x; ), (11.3.50) 


w(x) = / 0 (p1,21)(Cos Y)G(x; €)dS , EeS,, xeR, 
S, 


(11.3.51) 
where R is the region between S; and $2, and o(}, z;) is given by formula 
(11.3.40). When we apply the boundary condition (11.3.48);, we obtain the 
required Fredholm integral equation 


pcos g =| oO (/1, 21) (COS Y})G(x; €)dS , (11.3.52) 
Si 
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with x and € on S;. Now, if GY (p, Z3 1, 21) is the coefficient of cos(g — 9) 

in the Fourier expansion of G,(bx; &), then the integration over gy; reduces the 

preceding integral to 

exp — B|x—&| d 
Ix—€| 


+ (cosy) | 0 (p1,21)GS” (p, 2; P1, 21) pis , 
Cc 


pcos y = 0 (p1, 21) (COS $1) S 
Si 


(11.3.53) 
in the notation of Equation (11.3.33). 
The next step is to expand o as the perturbation series 
aN ee (11.3.54) 
n 


in Equation (11.3.53). Moreover, by direct expansion of the Green’s function, it 
can be shown that Gg? = O(e*), where ¢ is the ratio of the characteristic length 
of the vibrating body to the distance of its center from the nearest point of S2. It 
is assumed that gq = B/e = O(1). 

Now, equate equal powers of f on both sides of Equation (11.3.53) and get 
(after omitting terms that trivially vanish) 


pcosg = / 00(/1, 21) |K — £|" cos gidS , (11.3.55) 
Si 


0= [ 01(p1, 21) |x — €|-! cos gidS , (11.3.56) 
Sy 


0 =) 01 (1, 21) |x — || cosgidS 
Sy 


1 
+5 i ao(P1,2)Ix — €lcos@idS , (113.57) 
Sy 


0 =) 03((1, 21)|K — €|"1 cosy dS 
Sy 


1 
+ 5 fever ene — €|cosy dS 


1 
na Al 00(p1, 21) |x — E|* cose dS 
6 Js, 


+ moos) footer, 21) (0,2: 1, 21) pds ; 
e (11.3.58) 
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and so on, where 


GO (p, Z3 P1, 21) = B°H(p, z; pi, 21) + O(B*) . (11.3.59) 


It follows from Equations (11.3.55) through (11.3.58) that the source densities 
00, 01, 62, 03, and so on are determined by solving potential problems in free 
space of the form encountered in Chapter 6. 

The velocity field and the frictional torque can be readily calculated. Indeed, 
for the evaluation of the torque N, we use the formula (11.3.39) and obtain 


3 3 
N=u i eo (=) dS = anu f pa (=) ds. (11.3.60) 
s on\p c on\e 


From the relations (11.3.40), (11.3.54), and (11.3.60), it follows that 


N = —-8n7u / "(a0 + Bo; + B02 + B°o3)ds + O(B*). — (113.61) 
Cc 


Since potential problems of the type given in Equations (11.3.55) through (11.3.58) 
can be solved for various configurations such as a sphere, a spheroid, a lens, and 
a thin circular disk, we can solve our problem for all these geometric shapes. As 
an example, we consider the case of a thin circular disk vibrating about its axis 
in a viscous fluid which is contained in an infinite circular cylinder. The axes of 
the disk and the cylinder coincide. The Green’s function for an infinite cylinder 
—00 < z < 00,0 < p < bcan be found by following the steps of Example 2, 
Section 6.5. The result is 


exp-Blx—€| 2 


G(x; €) = rar = 2 — don) [cos n(y — ¢1)] 
foe) K,, b 
ae ee Tn (pe)In(ppi){cos[(p? — B?)(z — 21)]} 


See 2 dp 
(p? — B?)¥? ’ 


from which G for the disk p < 1,0 < g < 22, z = O may be readily obtained: 


ie Ki(y)_ y? dy 
qd 


(11.3.62) 


1 
GY(p, pr) = — =~ pp + O(e5), — (11.3.63) 


2n Ty) (y? — q?)'/? 
or 
H(p, pi) = —(/27q*) pp Aq) - (1.3.64) 


Here, A(q) stands for the infinite integral in Equation (11.3.63). 
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The integral equations (11.3.55) through (11.3.58) can be solved by the 
method of Sections 6.4 and 6.5 (see also Exercise 2 of Chapter 6). The solutions 
are 


es 2 nr; as p(2 — p?) 

~ 721 ~ p2yl2’ =e ~ 37277 _ p2yl/2’ 
he p’) ; pies at a (11.3.65) 
Sa enaEN Vianna eecaet peerie cere 2 : 

03 =| s+ =A Gd pyin’ O<p<1 


Substituting these values in Equation (11.3.61), we obtain the value of the torque, 
which in physical] units is 
32 1 4 4 
N =——puQa? 11 ~— p2 _ _* p3 —gA iwt O(B*, >). 
5 Ha +B — 5B + x56 Aq) |e + O18, €°) 
(11.3.66) 


Oseen flow — translational motion 


The slow motion past a solid as studied by Oseen is governed by the dimension- 
less equations (see Example 4, Section 6.7) 


Raq/ax = —grad p+ V’q, divq=0, (11.3.67) 


q=e, on $1; q=0 on S$). (11.3.68) 


The Fredholm integral equation of the first kind that is equivalent to the boundary 
value problem (11.3.67) through (11.3.68) as given by (6.7.85) is 


e=- ik T-fd5 , (11.3.69) 
Ss 


where the Green’s tensor T and the Green’s vector p are now defined as 


T = (1/8z)[IV7@ — grad grad @] , 
(1/87) [IV era grad 6] GOTO 
p = —(1/87)grad (V°¢ — Rd@/dx1) , 
lols 
=a | [d —e™)/t]dt, (11.3.71) 


and 
s= |x—6|4+ (R/|RI) G1 — &1) - 


By using the series 


hat ae Eales 
t 2! 3! ‘ 
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we expand ¢ in Equation (11.3.71) in terms of the Reynolds number. The relation 
(11.3.70); then becomes 
T=T,+0(R), (11.3.72) 


where T; is given by Equation (11.3.5). The rest of the analysis is similar to the 
one given in the previous subsection and is left as an exercise for the reader (see 
Exercise 9). 


Oseen flow — rotary motion 


By using the present technique, the solutions of the Oseen equations can be 
presented also for the steady rotations of axially symmetric solids. As in the 
corresponding Stokes flow case, we take p = const. Then, the Oseen equations 
take the simple form 


R(dq/dx1) — V*q = 0, divq=0. (11.3.73) 


Again, in view of the symmetry, only the g component V of q is nonzero and in 
cylindrical polar coordinates (with z = x,) the boundary value problem becomes 


aV 10V VO avy aV 
So eos BS A) ees 
dp? p Op p?_—s Az? az 


0, (11.3.74) 


where c = Ua/2v = R/2. The boundary conditions on V are 
V=o¢ on Sj; V=0 on S>. (11.3.75) 


The substitution of V = e“vu(p, z) reduces this boundary value problem to the 
following one. 

a7u 1 au v a°v 2 

—+-—- s+ >5- =0, 11.3.76 

dp? sp ap pi ae oe ( ) 

v = pe~ on $j; v=0 on S$. (11.3.77) 

Equation (11.3.76) is the same as (11.3.45) with B replaced by c. However, 
the boundary conditions (11.3.77) and (11.3.46) are different. By repeating 
the algebraic steps (11.3.47) through (11.3.53), we end up with the Fredholm 
integral equation 


pet cosy = [ 5 (p1, 21)(cos ¢1)[(exp — clx — €|)/Ix — €l]dS 


+m(cosy) [ o(p1, 21)G{”(p, z; pr, 21) pids ,, 
x (11.3.78) 


290 11. Integral Equation Perturbation Methods 


for the evaluation of o(p,z) defined by the relation (11.3.40). Although the 
only difference between the integral equations (11.3.53) and (11.3.78) is in the 
expression on their left side, it leads to a much more difficult analysis for the 
present problem. To solve Equation (11.3.78), we again take the expansion 
o = >, c”o, as in (11.3.54) and also expand pe cos ¢ in power series of 
c. By comparing the equal powers of c in (11.3.78), we obtain the following 
integral equations of potential theory: 


pcosg = / 00(P1, 21) |x — €|- 1 cosg dS, (11.3.79) 
Si 


pzcosy = [ 00(p1, 21) |x — €| 1 cosy dS, (11.3.80) 
Si 


1 Z 
5 Pz COSp = / 02(p1, 21)|x — |" cos gid S 
Sy 


1 
+ >/ 00(/1, 21)|k — €| cos cos gidS , 
1 


2 Js (11.3.81) 
1. 3 -1 
goo ee = 03(1, Z1)|x — | cosgidS 
Sy 
1 
= >| 01 (01, 21)|x — | cos cos gidS 
Sy 
1 2 
—= | o0(p1,21)|x — |" cos gidS 
6 Js, 
+ (cosy) [ 00(P1, 21) (p, 2; p1, 21) pds , 
(11.3.82) 


where H(p, Z; 01,21) is defined by relation (11.3.59). 

For a thin circular disk z = 0, p < 1, the system of equations (11.3.79) 
through (11.3.82) is the same as the system (11.3.55) through (11.3.58). Thus, 
the solution for the steady rotation problem for the disk in Oseen flow is the same 
as the corresponding solution for the steady-state vibrations in Stokes flow. For 
example, the value of the torque N in the present case can be deduced from the 
formula (11.3.66): 

4c3 


wee or (22 + : 6° A(q)} + O(c*,e°), (11.3.83) 
er ce 5 On 3a2 ia ia aa 


where Q is the uniform angular velocity of the solid. 
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For other configurations, one has to solve the integral equations (11.3.79) 
through (11.3.82) with a nonzero left side. We illustrate this by considering the 
rotation of a sphere of radius a. In this case, it is convenient to take spherical 
polar coordinates (r, 3, g). The value of the Green’s function G(x; &) is the 
same as (11.3.62) with 6 replaced by c. The corresponding values of Gi? and 
H(0, 0)) are 


Ki(y)y? dy 


1 oo 
GO, 9) = -—— (sin 0 sind ; Poems et Memeemne 1 OR 
8,1) = —ze*Gsin sind) [a as + OC’) 
(11.3.84) 
and F 
H(d, 9) = —5— 5 (sin d sin 3,)A(q) . (11.3.85) 
2q 


The source densities 09,01, 02, and 03 are determined from Equations 
(11.3.79) through (11.3.82) by the method of Chapter 6 (see Example 2, Section 
6.3, and Exercise 1 of Chapter 6). The result is 


69 = (3/41) P} (cos 8) , 0; = (5/127) P3 (cos 9), 
02 = (1/47) [(3/2) P} (cos 9) + (7/15) P; (cos #)] , (11.3.86) 
03 = —(3/47r)P} (cos #)[(1/3) + (1/22g°) + (1/27q°) AQ), 


0 < } < x. Substituting these values in the torque formula (11.3.61), we obtain 
(in physical units) 


eye ae eS ee 
_ pQa?|1+ ec +57 & AQ) +O(c*,e&).  (11.3.87) 


11.4. Elasticity 


The Navier—Cauchy equations of elasticity are very similar to the equations of 
Stokes flow and, as such, can be solved rather effectively by this technique. To 
demonstrate this we first discuss the displacement field in elastostatics. 


Elastostatics 
The dimensionless equations of elastostatics are 
(A+ p)grad 3 + uV7u =0, o =divu, (11.4.1) 


where wu is the displacement vector and A and yw are the Lamé constants of the 
medium. The preceding equations have been made dimensionless by a suitable 
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characteristic length a inherent in the problem. We want to find the displacement 
field generated by the light rigid obstacle B with boundary S; which is embedded 
in an unbounded elastic medium and is given a uniform translation do(dp/a in 
dimensionless units). Thus, the boundary conditions are 


u = (do/a)e on S$); u—> 0 at OOo. (11.4.2) 


The Fredholm integral equation that is equivalent to the boundary value 
problem (11.4.1) and (11.4.2) is (see Exercise 8, Chapter 6) 


(do/a)e = - | {-T,dS. (11.4.3) 
S 
The Green’s tensor T, and the dilation vector 3; are defined as 
wx [pe bij A+ bu aoe | 
7 _ a0 3 ’ 
87 LA+2u |x—€| A+2pu Ix—€| (11.4.4) 
1 ue xi§j 
iS eet L ie 11.4.5 
; 4n A +2u |x — €/ ( ) 
whereas f is 
f= pu(du/n)+(A+p)on. (11.4.6) 
Since the traction field t is defined as 
t; = A0n; + Ln; (Ui, j = uj,i) ; (11.4.7) 


where by u;,; we mean du; /dx;, we note that the formula for the force F acting 
on the body B is 


F=[ fds. (11.4.8) 
Sy 


As in the cases discussed earlier, formula (11.4.3) is the starting point for 
obtaining the corrections due to the boundary effects as well as the dynamic 
effects. We assume that the solution of the integral equation (11.4.3) is known. 


Boundary effects 


Let the elastic medium be bounded by the surface $2. Within S2, we define the 
fundamental tensor T and the dilation vector 2 in the same way as T; and 3. 
The integral equation corresponding to (11.4.3) is 


(dp/a)e = - | f-Tds. (11.4.9) 
Sy 
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Set T = T; +T>, whre T is given by (11.4.4), and T2, which gives the boundary 
effects, is regular in the region under consideration. 

We now introduce the concept of the traction tensor, which is analogous to 
the resistance tensor defined in Section 11.3, and denote it by ®,. for an infinite 
elastic medium. It has the property that the total static force F.. exerted on 
a body that has been given a uniform displacement v within an infinite elastic 
medium has the value —(dp/a)®.. - v. For the case of the bounded medium 
the corresponding traction tensor is @, and the corresponding static force F is 
equivalent to —(dp/a)® - v. The rest of the analysis is the same as given for the 
boundary effects on Stokes flow. 


Elastodynamics 


Here, we derive the dynamical displacement field in an infinite elastic medium 
in which is embedded a light rigid body. This body is depressed by an amount 
de = doe'““e by an exciting force of the same frequency. The dimensionless 
steady-state equations of elastodynamics that govern such a motion are 


[A+ 4)/u]grad 9 + Vu + mu = 0, (11.4.10) 


where the number m? = pow7a7/j, and pp is the density of the medium. Two 
other numbers also appear in this analysis. They are 


M? = pow?a?/(A +2), t=M/m, M =O(m). 


The integral representation formula for Equation (11.4.10) is easily found 
to be 


u(P) = -f (f-T—u-[(dT/dn)+(A+y)On)}}dS, (11.4.1) 
Si 


where f is defined by Equation (11.4.6). The Green’s tensor T and the dilation 
vector ¥ are given by the formula 


1 A+ pe 
T= —|1(V?7+ M’)o — d A. 
an [1 + Mo — > ica grad 6] ’ (11.4.12) 
0 =divT, (11.4.13) 


where ¢ satisfies the differential equation 
(V2 + m’)(V? + M*)o = 82 5(x — &). (11.4.14) 
An appropriate solution of Equation (11.4.14) is 


_ exp—iM|x—&| _ exp —im|x—6&| 
> keer =e (11.4.15) 
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For M < 1, Equation (11.4.13) becomes 
T=T, — (i/127)(t? + 2)m1 + O(m’) , (11.4.16) 


where T; is given by (11.4.4). 

Since there are two wave velocities involved in this problem, they should 
satisfy the radiation condition at infinity, whereas the boundary condition on 5; 
is that u = (do/a)e. When we substitute this value in Equation (11.4.11) and 
follow the corresponding analysis for the unsteady Stokes flow in the previous 
section, we obtain the force formula as 


d j d 
F = 6,,-| Se — (73 +.2)m (6, -e)|+ 00m). (1.4.17) 
a 127 a 
For axially symmetric solids, Equation (11.4.17) takes the simple form 
a Foi 3 2 
F = —Fy | 1+ — ——(t°?+2)m|e+ Om’). (11.4.18) 
do 127 


The value of the traction tensor ®,, can be given for various shapes. For 
example, for an ellipsoid with semiaxes a1, a2, and a3 in the directions of the 
unit vectors e1, €2, and e3, respectively, we have (in physical units) 


3 
eje; 
&,, = 16 ee ne 11.4.19 

2 HG —7)az0; + earl ( ) 


ee dir © dk 
op, gap 
0 (a? +A)AQ) 0 AA) 


A?(A) = (a? +.) (a3 +A)(G3 +A). 


where 


Rotation, torsion, and rotary oscillation problems in elasticity 


The rotation of axially symmetric inclusions and cavities in an elastic medium are 
governed by precisely the same partial differential equations as are the rotation 
problems of Stokes flow as studied in the previous section. We just have to 
reinterpret some of the symbols. For example, jz now stands for the modulus of 
rigidity and Q is the constant angle of rotation. 

The low frequency torsional oscillations of rigid inclusions in a bounded and 
isotropic elastic medium can be studied by the analysis of the previous section 
on rotary oscillations in Stokes flow. Indeed, denote the density of the elastic 
medium by o, and interpret 6 as 


B? = —powa/p . (11.4.20) 
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Crack problems in elasticity 


Let us now consider the problem of an axially symmetric crack with surface 
S, inside an elastic medium bounded by an infinite circular cylinder of radius 
b. The axis of symmetry of the crack and the cylinder coincide. It is further 
assumed that the cylinder is maintained under torsion by a torque applied about 
the axis of symmetry and that 5S, separates the material and hence there is no 
stress across S,;. The mathematical formulation of this problem is similar to the 
rotation problem of the steady Stokes flow. As in the previous section, we take 
cylindrical polar coordinates (p, ¢, z) with the z axis coincident with the axis of 
symmetry of S;. Then, the displacement field has a nonzero component v(p, z) 
in the g direction only. Similarly, the nonvanishing components of the stresses 
are 


az’ 
The equation of equilibrium is 


du dv. ov 
Ory = La Ong =U (> _ ) ‘ (11.4.21) 


av 100 vi atv 
— Se ee 11.4.22 
aaa pap eae ( ) 


Setting 


ee Bgl ee (11.4.23) 


and 


GES ap ae ee (11.4.24) 


Let t, a constant, denote the angle of twist per unit length for a cylinder without 
a crack and let the applied torque be 5 tb?. Then, by setting 


1 
M=X4+5t, X= py, (11.4.25) 
Equation (11.4.24) becomes 
a? 10 a? 4 
ve lay, ay 


— —_ -a~+ v=0. 11.4.26 
dp2, op 89 OAz?_—s pp ( ) 
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Note that x vanishes on the cylinder and is equal to —itp4 on S;. Thus, we 
have the boundary value problem 


V7(y cos2y) = 0 in R, (11.4.27) 

1 
wcos2¢ = —4rP cos 2g on Sj, (11.4.28) 
w cos 2g = 0 on S$, (11.4.29) 


where R is the region between S, and S2, and Sz stands for the surafce of the 
cylinder. 

Following the method explained in Sections 6.4, 6.5, and 11.2, we can 
readily give an integral-equation formulation to this boundary value problem. 
The result is 


i a (2) ; (2) ; 
= [Go (0,23 01,21) +20Gy (p, Z; 01,21) ]o (01, 21) pids , 
c 
(11.4.30) 
) 


and 2G? is the coefficient of cos2(g — ¢) in the Fourier expansion of 
the free-space Green’s function [cf. (6.4.30)] and G - is defined by Equation 
(11.2.11) with r = 2. The curve C is the bounding curve of S; in the meridian 
plane, ds denotes the element of the arc length measured along C, and both 
(p, z) and (,, Z;) lieonC. 

The next step is to introduce a small parameter ¢ in the problem and also 
to find the constant A occurring in the relation (11.1.10). Let a denote the 
maximum distance between two points of C and letaa < 5; then, ¢ = a/b. 
The constant A is found by substituting the expansion for the modified Bessel 
function /2 in the expression for Go . Then, it follows that 


where 
ow 


o(~1,21) = ey 
a aes an 


on 


2nGY = p? pi[A + Ga(p, 2; p1,21)), (11.4.31) 
where 
3n grt oe) K2(v) 
A=-— 75 fa» =—— ie dv, 11.4.32 
6abs 4 Por = yi i: tay ( ) 


and G3 is of order Ae? (see Exercise 14). 
Thereafter, the analysis is similar to the one given in Section 11.2. In fact, 
from Equation (11.4.30), we have 


1 
—4e = [ GO o' pds + p? / G30'p} ds , (11.4.33) 
Cc Cc 
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where 
o’ =o[1+ ayn | pio ds|"'. (11.4.34) 
Cc 


The relation (11.4.34), in turn, gives 


i pio ds = / p?o'[1 — (4A/T) p?o'ds| ‘ds . (11.4.35) 
Cc Cc Cc 


As in the case of the electrostatic problem of Section 11.2, 0’ ~ oo, where 09 
arises in the integral equation 


1 
—710? = | GPoopids (11.4.36) 
c 


for the same crack problem in an infinite medium. Then, it follows from Equation 
(11.4.35) that 


/ pia ds / proo[1 — (4A/T) / proods| ‘ds, (11.4.37) 
Cc Cc Cc 


that is, the solution for a crack in a cylinder may be found approximately from 
the corresponding solution in an infinite medium. 

Finally, we evaluate E, the loss of potential energy due to a crack in an 
infinite cylinder, in terms of Eo, the loss of the corresponding quantity due to a 
crack in an infinite medium. The value of E is defined by the formula 


E = (41/p) / p(oz, +o,,)dV . (11.4.38) 
R 


Using the relations (11.4.23) and (11.4.25), and after a slight manipulation, the 
relation (11.4.38) becomes 


E= —4n*yr [ p°o ds 
Cc 


al —anyr [ p°oo[1 - a/c) [ p3oods]"! ds ; 
. c (11.4.39) 

or 
E = Eo{1+ (AEo/pt?x?)]"' . (11.4.40) 
The analysis for the case of a crack embedded in a thick plate is similar 
(see Exercise 15). The corresponding problems when the cylinder and the plate 


are subjected to tension and shear can also be solved on the preceding lines (see 
Exercise 16). 


Example. A penny shaped crack embedded inside an elastic solid of cylindrical 
shape. In order to use formula (11.4.40) we first have to solve the corresponding 
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problem in an infinite elastic solid. Consequently, our boundary value problem 
consists of Eequations (11.4.27) through (11.4.29) except that S2 is now at in- 
finity. The integral representation formula for this problem is readily found to 
be 


an ta (t) cos 2y’dg’dt 
Wp, 2¢ = >= > 11.4.41 
ESE i [ 27+ p? +t? —2ptcos(g — 9’) ( ) 
where o(t) is the density function as defined in (11.4.30). When we apply the 


boundary condition (11.4.28) to (11.4.41) and do some algebraic manipulation 
we get 


1 a 
—40P = [ t o(t)Ko(t, p)dt , (11.4.42) 
0 
where i 
a cos2w dy 
Ko(t, pe) = = .. 11.4.43 
oe) [ (p2 + t2 — 2pt cos y)!/2 ( ) 


This kernel is the same as that encountered in integral equation (6.3.4) with 
n = 2. Proceeding as in that section we find that 


Ko(t, p) = 2n Jal pp)Jn(pt)dp . (1.4.44) 


The next step is to use formulas (10.1.12) and (10.1.13), and change the 
order of integration as explained in Section 10.1. Thereby, Equation (11.4.42) 
is reduced to 


7 p 7 © ¢-lot)dt d 
Je =4f assaf heey (11.4.45) 
4 0 (p2 es w2)1/2 0 (t? = w2)1/2 
Thus, in the notation of Section 10.1, we should set 
© tlo(tdt 
S(p) = i @-p)a = pape’ (11.4.46) 


in Equation (11.4.45) and get 


2 Pp 4 
eile i twa (11.4.47) 
4 "Io (9? = wy? 
Integral equation (11.4.47) can be easily inverted to yield 
4 2 
Sp) Se (11.4.48) 
3a 


From (11.4.46) and (11.4.48) we than obtain 


8tp* 


o(p) = “35th =pDIe: 
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The shear stress op, over the crack is given by the relation 


(oel= 4 (2) 
On) =—- sl 
i p? \ dz} 04 


__d f° tlg@at 
dp Jp (= py? 
4utp? 
ale Zaps? 
3m (a2 — p?)1/ 
where the + and — signs hold for points on the z = 0+ and z = 0— faces of 


the crack, respectively. The value of the strain energy Eo is obtained from the 
formula 


(1.4.49) 


Eo = —4n* ut / p> a(p)dp 
0 


64—g 25647 
= — _~——}. 11.4.5 
a5"? (1 aa ae 


As a result, the value of E for a penny-shaped crack embedded in a cylinder of 
radius b follows by substituting the value of A and Eo from Equations (11.4.32) 
and (11.4.50) in (11.4.40). Thus, 


~ Eo : of =| (11.4.51) 


11.5. Theory of Scattering 


Finally, we use the method of this chapter to study the theory of scattering. 
Indeed, the method was first introduced for solving problems of this very theory. 
When we introduce a bounded obstacle B with surface S in a source-free region 
of the incident field u;, then this field is disturbed. The total field is u = uj +us, 
where u, is the diffracted or scattered field, defined only in the exterior region Re 
of S. Following the procedure of Section 6.6 and that of Example 1 of Section 
6.7, we find that, for a perfectly soft body, we have the following boundary value 
problem: 


V-u, +k’u, =0, xER,, (11.5.1) 
Us = —U; on S, (11.5.2) 
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and u, satisfies the Sommerfeld radiation condition. The integral-equation rep- 
resentation formula for this problem, by the method and notation of Chapter 6, 
is 
un.) == f o HEC dS, (11.5.3) 
S 
where o (x) = 0u(x)/0n is the single-layer density. When x approaches a point 
on S, we have, in the limit, 


uj (x) = [o@ec dS , x€eES, (11.5.4) 
Ss 


which is a Fredholm integral equation of the first kind of evaluating the function 
o (x). 

For a perfectly rigid obstacle, we have the Neumann boundary value problem 
consisting of the differential equation (11.5.1) and the boundary condition 


du;/dn = —du;/dan on 5S. (11.5.5) 


The integral representation formula that embodies Equations (11.5.1) and(11.5.5) 
is 


u,(X) = / u(€)[9E (x: €)/anjdS, = x ER, . (11.5.6) 


When x approaches a point on S, we use the relation (6.6.10) and obtain 


us (x) = 5H) + [wee é)/an}dS, x,€eS (11.5.7) 
S 


or 
2u; (x) = T(x) — 2 | T(E)[OE (x; €)/dn]dS , x,€eES, (11.5.8) 
Ss 


where t (x) = u(x) is the double-layer density. It reduces to the integral equation 
of potential theory as given in Exercise 5 at the end of Chapter 6 when k = 0. 


Example. Let us solve the problem of the diffraction of a plane wave by a 
soft sphere. It is convenient to take spherical polar coordinates (r, 3, g). Thus, 
x=P= (r,3,¢),€= Q _ (a, Jy, g1), and Ix—€| =R. 

In this case (see Figure 11.1) 


, 242 
u;(P) = e@*s? 1 + jak cos B — > cos? 


- joke cos 0 be ark cos 0 + OU). 
(11.5.9) 
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e 
P (7,6, 9) 


Q (a,8 9) 


FIGURE 11.1 


efkR 1 ik k2R_ ik?R*  k*R* 
i Renae FO nat ct ath oe ee O(k°) . (11.5.10 
E(P; Q)= 4nR R aR | te 8x 24n Tbe PO yy ) 


o(Q) = 09(Q)+koi(Q)+k702(Q) +703(Q) +k*04(Q)+0(k*) . (1.5.11) 


Substituting Equations (11.5.9) through (11.5.11) in (11.5.4) and equating equal 
powers of k, we have 


_ f %(Q) 
-[w dS , (11.5.12) 
; _ f(Q) ioo(Q) 
jacos = [ 4aR as+ [= dS , (11.5.13) 
2 . 
— F cos? = [ H2ass | ae as— [ = dS, 
s s s 
(1.5.14) 
ia 3, f 93(Q) io2(Q) 
Sees o = [22as+ f re dS 
Ro,(Q) iR?o9(Q) 
-{(— as- [22 as, (11.5.15) 
a*cos*3 —  o4(Q) io3(Q) 
ae ae 
- [22 Hee: [ Fp@as 
Ss 4n 
R*o0(Q) 
+ [AZ dS . (11.5.16) 


and so on. The integral equations (11.5.12) through (11.5.16) are of the same 
form as (11.3.79) through (11.3.82) and are easily solved by introducing 


302 11. Integral Equation Perturbation Methods 


Legendre polynomials. The solutions are 
1 1 5 
09 = —, 0; = —i(1 — 30s 01), 02 = al —— cos? d,) , 
a 3 2 
1 4 7 
03 = ia’ ( — 300s B — 508 ») : (11.5.17) 
41 2 3 
o14= a? (-= +cos? + 7 cos? + i) F 
Consequently, 


a(Q) =a(v4) 


1 5 
= (1/a)[1 +ieGcos 0, —1) + E° (5 25 cos” ns) 


1 4 7 
-3f _ * bo bh 
+i€ € 5 m8 9 a °) 


41 2 3 
+e4 (-= +cosd + 5 cos o+ 3S °) + Oe), 
(11.5.18) 


where € = ak and we assume thate < 1. 

The quantities of physical interest in the theory of scattering are the far- 
field amplitude and the scattering cross-section, which we now evaluate for the 
present example. Since the scattered wave is an outgoing wave and satisfies the 
radiation condition, we expect its far-field behavior to be given by 


us(r, 3,9) ~ ACY, ge /r . (11.5.19) 
Now, for large r, 


R= |x—€/=(r? +a?- 2ar cos y)'/? 
=r({l+ (a?/r?) — (2a/r) cos y}'? ~(r—acosy), 


(11.5.20) 
where 
cos y = cos 3 cos }; + sin ¥ sin}; cos(} — v4) . 
Hence, from Equation (11.5.3), we have 
us(r, 3, 9) ~ A()e!*" /r , (11.5.21) 


where 


iw 2n 
A(d) = —(a?/4z) i i] eff SY 5 (9) sin dd, dQ, , (11.5.22) 
0 0 
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is the required far-field amplitude. The next step is to use the expansions of the 
terms inside the integral sign of Equation (11.5.22), integrate, and obtain 


: 2 2 
A(d) = —a|1—ie+e Coe Sy 


re ier: ; (11.5.23) 
+ = + e4 (5 - Brose + a) +005] ; 
The value of the scattering cross section is given by the formula 
uw 2 17 4 
S.C.S. = 2x f |A(S)2 sind dd = 4a? I -~F +E +06) 
0 
(11.5.24) 


For the solution of the Fredholm integral equation of the second kind 


g(P) = f(P)+ i K(P, Q)dS,, 


there is an interesting technique based on the Taylor series. We have presented 
the solutions for various boundary value problems in composite media [36]— 
[40],[45]. Subsequently, we explained this technique for the one-dimensional 
case [51] which has been extended to Volterra Integral equations [59]. 


Exercises 

1. Show that formula (11.2.19) for the capacity is correct to order e°. 

2. Instead of spherical coordinates (11.2.12), take oblate-spheroidal coordinates 
z=aeE, =p =ae[((1—§&*)(1 + €”)]"”, 


and solve the electrostatic potential problem for the case of an oblate spheroid 
placed symmetrically inside a grounded infinite cylinder of radius b. Show that 
the capacity C of this condenser is 
ae {1 _ __2ee 
sin-‘ e 


225 
where the quantities [ (2m) are defined by (11.2.20). 


-1 
x [10) ig secer + (ee) «|| +0), 


Hint: Use the expansion 


Io(poe'”? = ° Bn(p) Pn (E) Paid) , 
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where the P,, are Legendre polynomials. 


3. Following a procedure similar to that in Exercise 2, solve the corresponding 
electrostatic potential problem for a prolate spheroid. 


4. Solve Exercises 2 and 3 when the spheroids are placed between two grounded 
parallel plates. 


5. Derive formula (11.3.43). 


6. Substitute the values of the densities 09, 01, 02, and 03 as given by (11.3.65) 
in (11.3.51) and obtain the velocity field. 


7. By using formula (11.3.61), obtain the frictional torque experienced by a 
sphere of radius a that is oscillating in a viscous fluid. 


8. Do the same as in Exercise 7 for a spheroid and a disk. 


9. Calculate the O(R) term in formula (11.3.72) explicitly and use this 
expression to deduce an approximate formula for the drag experienced by a 
solid in Oseen flow. Illustrate this formula for the case of a sphere. 


10. Use the values of the charge densities as given by formulas (11.3.86) 
and evaluate the velocity field set up in Oseen flow when a sphere is rotating 
uniformly and is placed symmetrically inside a circular cylinder. 


11. Find the torque experienced by a sphere that is rotating uniformly in 
Oseen flow and is bounded by a pair of parallel walls z = -tc. Evaluate also the 
velocity field. 


12. Extend the analysis of the steady Oseen flow in the text to the case of the 
steady-state vibrations of axially symmetric solids in Oseen flow. 


13. Use the analysis of Section 11.4 and discuss the problem of a spherical 
inclusion in an elastic half-space. 


14. Derive the integral equation (11.4.30). Prove that the quantity G3 occurring 
in the relation (11.4.31) is of order Ae”. Also prove that o’ occurring in the 
relation (11.4.33) is such that o’ = oo[1 + O(e”)]. 


15. Proceed as in Equations (11.4.26) to (11.4.31) and prove that for an axially 
symmetric crack embedded in a thick elastic plate of radius 2b, the value of the 


constant A is 
45x 


1024b? 


(5), 
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where ¢(s) is the Riemann zeta function. Illustrate your analysis for the case of 
a penny-shaped crack that is embedded symmetrically in the plate. 


Hint: Use the expansion of Green’s function as explained in Example 1 of 
Section 6.5. 


16. Discuss the crack problems of Section 11.4 and the previous example when 
the solids are kept under 


(i) tension applied normal to the crack, 
(ii) shear applied parallel to the crack. 


17. Start with the integral equation (11.5.8) and solve the problem of diffraction 
of a plane wave by a perfectly rigid sphere. 


18. Solve the problem of diffraction of a plane wave by a perfectly soft and by 
a rigid circular disk. Also solve the dual problem of diffraction by an aperture. 
19. Use the approximation 


2 p2 


82 


j 1 k 1 
: Hj) (kR) = ——(q + log R) + (q — 1+ log R) + log 5k{0(K4)} , 
where q = y + log $k ~ $1i (y is Euler’s constant), and solve the problem of 
diffraction of a plane wave by a soft and by a rigid circular cylinder. 

Solutions of various two and three dimensional scattering problems by the 
technique of this chapter are presented in [29]-[35],[42],[43]. 


Appendix 


A.1.1 To prove the identity 


Ss Sn 53 52 
/ i Pes / / F (s;)ds,dsz SNe dsn-1dSp 
a Ja a a 


= [1/(n — ny fc —t)""! F(t)dt, 
(A.1.1) 


we begin with the formula 


d 8°) B Of(s,t dB dA 
os f(s, t)dt -| ie d geek fis, B(s)] 7— — fis, A(s)] =— ; 


ds A(s) 0 
(A.1.2) 
for differentiation of an integral involving a parameter. Let us apply this formula 
for the differentiation of the function J,,(s) defined by the relation 


I,(s) = / XG —t)""|F(t)dt, (A.1.3) 
where n is a positive integer and a is a constant. For this purpose, set 
f(s,t) = (s — 1)" F(t) 
in Equation (A.1.2). The result is 
dI,,/ds = (n —1) [fo —t)"?F(t)dt + [(s —t)” TF (es 
=(n— Di, ; n>1. (A.1.4) 
For n = 1, we have directly from (A.1.3) 
dI,/ds = F(s). (A.1.5) 
From the recurrence relation (A.1.4), we obtain 


d‘1,/ds* = (n—1)(n—2)-+-(n—k)In_n, = 2 > k, (A.1.6) 
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which for k = n — 1 becomes 
d""],/ds""! = (n—1)!K(s) . (A.1.7) 
Differentiating Equation (A.1.7) and using (A.1.5) results in the equation 
d"I,/ds" = (n—1)!F(s) . (A.1.8) 


Furthermore, from the relations (A.1.3), (A.1.6), and (A.1.7) it follows that J, (s) 
and its first n — 1 derivatives all vanish when s = a. Hence, Equations (A.1.5) 
and (A.1.8) yield 


om i FGA, 


ILh(s) = [ ve (s2)dsz = i Te. F(s;)ds;ds2 ’ (A.1.9) 


I,(s) = (n —of [- fr is F (s,)ds,dsz-+-dsj_ dsp . 
(A.1.10) 


Combining Equations (A.1.3) and (A.1.10), we have the required identity (A.1.1). 
A.2. It can be easily proved by the complex integration method that 
k p iy 
i [ @— py tu (pv)Ju(pp)ap , 
v2p, 


k 2 
. P (1) 
i i (2 — ppiate Pay (pe)dp , 


p20, 


i] P (2 = 1) J. (pv) J. (pp)dp = 
0 Y 


(A.1.11) 


where “i py 


= 2 _ 2y1/2 


(A.1.12) 
(p 


and v,p > 0. 
Suppose that v > p and let the complex plane be s = o + it. Integrating 


{[s?/(s? — k*)7] — s}H (sv) J, (sp) 


around a contour C; in the upper right-hand quadrant passing over the branch 
point s = k, as shown in Figure A.1, we get 


§ Us2/66? = )'?] — s}H2 ov) J, (sp ds = 0 
Cy 
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sak—e s=k stkte 


FIGURE A.1 


because there are no singularities within this contour. If we let 6, ¢« — 0, and 
R — o, the contributions from the corresponding arcs tend to zero. Hence, 


k ne ey pee o* 
Jf (azag 2) emiacoortas [Gera 


x Hi? (ov)J,(op)do 


, ma (a) 
+if (aspen *) H, (itv)J,(itp)dt =0. 
co \E(t? + k*) (A.1.13) 


Similarly, integrating 
{[s?/(s? — k?)"] — s}H? (sv) J, (sp) 


around a contour C2 in the lower right-hand quadrant and passing under the 
branch point s = k gives 


k e) @) = a? 
i (sesame —o)H; (ov) J, (op)do + (a2 — k2)1/2 mad 


x HY (ov)J,(op)do 


0 2 
-i ——_—_- + it ) H® (-irv)J,(—itp)dt =0. 
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Now using the relation H{” (itv) J, (tp) = —H(—itv)J,,(—itp) and adding 
Equations (A.1.13) and (A.1.14), we obtain, for v > p, 


oo o2 
i (a GSE -0) J (av) J, (ap)da 
2 


; k 
ae eee -f —" __y (ev) J,(ap)do, 
[ oJ ,(ov)Ju(op)do 9 (k2 —02)1/2 coy aenier 


where Y,, is the Bessel function of the second kind. It follows from Equations 
(A.1.12) and (A.1.15) that the left-hand side of (A.1.11) is 


[ 5 (Z 2 1) Ju(pr)Iu(pp)dp 
k ip’ 
_ id (ean Ss r) J,,(pv)J,(pp)dp 
fore) 2 
- I (az 2 R212 r) Heer cerene 
ie 
= i GE pHa u(r) + i¥, (Pe) Ju (poddp 


k 2 
i P 
=i f Geen (Pru ped v>p, 


which proves the first part of formula (A.1.11). The second part follows in a 
similar fashion. 
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Abel integral equation, 181, 186, 
187, 196, 200, 204, 227, 235 
Acoustic diffraction 
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by soft disk, 130 
by soft sphere, 300 
Adjoint, 15, 57 
Airfoil equation, 197, 231 
Analytic function, 147, 280 
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Associated Legendre function, 
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Bessel equation, 86 

Bessel function, 107, 108, 118, 
124, 125, 127 ff 

Bessel operator, 95 

Bessel’s inequality, 149, 153, 157 

Beta function, 182, 183, 196 

Biharmonic equation, 135 

Bilinear form, 155, 157, 161, 163, 
179 

Born approximation, 145 

Boundary effects, 279, 292 

Boundary value problem, 64, 66, 
76, 80, 82, 83 ff 

Branchpoint, 308 


Capacity 
of circular disk, 115, 265 
of condenser, 276 
of conductor, 276 
of a hemispherical bowl, 265 


of an oblate spheroid, 115 
of a prolate spheroid, 113 
of a sphere, 135, 265 
of a spherical cap, 265 
Cauchy principal value, 184, 
188-191, 195 
Cauchy—Riemann equations, 211 
Cauchy sequence, 147 
Cauchy type integral, 192-193 
Cauchy type integral equations 
on a real line, 195 
on a closed contour, 201 
on an unclosed contour, 202 
Cauchy’s integral formula, 142, 
179 
Cauchy’s integral theorem, 142 
Charge density, 103-105, 107 ff 
Compact set, 174 
Compact support, 70 
Complete continuity, 174-176 
Complete symmetrical kernel, 
163, 164 
Completeness, 147, 165 
Consistency condition, 85, 90-92, 
104, 121 
Contour integral, 191 
Convergence in mean, 149, 160 
Convolution integral, 4, 5, 222-224 
Crack problem, 295 


Degenerate (separable) kernel, 4, 
78. 12, 13,213 
Difference kernel, 4 
Dilation vector, 144, 291-293 
Dimensionless parameter, see 
perturbation parameter, 
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Dirac delta function, 68, 69, 
71-76 ff 
sifting property of, 69, 99, 239 
Dirichlet condition, 97 
Dirichlet problem, 101, 102, 119, 
130, 142 
Displacement vector, 144, 201 
Distribution, 70-73 
Distributional derivative, 72 
Divergence theorem, 97 


Eigenfunction, 4 ff 
Eigenvalue, 4, 54 ff 
index of, 4, 54 ff 
multiplicity of, 15, 54, 56, 154 
Elastic bar, 67 
bending rigidity of, 67 
transverse oscillations of, 67 
Elastic half-space 
torsion, 238, 243 
torsional oscillations, 132, 250, 
256 
Elastic medium 
cavity in, 294 
crack in, 295 
inclusions in, 292-295 
Lamé’s constants of, 291 
Elasticity, 291, 294, 295 
Elastodynamics, 293 
Elastostatics, 291 
Electrostatic potential, 98, 111, 
123, 263, 275, 304 
of annular disk, 126 
of axially symmetric conduc- 
tor, 126 
of circular disk, 106, 123 
of spherical cap, 263 
Entire function, 34, 40, 48 
Exciting force, 293 
Extremal principle, 176 


Faltung, 5 
Far-field amplitude, 267, 270, 302 


Flow of an ideal fluid 
past an oblate spheroid, 143 
past a prolate spheroid, 143 
past a spherical cap, 115, 267 
Fourier expansion, 126, 149, 150, 
154-161, 172, 283 
Fourier integral, 219 
Fourier series, 
see Fourier expansion, 
Fourier transform, 127, 219, 220, 
223 
Fredholm alternative, 12, 18 
Fredholm identities, 37, 40 
Fredholm integral equation, 2 
Fredholm theory, 41 
Fredholm’s determinant, 44, 46 
Fredholm’s minor, 52, 53, 60 
Fredholm’s series, 45, 47, 48 
Fredholm’s theorems, 14, 18, 43, 
48, 51, 56, 57, 59 
Functional, 
continuous, 70 
linear, 70 
Functional analysis, 173 
Fundamental solution, 73, 98, 99, 
128 


Generalized function, 71 
Geometric series, 27, 30, 36, 124 
Gram-Schmidt procedure, 148, 
153, 154, 180 
Green’s formula, 76, 92 
Green’s function, 76, 81-83, 88-90, 
92, 93, 95, 118 ff 
causal, 79 
free space, see Fundamental 
solution 
Green’s identities, 97 
Green’s tensor, 134, 136, 140, 
144, 279, 288, 292, 293 
Green’s vector, 128, 134, 140, 
279, 288 
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Hankel function, 251, 259 

Harmonic function, 96, 99, 104, 
211, 283 

Heat conduction, 149 


Heaviside function, 71-73, 75, 82 


Helmholtz equation, 97, 98, 128, 
130, 132 
Hermitian matrix, 155 
Hilbert formula, 212-214 
Hilbert kernel, 210, 215 
Hilbert-Schmidt theorem, 159, 
161, 162, 167, 180 
Hilbert space, 146, 147, 151 
Hilbert transform 
finite, 229-231, 235 
infinite, 232 
Hilbert type integral equation, 
212, 214, 215, 231 
Holder condition, 190, 191 
Holder continuous, 190, 192 
Hypergeometric function, 247 


Index of eigenvalue, 15 
Influence function, 79 
Initial value problem, 61, 66, 
72-75 fF 

Inner product, 5, 167 
Integable function, 3 
Integral equation, 1 

Carleman type, 5, 201 

of first kind, 2 

Fredholm, 2 

homogeneous, 2 

linear, 1 

of second kind, 2 

singular, 2, 181 

of third kind, 2 

Volterra, 2 
Integral representation formula, 

61, 79, 98, 119, 275 

Integral transform methods, 219 
Integrodifferential equation, 37 


Iterated kernels, 26, 28, 30, 34, 
146, 223 
Iterative scheme, 26 


Kernel 
Carleman type, 5, 201 
complex-symmetric, 146 
complete symmetric kernel, 
163, 164 
degenerate, 4, 7 ff 
Hermititan, 146 
Hilbert, 210, 215 
iterated, 26, 28, 30, 34, 148, 
223 
logarithmic, 187, 204, 208, 209 
negative definite, 162, 163 
nonnegative definite, 162, 163 
nonpositive definite, 162, 163 
positive definite, 162, 163, 178 
resolvent, 10, 11 ff 
separable, see degenerate 
symmetric, 146 ff 
truncated, 156, 158, 160, 164 
Kinematic viscosity, 138 
Kronecker delta, 107 


£o-function, 3, 25, 29, 150, 160 ff 

£o-kernel, 3, 25, 29, 147 ff 

£-space, 147, 149, 150 ff 

Lagrange multipliers, 177 

Laplace equation, 97, 98, 103 ff 

Laplace transform, 68, 221-223 ff 

Laplacian, 76, 98 

Lebesgue integral, 3 

Legendre function, 108, 112-115, 
117 ff 

Legendre operator, 93 

Legendre polynomial, 153, 264, 
302 

Linear independence, 4 

Linear operator, 2, 220 

Lipschitz condition, 190 
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Low-Reynolds number 
hydrodynamics, 278 


Maximum-minimum principle, 
176 

Mehler-Dirichlet integral, 264 
Mercer’s theorem, 162, 163 
Meson potential, 87 

Method of images, 120, 123, 133 
Metric 

natural, 147 

space, 147 

Minkowski inequality, 5, 147 
Mixed boundary value problem, 
97, 122, 237 

Modified Bessel function, 127, 
296 


Navier—Cauchy equations, 291 
Neumann condition, 97 
Neumann problem, 101, 104, 111, 
138, 300 

Neumann series, 26, 28, 29 ff 
Norm, 5, 147 


Open boundaries, 104 


Operator 
adjoint, 76, 202 
Bessel, 95 


bounded, 173-175 

completely continuous, 174-176 

Fredholm, 147 

Legendre, 93 

linear, 2, 220 

method, 173 

self-adjoint, 76, 92 ff 
Ordinary differential equation, 61 
Orthogonal functions, 5, 148 
Orthogonal kernels, 6 
Orthonormal functions, 148 ff 
Oseen flow 

rotary motion in, 289, 304 

steady, 238 


steady-state vibrations in, 304 
translational motion in, 288 


Parseval’s identity, 150, 173 
Partial differential equation, 97 
elliptic, 97 
hyperbolic, 97 
parabolic, 97 
Penny shaped crack, 297, 305 
Perturbation methods, 272 
Perturbation parameter, 132, 247, 
257, 258, 278, 283 
Picard’s method, 25 
Plemelj formulas, 192, 195, 203, 
211 
Poincaré—Bertrand formula, 193, 
204 
Poisson’s equation, 97, 99, 103 
Poisson’s integral formula, 111, 
120, 142 
Polarization potential 
of a circular disk, 115 
of an oblate spheroid, 115 
of a prolate spheroid, 114 
of a sphere, 114 
of spherical cap, 267 
Pole, 191, 232 
Potential layer 
double, 99, 100, 102, 106, 108, 
143, 300 
single (simple), 99, 103, 104, 
129, 140 
volume, 99, 129, 140 
Pressure, 137 
Principal axes of resistance, 280 


Radiation condition, 130, 294, 
302 

Rayleigh—Ritz method, 176-179 

Regular curve, 191 

Regularity conditions, 3 
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Representation formula, 
see Integral representation for- 
mula 
Residue, 232 
Resistance tensor, 279, 280 
Resolvent kernel, 10, 11 ff 
Reynolds number, 138, 288, 289 
Riemann Hilbert problem, 203 
Riemann integral, 3 
Riesz—Fischer theorem, 150, 162, 
168 


Scalar product, 5 
Scattering cross section, 303 
Schrodinger equation, 87, 144 
Schwarz inequality, 5, 27, 28, 36, 
147 ff 
Separable kernel, see degenerate 
kernel 
Shear modulus, 132 
Shear viscosity, 282 
Sine transform, 220 
Singular integral equation, 2, 
181 ff 
weakly, 184 
Sonine integral, 239 
Source density, 284, 287, 291 
Spherical harmonics, 108 ff 
Square integrable function, 3 
Stokes flow 
boundary effects in, 279 
longitudinal oscillations in, 
281 


rotary motion in, 135-138, 282 


rotary oscillations in, 285 

steady, 134, 278 

translational motion in, 134 
Sturm-Liouville problem, 74, 84 


Tangential stress, 284 
Taylor’s theorem, 280 


Test functions, 70 
Three-part boundary value prob- 
lem, 240 
generalized, 253 
Torque, 139, 248, 284, 287, 288, 
290, 304 
Trace of kernel, 146, 162 
Traction field, 292 
Traction tensor, 293, 294 
Transpose, 15-18, 57-59 
Trial function, 117 
Two-part boundary value prob- 
lem, 237 
generalized, 248 


Variational principle, 176 
Velocity potential, 130 
Velocity vector, 134 
Virtual mass, 269 
of a circular disk, 270 
of a hemispherical bowl, 269 
of a spherical cap, 269 
of a sphere, 269 
Volterra integral equation, 2 ff 


Weakly singular kernel, 184 
Wronskian, 78 


